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Preface

Our understanding of the physical world was revolutionized in the twentieth
century—the era of “modern physics”. This book is based on a sophomore,
one-semester modern physics course taught twice at William and Mary, as
well as on a one-quarter advanced freshman physics course taught once at
Stanford. In both cases, the course was aimed at the very best students
(there were many outstanding students at both places), with a goal of ex-
posing them to the foundations and frontiers of today’s physics. Of course,
every effort was made to ensure that no one was left behind. Typically,
students have to wade through several courses to see many of these topics,
and I wanted them to have some idea of where they were going, and how
things fit together, as they went along. Hopefully, they will then see more
inter-relationships, and get more original insights, as they progress. I felt
the courses were successful, and I know that many of the students in these
courses went on to pursue careers in physics.

Physics is an experimental science, and it is assumed, as is usual in
most schools, that such a course as this is to be accompanied by a good,
thorough laboratory course in ezperimental modern physics.

In this book, the central topics of “classical physics” are first re-
viewed: newtonian mechanics, statistical mechanics, and electricity and
magnetism. Then, after presenting several observed contradictions with
classical physics, the book focuses on the following topics in modern physics:
quantum mechanics; applications in atomic, nuclear, and particle physics;
special relativity; relativistic quantum mechanics; general relativity; quan-
tum fluids; and quantum fields. The aim is to cover these topics in sufficient
depth that things “make sense” to students and that students achieve an
elementary working knowledge of them. The coverage has expanded some-
what from the courses, and to get back down to one semester, some choices
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viii Introduction to Modern Physics: Theoretical Foundations

will probably have to be made.

Many problems are included, some for each chapter. While there are
problems that directly amplify the material in the text, there are also a
great number of them that will take dedicated readers just as far as they
want to go in modern physics. The problems are not difficult, and the
steps are clearly laid out. Although the book is designed so that one can,
in principle, read and follow the text without doing any of the problems,
the reader is strongly urged to attempt as many of them as possible in
order to obtain some confidence in his or her understanding of the basics
of modern physics and to hone working skills.

The book assumes the reader has had a good one-year, calculus-based
freshman physics course, along with a good one-year course in calculus.
While it is assumed that mathematical skills will continue to develop, sev-
eral appendices are included to bring the reader up to speed On any ad-
ditional mathematics required at the outset. With very few exceptions,
the reader should then find the text, together with the appendices and
problems, to be self-contained. The phrase “it can be shown” is anathema.

An extensive bibliography has not been attempted, although several
primary references are included. Most of the key names and dates are also
included in the text. To help provide historical context, there is an appendix
with a chronological list of many of the theoretical physicists whose work
forms the basis for the material presented here. Most of the existing modern
physics texts are referenced, as are many of the author’s choices for further
study. Today, the existence of the world-wide web provides instant access
to any required data, as well as further introduction to almost all of the
topics covered here. Key websites are also referenced.

I was again delighted when World Scientific Publishing Company, which
had done an exceptional job with three of my previous books, showed en-
thusiasm for publishing this new one. I would like to thank Dr. K. K. Phua,
Executive Chairman of World Scientific Publishing Company, and my ed-
itor Ms. Lakshmi Narayanan, for their help and support on this project.
I would also like to thank my colleagues Paolo Amore and Brian Serot for
their reading of the manuscript. |

Williamsburg, Virginia ‘ John Dirk Walecka
April 14, 2008 Governor’s Distinguished CEBAF
Professor of Physics, emeritus

College of William and Mary
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Chapter 1

Introduction

At the end of the 19th century, one could take pride in the fact that the laws
of physics were now understood. With newtonian mechanics, the statistical
analysis of Boltzmann, and Maxwell’s equations for electromagnetism, one
had an excellent description of the world we see around us. At that point,
a series of experiments were performed whose results simply could not be
understood within this classical framework. These experiments probed a
microscopic, or high-velocity, world that went far beyond our everyday per-
ception. The resolution of these paradoxes led to the theories of quantum
mechanics and special relativity, which provide the foundation of modern
physics. Atomic, nuclear, particle, and condensed-matter physics are all
built on this foundation. Einstein’s extension of his theory of special rela-
tivity to general relativity provides the current basis for our understanding
of gravitation and cosmology—physics to the farthest reaches of the uni-
verse. The theories of quantum mechanics, special relativity, and general
relativity have been remarkably successful. All current experiments can be
understood within this framework. The goal of this book is to introduce a
reader, with an assumed knowledge of classical physics, to modern physics.?

It is assumed that the reader has had a good one-year, calculus-based
freshman physics course, along with a good one-year course in calculus.
A sufficient number of appendices are included to bring the reader up to
speed on any additional mathematics required at the outset. Over 175
problems are included in the book, some for each chapter. While there are
many problems that directly amplify the material in the text, there are
also a great number of them that will take dedicated readers just as far
as they want to go in modern physics. Although the book is designed so

IThere is a nice irony in the parallel statement, “At the end of the 20th century, one
could take pride in the fact that the laws of physics were now understood.”
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that one can, in principle, read and follow the text without doing any of
the problems, the reader is strongly urged to attempt as many of them as
possible in order to obtain some confidence in his or her understanding of
the basics of modern physics. With very few exceptions, the reader should
find that the text, appendices, and problems form a self-contained volume.

Chapter 2 reviews the essential elements of classical physics. We start
with Newton’s laws for point mechanics and then consider the continuum
mechanics of the planar oscillations of a stretched string, an analysis that
provides the basis for much of what is done in this book. An appendix
summarizes the main features of the resulting Fourier series and Fourier
integrals. With the Boltzmann distribution as starting point, the classi-
cal equipartition theorem is derived, which describes the equilibrium ther-
mal energy in each normal-mode oscillation of a system. Two appendices
present the essentials of thermodynamics and derive the Boltzmann distri-
bution from Boltzmann’s more general statistical assumptions. The essen-
tials of electromagnetism are described and Maxwell’s equations presented,
with some applications to electromagnetic waves. An appendix derives two
theorems of vector calculus that convert Maxwell’s equations to the integral
form in which they are customarily introduced.

Chapter 3 presents the key experiments whose results could not be un-
derstood in classical terms. These include the vanishing of the specific heat
of a solid at low temperature, the spectrum of black-body radiation in a cav-
ity, the photoelectric effect, Compton scattering of light from an electron,
and the discrete spectral lines observed in atomic radiation. The resolution
of the first two problems was obtained through Planck’s thermal distribu-
tion, which reduces to the equipartition result at high temperature, but
indicates a discrete excitation energy hv of an oscillator of frequency v at
low temperature where kg7 /hv < 1; here kg is Boltzmann’s constant, and
h is the new Planck’s constant. Einstein resolved the paradox in the pho-
toelectric effect by assuming that the energy in a light wave actually comes
in discrete packets of energy, called photons, each with energy hv. The
Compton effect was then understood through the conservation of energy
and momentum in the collision of a photon with an electron. The discrete
nature of atomic radiation was explained through Bohr’s revolutionary as-
sumptions that atomic systems possess discrete stationary states in which
they do not radiate, and they radiate a photon of energy hv = E; — Eyf
when making a transition between those states. His simple model of the
atom involving the quantization of the angular momentum in circular orbits
explained the main features of the spectrum of hydrogen.
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De Broglie argued that if waves (electromagnetic radiation) exhibit par-
ticle properties (photons) then perhaps particles should manifest wave be-
havior. In chapter 4, the essential elements of quantum mechanics are de-
veloped starting from de Broglie’s relation for matter, and culminating in
the Schrédinger equation, a differential equation describing the space-time
propagation of a wave associated with a particle. The absolute square of
this wave function is given a probability interpretation, which together with
the corresponding probability current, provides a connection with physical
measurements. Many elementary one-dimensional problems are solved and
interpreted, including the free particle, particle in a box, particle incident
on a potential barrier, and simple harmonic oscillator. The analysis is ex-
tended to a three-dimensional box, and then angular momentum and spin
are introduced. The quantum mechanics of many identical integer-spin
bosons and half-integral-spin fermions is analyzed. Enough of the essential
aspects of quantum mechanics is developed in the text for all of these ap-
plications. Several additional homework problems then take readers just as
far as they want to go in further developing the theory. Two appendices
derive the “Golden Rule” for the transition rate and solve the two-level
problem in quantum mechanics.

The discussion then proceeds to further applications of the basic prin-
ciples of quantum mechanics. Chapter 5 is concerned with atomic physics,
where the vector model of angular momentum is developed, the Zeeman ef-
fect and spin-orbit interaction analyzed, and the Thomas-Fermi statistical
model of the structure of many-electron atoms presented. The latter finds
a more basic formulation in terms of the Hartree mean-field approximation,
which provides valuable insight into the behavior of quantum many-body
systems throughout the book. At this point, one has enough background to
understand the periodic system of the elements and the chemical behavior
of its various families.

Chapter 6 is concerned with nuclear physics. The concepts of baryons
(neutrons and protons), mean lives, and atomic masses are presented, and
(-decay described. The two-body problem is solved with a finite square-
well potential, and the observed spectra of the lightest nuclei discussed.
The semi-empirical mass formula, which gives the average binding energy of
nuclei throughout the periodic table, is developed. It is shown how electron
scattering provides a microscope for actually seeing the nucleus. As with
the periodic system of the elements, the Hartree approximation provides a
basis for understanding the nuclear shell model. With the introduction of
a strong spin-orbit force, the shell model puts one in a position to predict



4 Introduction to Modern Physics: Theoretical Foundations

properties of nuclei throughout the periodic table.

Applications to particle physics are covered in chapter 7. The relevant
forces are categorized, and the concept of an antiparticle is introduced. Lep-
tons, which have only weak and electromagnetic interactions, are discussed.
The strongly interacting hadrons (mesons and baryons) are described, to-
gether with their properties of isospin, strangeness, and charm. The Yukawa
interaction between two baryons, arising from the interaction with a meson
field, is derived. The observed hadron multiplets are exhibited, and it is
shown how hadron structure can be understood in terms of an underlying
substructure of quarks. An argument is given as to why single quarks are
not observed as free particles.

Feynman diagrams, together with associated Feynman rules for the scat-
tering S-matrix, provide the language of particle physics. It is shown how
one goes from the S-matrix to a transition rate and then to a cross sec-
tion. Several examples are presented: quantum electrodynamics (QED)
with virtual photon exchange; quantum chromodynamics (QCD) with the
exchange of gluons between quarks, and gluon self-couplings; and the stan-
dard model of electroweak interactions involving the exchange of heavy
weak vector bosons, both charged and neutral.

Special relativity is the topic in chapter 8, starting with a description
of the Michelson-Morley experiment, which ultimately demonstrated that
the speed of light is the same in any inertial frame. It was Einstein’s ge-
nius to give the Lorentz transformation, which leaves the form of the wave
equation for light invariant, a physical interpretation as the actual relation
between space-time coordinates (x,t) in two different inertial frames. The
consequences are profound, as time and space now become relative coordi-
nates, changing from inertial frame to inertial frame. Both time dilation
and Lorentz contraction are analyzed. Special relativity is formulated in
terms of rotations in a four-dimensional Minkowski space, whose fourth
component z4 = ict is imaginary. Several applications of special relativity
are discussed, including an analysis of the structure of white-dwarf stars.

Chapter 9 discusses the union of the two underpinnings of modern
physics, quantum mechanics and special relativity. The Dirac equation
for spin-1/2 fermions is derived from general assumptions, and its implica-
tions are examined in detail. Knowledge of properties of the Dirac equation
allows us to actually construct the vertices in the Feynman diagrams for
QED, QCD, and the standard model of electroweak interactions.

A point particle moving without friction on a two-dimensional surface of
arbitrary shape forms a paradigm for the introduction of Einstein’s theory
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of general relativity in chapter 10. Einstein’s theory is introduced through
a set of three assumptions on the structure of space-time and the corre-
sponding particle motion. The Schwarzschild solution to the Einstein field
equations outside of a spherically symmetric source is introduced, and its
physical implications analyzed, including time dilation and radial Lorentz
contraction. The properties of the Robertson-Walker metric (with k£ = 0),
corresponding to a uniform mass density throughout all space are examined
as an introduction to cosmology. The leading order cosmological redshift
is derived and the concept of the horizon introduced.

Quantum fluids are macroscopic systems of many identical particles
whose behavior reflects the underlying quantum mechanics. In chapter 11
the properties of two such systems are analyzed. The first is superfluid
4He, whose atoms are spin-zero bosons and whose properties reflect Bose
condensation. The velocity field is related to the phase of the single-particle
ground-state wave function, leading to the quantization of the circulation
about a vortex in the superfluid. The Hartree approximation helps one to
understand the interacting system. That analysis is extended through the
introduction of the Gross-Pitaevskii equation, which is solved to obtain the
spatial structure of a vortex. Landau’s argument on the relation of the
quasiparticle excitation spectrum to superfluidity is presented. The second
quantum fluid is that of electrons in a superconductor, whose empirical
properties are summarized. It is argued that bound pairs of electrons will
yield properties similar to that of Bose systems, in particular superfluid
flow. The Bethe-Goldstone equation for a pair of fermions interacting in
the presence of a filled Fermi sea is derived. It is shown how an attractive
interaction between pairs of particles near the Fermi surface, with opposite
momenta and spins, will actually lead to such a bound state. These are
known as Cooper pairs. Phonon exchange in metals provides the attractive
interaction between electrons, and Cooper pairs form the underlying basis
for the very successful BCS theory of superconductivity. In analogy with
the quantization of circulation in a superfluid Bose system, a derivation is
given of the quantization of flux in the magnetic flux tube that penetrates
a type-1I superconductor.

Chapter 12 introduces the notion of a quantum field, which underlies
most of modern theoretical physics. To do this, we return to the starting
point of the book, the analysis of the planar transverse oscillation of a string.
An expansion of the displacement of the string ¢(z,¢) in normal modes re-
duces the energy of the string to the sum of contributions of uncoupled
simple harmonic oscillators, one for each normal mode. These oscillators
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are readily quantized, and the quanta of the normal modes are identified
as phonons. The displacement now becomes a local quantum field operator
4(z,t), where the normal-mode amplitudes are the phonon creation and
destruction operators. The electromagnetic field is quantized in an exactly
analogous fashion. Here the quantum field operator is the Coulomb-gauge
vector potential A (x,t), and the quanta of the normal-mode excitations of
the field are the transverse photons. The concept of stimulated emission
into a mode where photons are already present now follows immediately.
The general expression for the photon radiation rate for any quantum me-
chanical system is derived in the problems. The quantum field analysis is
extended to that of a Dirac field, where the Fermi statistics necessitates the
introduction of anticommutation relations for the creation and destruction
operators. Finally, the utility of quantum fields in analyzing the behavior
of many identical non-relativistic interacting particles is demonstrated.

It is worth re-emphasizing that physics is an experimental science, and
a course such as this must be accompanied by a good, thorough laboratory
course in experimental modern physics.

There are many good, existing books that develop the experimental
and theoretical aspects of modern physics, although the theory is generally
covered in less depth: for example, [Eisberg and Resnick (1985); Resnick
and Halliday (1992); Ohanian (1995); Krane (1996); Serway, Moses, and
Moyer (1997); Bernstein, Fishbane, and Gasiorowicz (2000); Beiser (2002);
Taylor, Zafiratos, and Dobson (2003)]. It is assumed that readers will study
at least one such book in parallel with this one, in order to add sufficient
breadth to their knowledge of modern physics.

Progress in physics, as in all of science, does not take place in a linear
fashion. For every one of the concepts and results described in this book
there have been tens, if not hundreds, of wrong turns and blind alleys. On
the other hand, progress does occur by building on the foundation laid by
previous scientists. The goal of this book is to provide a tour of the physics
foundation established in the twentieth-century. It is hoped that the reader
will both enjoy and benefit from the journey. Let us begin.



Chapter 2

Classical Physics

2.1 Newton’s Laws

We start with a review of Newton’s three laws of classical mechanics.?
First, define the primary inertial coordinate system as one that is at rest
with respect to the fixed stars (Fig. 2.1).2 The momentum of a particle
is defined as the product of its mass and its velocity p = mv, where we
choose to denote spatial vectors with boldface type.

k 3k sk %k %k %k sk ok

k% %k sk %k sk sk sk sk
fixed stars

Fig. 2.1 The primary inertial coordinate system.
Newton’s laws then state that in this primary inertial frame:
(1) A body at rest, or in uniform motion, remains in that state unless acted

upon by a force;
(2) The time rate of change of the momentum of a particle is given by the

1See, for example, [Fetter and Walecka (2003)].
2This can be done to arbitrary accuracy.
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applied force F

dp
-EE—F

(3) For every action, there is an equal and opposite reaction.

; Newton's 2nd law (2.1)

It is important to remember that the momentum is a spatial vector
dx
p=mv=m— ; momentum (2.2)

and the rate of change of the momentum, which enters into Newton’s second
law, involves the change in the momentum dp — this can be in direction

as well as length (Fig. 2.2).
\7\ do
/

Fig. 2.2 Change in the momentum vector dp, which enters into Newton’s second law.

_9
P

If the mass is constant, then Newton’s second law is a statement about
the particle’s acceleration

If m = constant

dp dv d?x

—_ = _— = — . 1 t .
= priak iy ; acceleration (2.3)

It follows that any frame moving with constant velocity relative to an inertial
frame is again an inertial frame in which Newton’s laws hold (Prob. 2.14).

Newton’s laws hold over a tremendous range of distances. For example
(see Fig. 2.3):

e They hold down to the distance of closest approach d ~ 10~13 cm in the
scattering of an ion in the Coulomb field of the nucleus, an experiment
through which Rutherford discovered the nucleus;?

e They hold out to, say, the Andromeda galaxy which is approximately
d ~ 1.5 x 10% light-years ~ 10%* cm from us;?

e Thus they hold over a range of (at least) 37 orders of magnitude!

3The details of these classic physics experiments, with which the reader should be-
come familiar, can be found in any good existing book on modern physics, for example
[Ohanian (1995)].

4They hold, provided the gravitational fields are not too strong.
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. | / d~ 10_]3 cm
+ion ~
d Rutherford Expt

Zep

discovers nucleus

d~1.5x108 light-yrs

~1.4%x1024 cm

Andromeda

Gravitational fields’
sun-earth not too strong

Fig. 2.3 Newton’s laws hold over a tremendous range of distances.

It is the physicist’s job to classify the forces. Newton’s second law then
tells how a particle moves under the action of these forces.

2.1.1 Discrete Mechanics

One-dimensional motion. Consider the motion of a particle of constant
mass m under the application of a force F' in one dimension (Fig. 2.4). In

Fig. 2.4 Particle motion in one dimension.

this case, Newton’s second law reads

d?x

Two examples, in the z-direction, are illustrated in Fig. 2.5:

(1) A particle at the surface of the earth where the force of gravity is
F = —mg;

(2) A particle at the end of a spring where F' = —kz, and z = 0 is the
equilibrium position.
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[LLLL LY

F=-mg

l/.\

4

7 \l/ F=-kz

(a) gravity (b) spring

LITTTITTT 7T

Fig. 2.5 Examples of particle motion in one dimension (here the z-direction): (a) grav-
ity, a height z above the surface of the earth; (b) spring, where z = 0 is equilibrium.

Equation (2.4) is a second-order differential equation. It can be in-
tegrated numerically with a simple computer program. Divide the time
interval of interest into small steps of size h (Fig. 2.6). Start from the point
(zo,to) with initial slope (dz/dt)o. The value at the neighboring point

(z1,t1) is then given by
dx
o= (F),

().~ (&), (%), 6

Equation (2.4) can now be substituted for the last term in the second line
to give a closed set of finite-difference equations

dz
=soth(3),

de\ _ [dz F(xo)
().~ (&), 5] Z
e Step out from the initial value®

dz h dz\ & dr\ =&
(=), (%), > (%), &7

e If the initial values (z,dz/dt)o are specified, then given the force F(x),
the solution to the finite-difference form of the second-order differential
equation is determined for all subsequent times;

Now

5Readers are urged to try this for themselves with some simple examples (see
Prob. 2.1).
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e Now take the limit as the step size h — 0 for a given ¢. In this limit,
one obtains the solution to the second-order differential equation itself.

X
/\ dx
(%),
X3 | /ﬁ(
X2—
X'|.—
X0
~
1 t ty t 4
0 1 2 '3

—> h <«

Fig. 2.6 Numerical integration of Newton’s second law in one dimension with time step
of size h. Here (x,dx/dt)o are the position and velocity at the initial time tg.

Phase space. We have seen that Newton’s second law gives a second-
order differential equation, the solution of which requires the specification of
both the value and first derivative (z, dxz/dt)o at the initial time ty. A more
symmetrical formulation of classical mechanics is obtained by working in
the space (p, ¢) of the momentum and coordinate, or phase space. Introduce

md:c = : momentum
d t - p b

=gq ; coordinate (2.8)

Determine the pair (p, q) for the particle at the time ¢, and plot the particle’s
position in phase space, as indicated in Fig. 2.7. If one specifies the initial
values (p,q)o at the time to, then Newton’s second law determines the
position of the particle in phase space at all subsequent times.

We give two examples:

(1) For a free particle, the momentum is constant
p = constant ; free particle (2.9)

In this case, the phase space orbit is simply a straight line [Fig. 2.8(a)];
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1.

e

<p,q)0

> q

Fig. 2.7 Particle’s trajectory in (p, ), or phase space.

(2) For a particle performing simple harmonic oscillations, the energy is
constant

2
1
=24 —kq®> = E = constant ; s.h.o. (2.10)
2m 2

In this case the phase space orbit is an ellipse [Fig. 2.8(b)].

p P

> T
q N g

(a) free particle (b) simple harmonic oscillator

Fig. 2.8 Phase space orbits: (a) free particle; (b) simple harmonic oscillator.

Hamiltonian. The hamiltonian will play a crucial role in subsequent
developments. We illustrate its role in classical mechanics. Define it as

H(p,q) =T(p)+ V(g) ; hamiltonian (2.11)

For the simple harmonic oscillator, for example, it follows from Eq. (2.10)
that

2

D 1
H(p,q) = o + —2—nq2 ; s.h.o. (2.12)

Hamilton’s equations. After two centuries of classical mechanics, it is
not too surprising that a more symmetric, and more elegant, formulation
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of Newton’s laws could be found. This was done by Hamilton. Consider
H(p,q), and take

O0H(p,q) _ [dH _p _dq
8]) a dp g=const. - m B dt
O0H(p,q) _[dH _dv _dp
00~ |0 |y dg i (21

Hence Hamilton’s equations, which are here fully equivalent to Newton’s
laws, state that

0H(p,q) dq . ’ ;
—_— L — — M H
9p 7 ; Hamilton's equations
H
6__(_1)& = _dp & Newton's laws (2.14)
O0q dt

The partial derivatives on the left-hand-sides (1.h.s.) of these relations, de-
fined in Egs. (2.13), imply that the other variable in H(p, q) is to be held
fixed during the differentiation. The hamiltonian, through these relations,
describes how the particle moves in phase space. At the end, after the equa-
tions of motion have been computed from the hamiltonian in Eq. (2.11),
one has the statement of conservation of energy '

H = E = constant ; energy conservation (2.15)

2.1.2 Continuum Mechanics

String. The equation of motion of a continuous string can now be obtained
by applying Newton’s second law to each little mass element of the string.
Suppose the equilibrium stretched position of the string lies along the z-
axis. Then (Fig. 2.9):

e A differentially small mass element of the string is given by dm = pdz
where

= % = mass density (2.16)

e The force transmitted along the string is given by the tension 7

T = tension (2.17)

e Suppose the displacement of the string from equilibrium takes place in
the (z,y) plane. Denote this displacement in the y-direction by g(z, t);
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e To simplify, assume that both p and 7 are constant along the string.

y-axis

X -Qxis

\

Fig. 2.9 Motion of a string with mass density p and tension 7. The displacement of
the string in the transverse y-direction, from its equilibrium stretched position along the
z-axis, is denoted by q(z,t).

Now write Newton’s second law for the little mass element. The mass
times the acceleration at a given z is

d?q

mass X acceleration = pdz [— (2.18)

dt2 J x fixed

The force in the y-direction on the little mass element at a given instant in
time is (see Fig. 2.10)

Fy = 7[sinf(z + dz) — sin 0(z)], g0q O (2.19)

For small displacements, this expression can be linearized by assuming
sin @ ~ tan 6, which is then given by the slope of the string at either end of
the small element

Fy = 7 [tan6(z + dz) — tan 8(z)], gyeq

dq dq
=T _ _— —
ATlorie 4T, ¢ fixed
)
= rdz [d_‘;] (2.20)
dz t fixed
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Fig. 2.10 Force in the y-direction on the little element of string in Fig. 2.9.

Newton’s second law for the small mass element of the string is obtained
by combining the above expressions

d2
pdz [ ] =Tdz [ ] (2.21)
dt2 x fixed dz? t fixed

Upon cancelation of the factor dz, one obtains the one-dimensional wave
equation for the string

0%q(z,t) _ 1 0%(z,t)

92 2 o ; wave equation

: (velocity)? (2.22)

N

Here the partial derivatives again imply that the other variable in ¢(z,t)
is to be held fixed during the differentiation. This is a very important
result. The planar motion of the string is governed by the second-order
partial differential wave equation for the transverse displacement of the
string q(z,t); and that equation has been linearized in the displacement,
which is assumed to be small. The square of the wave velocity appearing
in this equation is given by the ratio of the tension to the mass density of
the string. '

D’Alembert’s Solution. Let f (:1;) be any twice dlfferentlable function
(Fig. 2.11), and define Z = z — ct. Then f(Z) = f(x — ct) provides
D’Alembert’s solution to the one-dimensional wave equation

f(z) = f(z —ct) ; D' Alembert’s solution (2.23)
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fx)

N
/
X

Fig. 2.11 Example of a twice differentiable function f(z).

This is proven simply by using the chain rule for differentiation

of _df oz

oz  dz oz = f(@)

e e

.92 o
oo 224

Hence q(z,t) = f(Z) = f(z — ct) satisfies Eq. (2.22), and the result is
established.

Let us try to interpret this solution. Introduce a coordinate system
whose origin O moves with a velocity ¢ along the z-axis relative to the
fixed (laboratory) system with origin O, as illustrated in Fig. 2.12. The
spatial coordinate in this moving frame is just £ = x — ct, and the function
f(Z) retains its shape relative to this coordinate system. Hence we conclude
that:

This pulse f(Z) = f(x — ct) moves without change in shape with
velocity c in the z-direction.%
Readers are urged to demonstrate this for themselves by sending a small
amplitude pulse of any shape down a stretched string (or spring).

Clearly, since the wave equation is linear, any linear combination of so-
lutions again provides a solution. This is referred to as linear superposition.
Furthermore, changing ¢ — —c does not affect the argument in Egs. (2. 24)
Thus a disturbance of the form

q(z,t) = f(z —ct) + g(z + ct) ; D' Alembert's solution
linear superposition (2.25)

60ne says there is “no dispersion” of the solution.
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again provides a solution to the one-dimensional wave equation for any twice
differentiable functions (f, g). The second term has the interpretation of a
pulse moving in the opposite direction.

f(X)

®)

| >} > X

ct

\4

Fig. 2.12 Interpretation of D’Alembert’s solution with a function f(z) as illustrated in
Fig. 2.11. O is the origin of a coordinate system moving with velocity c in the z-direction
relative to the fixed (laboratory) frame with origin O. The function f(Z) = f(z — ct)
retains its shape relative to this moving coordinate system.

Wave Solution. Consider a particular form for the function f(Z)
_ 27 .
f(Z) = cos [7 (z— ct)] ; wave solution (2.26)

From the previous discussion we know that this represents a wave moving
without change in shape in the z-direction with velocity c. A snapshot of
this wave at a given instant in time yields the curve shown in the upper
part of Fig. 2.13. The disturbance repeats itself after a spatial distance A,
which represents the wavelength of this disturbance.

A = wavelength (2.27)

If one sits at a fixed position z, the disturbance oscillates in time and
repeats itself after a time period ¢ = A\/c

p= ; period (2.28)

The frequency v with which the disturbance repeats itself is just the inverse
of the period '

; frequency

(2.29)
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The last result vA = c is a crucial one for waves described by the one-
dimensional wave equation.

fixed t \Uf\‘ \/f > X

— A

fixed X \Unuf > t

—i O —

Fig. 2.13 Interpretation of the wave solution in Eq. (2.26). Snapshot at a fixed time
(upper figure); time-dependent oscillation at a fixed x (lower figure).

The wavenumber k and angular frequency w are defined as

2w
k= — ~; wavenumber

A
w = 2mv = kc : angular frequency (2.30)

Hence the solution in Eq. (2.26) can also be written as
f(Z) = cos (kx — wt) ; wave solution (2.31)

Normal Modes. Let us look for a solution to the wave Eq. (2.22) where
everything oscillates with the same frequency. Try

q(z,t) = q(z) cos (wt + §) ; Try it (2.32)

Upon substitution of this expression, and cancelation of the factor
cos (wt + §), the wave equation is reduced to

d’q(z) _
dz?

This is an ordinary second-order differential equation in the spatial coor-
dinate z, the scalar Helmholtz equation.” It can be integrated numerically,

—k?q(x) s Helmholtz eqn (2.33)

7We will meet this equation again in quantum mechanics when we look for stationary-
state solutions to the Schrodinger equation.
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for example, exactly as in our discussion of Newton’s laws. If one spec-
ifies (q,dq/dx).,, the displacement and slope at a boundary position zo,
then the solution is determined for all other values of the coordinate z. Of
course, one can specify other boundary conditions; one needs two of them
for this second-order equation.

Fig. 2.14 Numerical integration of the Helmholtz equation upon specification of the
boundary values (g, dq/dz)z, -

Fized Endpoints. Consider a string with fixed endpoints (Fig. 2.15). In
this case, if one is solving numerically as discussed above, it is necessary
to start with the correct slope at the boundary where x = 0 so that the
solution comes back to zero at the second boundary where x = L.

//— \\\
N
ax) N
: 3y
>

X

AN

—

=ANN\NAN\Y

Fig. 2.15 String with fixed endpoints.

The general solution to Eq. (2.33) can be written as a linear combination
of sines and cosines

q(z) = Asinkz + Bcoskzx (2.34)

where (A, B) are constants. Here the solution must vanish at the endpoints,
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which gives the conditions

q0)=0 =B=0
q(L)=0 = AsinkL =0 (2.35)

The last relation in Egs. (2.35) can evidently only be satisfied for certain
values of k, label them k,,, with a corresponding set of frequencies w, = k¢

koL =nw in=1,2,3,---,00
Wp = (ELE) n eigenvalues (2.36)

These are known as the eigenvalues for this problem. The corresponding
solutions, labeled as ¢, (z), are known as the eigenfunctions.® We choose
to normalize them with a factor (2/L)!/2? for reasons that will become
apparent. Thus

(z) = 2 Uzsin(m) ;yn=12,3,---,00
Qn - L L b - y=r ¥ ?

eigenfunctions (2.37)

With these boundary conditions, one finds a discrete set of frequencies for
the normal modes; these include the fundamental frequency w; and all the

harmonics 2w, 3wy, -+. The full time-dependent, normal-mode solution is
then
2 1/2 nwx
gn(z,t) = (f) sin (-—L—) cos (wnt + 6p) ; normal mode (2.38)

where §,, is an arbitrary phase. Each of these normal modes provides a
particular solution to the wave Eq. (2.22).

Let us examine a few of the eigenfunctions. Consider the first eigen-
function with n = 1 as illustrated in Fig. 2.16. In this case

/2
q1(z) = (f) sin—L— yn=1
(e
wp =+ fundamental (2.39)

One can understand this eigenvalue by simply fitting one-half wavelength

8Note that n = 0 produces no displacement of the string, and the eigenfunctions for
the negative integers are not linearly independent of thosé given here.
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=ANNNNNN\N
EERN\\\\\\

SRR

Fig. 2.16 Eigenfunction with n = 1.

between the fixed boundaries of the string

L= % ; half wavelength
,_C_C
A 2L
1/2
w =2y = T_T(L
L L\p

21

(2.40)

Here the explicit expression for the wave velocity in Eq. (2.22) has been

inserted in the last equation.

The situation for the first overtone with n = 2 is illustrated in Fig. 2.17.

/””w\\\Aw/ﬂ“n
0
hk » wJ\uL

Y

B S NN\\Y

N

\e
\,

Fig. 2.17 Eigenfunction with n = 2.

In this case

2 1/2 . 2mx
Q2($) = (Z) smT y = 2
2me
Wy = — first overtone

(2.41)
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To understand this solution, one simply fits a full wavelength into the string

; full wavelength

N o)
il

>lo >
o

2
TV = % etc. (2.42)

{
N

w

General Solution with Fized Endpoints. Let us now construct the full
solution to the wave Eq. (2.22) for a string with fixed endpoints. First, we
again employ linear superposition and observe that any linear combination
of the normal modes in Eq. (2.38) again yields a solution

q(z,t) = Z Angn () cos (wnt + 6,)

1

3

o0
oo

Z An (%) v sin (n—Z—:E) cos (wnt + 6y,) (2.43)

n=1

where (A,,d,) with n =1,2,-.. 00 are constants, to be determined. This
expression has the following properties:

o It satisfies the wave Eq. (2.22), since each term does;
o It satisfies the boundary conditions of fixed endpoints, since each term
does.

The question is, what is left? From Newton’s second law for a mass point,
as discussed in the previous section, we know that we must specify both the
position and velocity of each little mass element in order to find a solution
for the subsequent motion of the string. Thus, to complete the solution, we
must match the initial conditions

Initial Conditions. To complete the solution in Eq. (2.43), we must
specify both the shape of the string at the initial time, say t = 0, as well as
the initial velocity. Thus both ¢(z,0) and [0¢(z, t)/Ot];=o must be matched
for all z, as illustrated in Fig. 2.18.

q(z,0) = iA cos d. (3>1/2 sin (m)
3 ] n n I I

O0q(x,t) ) 2\ /2 . [(NTX
b ASad s S n = hetdlnd 44
[ 5 ]t=0 nélwnA sin 6 (L) sm( i3 ) (2.44)
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These equations indeed determine the constants (An, d,) for all n (see be-
low). Equation (2.43) then provides the full solution to the wave equation,
and hence the complete motion of the string, for all subsequent time.

e
e
é qx.0) Z
Z Z
7 -
yd
0 L

da(x.0)

at

Fig. 2.18 Initial conditions for string. Both ¢(z,0) and [9g(z,t)/0t]t=0 must be
matched.

2.1.3 Some Mathematics

The expressions in Eqgs. (2.44) are Fourier series of the form

f(:l:) = Z a'ngbn(x)
n=1

$n(z) = (%) 7 i (%) (2.45)

A large class of functions can be represented in this fashion. The series
are complete for the class of functions required for our continuous string
problem.? To solve for the Fourier coefficients, one makes use of the or-
thonormality of the eigenfunctions (see appendix C)

L L
2 . (mmx\ ., (NTT\
/0 Om(T) P (x)dx = E/o dz sm( 7 ) sin (-—L—) =6mn  (2.46)
Here d,,, is the Kronecker delta defined by

Omn =1 sifm=n
=0 ;ifm#n (2.47)

9See, for example, [Fetter and Walecka (2003)]. We do not here go into the niceties
of operating on these series term-by-term, which depends on convergence. Suffice is to
say that integration, as a smoothing function, is generally permitted.
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Now multiply Eq. (2.45) by ¢m(z) = (2/L)Y/?sin (mnz/L), and integrate
on r from 0 to L using the orthonormality of the eigenfunctions

L
/0 Om(z) f(x) dz = ap, (2.48)

This solves for the Fourier coeflicients. The application of this procedure
to Eqs. (2.44) yields

L 1/2
2 . (MTZT
Ay, cosd,, = /0 q(x,0) (f) sin (——L—) dz

L 1/2
. _ O0q(z,t) 2 . (mmz
wWmAm sind,, = /0 [ 5t L:o <L) sin ( 7 ) dr (2.49)

This provides an explicit solution for the Fourier coefficients (A, dp) in
terms of the initial conditions ¢(z,0) and [dg(x,t)/Ot]s=0. Note, again,
that these functions must be provided for all z. Note also that it is now
clear that both q(z,0) and [0g(z,t)/dt];=0 must be specified in order to
determine the entire set of coefficients (A, d,,) for all 1 < m < .

Sum Over Modes. Consider the sum over all wave numbers

kn=(%>n ;n=1,23, 00 (2.50)

that appears in Eq. (2.45). Suppose the string becomes very long so that
L — oo. Then as n increases by an integer, the spacing of the wavenumbers
Ak = 7/L becomes vanishingly small

Ak=%—+0 ; L — 00 ‘ (2.51)

Rewrite the sum over wavenumbers as »
> L/ ™
>t =23 (1) 1 (T) (2:52)

Suppose that f(ky) is a smoothly varying function of its argument, as in
Fig. 2.19. In this case, the sum over wavenumbers in Eq. (2.52) becomes
an integral over wavenumbers

S (5) ) = 3 Aks(kn)
n=1

n=1

R / Tdkfk) i L—oo (2.53)
0
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and this relation is exact in the limit.

fCky)

ko K

> T ¢
L

Fig. 2.19 Fourier sum in the limit L — oo, where Ak = /L.

Thus we can write a general relation for the Fourier sum in Eq. (2.52)

oo L 00
Z_>_/ dk . L — 00 (2.54)
n=1 T Jo

If the function f(k) is even about the origin in k, so that f(—k) = f(k),
then one can integrate over all wavenumbers in Eq. (2.54)

o0 L o0
— — dk ; L — o0
r; 2 /_oo
f(=k) = f(k) (2.55)

This is an important relation that will play a central role in what follows.
Relevant properties of Fourier sums and Fourier integrals are examined in
appendix C.

2.2 Statistical Physics

Consider a very large number N ~ 1023 of particles (e.g. atoms) in a box
of volume V in contact with a heat bath at temperature T' (Fig. 2.20). One
cannot hope to solve Newton’s laws for such a system. Furthermore, we
generally measure only a small number of bulk properties such as (P, V,T )
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for the system.!® In this case, one is forced to use statistical methods. Let us
then review some of the principal elements of classical statistical mechanics.

A4 e |

U * |-

|1 e @
V

Fig. 2.20 Collection of very large number N ~ 1023 of particles in thermal equilibrium
at temperature 7" in a box of volume V.

2.2.1 Classical Statistical Mechanics

Consider a very large number N of identical, randomly prepared particles
in the box with (T, V) as illustrated in Fig. 2.21. The experimental obser-
vation of a particle is equivalent to identifying one of these constituents.
The complete collection of these constituents is known as an ensemble, and
here we are focusing on the microcanonical ensemble.

Wi\

FEIR ~
v v v v

—
AN

Fig. 2.21 Very large number N of identical, randomly prepared particles.

Microcanonical Ensemble. Place a point in the six-dimensional phase
space (p,q), with volume element d3p d3q = dp;dp2dps dg1dgadgs, for each
member of the ensemble in Fig. 2.21. This is illustrated with two dimen-
sions in Fig. 2.22. There is a totality of N such points. Now suppose one
just selects a particle at random from the ensemble. The differential prob-
ability that the particle will have a momentum between p and p + dp and
a coordinate position between q and q + dq is just the ratio of the number
of particles in the element d3pd3q in phase space to the total number of

10Here P is the pressure.
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particles
dN : : - .
~ = dP(p,q) . differential probability of observing (p, q) (2.56)
Y N
oo 0 |°®
dp | 4 o ®|®
dq
> q

Fig. 2.22 Complete collection, the ensemble, of the particles shown in Fig. 2.21
as represented by points in six-dimensional phase space (p,q) with d3pddq =
dp1dp2dp3dq1dgzdgs. Here only two dimensions are shown.

The hamiltonian for particle motion in a one-body potential V(q) was
introduced in Eq. (2.11)

H(p,q) =T(p) +V(a) (2.57)

For the present purposes, we will start from the assumption that the prob-
ability of finding a particle in a given region in phase space in thermal
equilibrium at a temperature T is given by the Boltzmann distribution

dN e~ HP:a)/ksT gy, dpedps dg1 dgadgs

— =dP = 2.
N (P, q) [ [ e~ H®)/keT dp,dpsdps dg1dg2dgs (2.58)
Here kg is Boltzmann’s constant
kg = 1.381 x 1072 J(°K) ™! . Boltzmann’s constant  (2.59)

One can derive Eq. (2.58) from the more basic assumptions of statistical
mechanics, and this is done in appendix E; however, starting from the
Boltzmann distribution as an assumption is enough for us right now.

Mazwell-Boltzmann Distribution. Let us examine the implied distribu-
tion of velocities in a gas of free particles where V(q) = 0. Here

p?
= s H=— 2.60
p=mv L (2.60)
If one is only interested in the velocity distribution, it is appropriate to inte-

grate over all positions [ - -- [ dg1dgzdgs in the probability distribution, and
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since any common factors cancel in the ratio in Eq (2.58), the probability
distribution in the velocities then becomes

dP(v) = / / dg1dgadgs dP(p, q)

e_m(”f‘"”g*‘”g)/szT dvidvadus 2.6
_ 61
[ [emmErE ) /2KaT gy (2.61)
This is the celebrated Mazwell-Boltzmann distribution, which is well verified
experimentally.
The probability distribution in Eq. (2.61) can be used to compute mean
values. For example, the mean value of the energy E = p?/2m takes the
form

m [ (v% +v3 + vg) e—m("f'*’”g‘*'”g)/szTd’Uld'Uzd’Ug

E
( ) 2 f o fe—m(v¥+v§+v§)/2kBT dv; dvadus

Since the exponentials factor, and then the resulting integrals factor, this
expression reduces to'!

(2.62)

2
B 3m fjooo ,U2e-mv /2ksT dv

FE = 5 ffooo T (2.63)
Take out the dimensions with the definition
m O\ /2
W= ( o T)
oo 2 —qy2
ue du
E = 3kgT f_°° (2.64)

oo —q2
[ e du
One is left with the definite integrals
o0 o0
/ e dz = /7 ; / z2e™® dr = yr (2.65)
—00 —o00 2
Thus in a gas of free particles in thermal equilibrium at a temperature 7,

the mean energy per particle is given by

(E) = ngT ; gas of free particles
mean energy/particle (2.66)

1Use [ [ dadyele@ W] = [ [ dedy ea(@)eb®) = [ dze®) [ dyeb®) . With inde-
pendent boundaries these integrals are factored, and common factors in the numerator
and denominator cancel.
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2.2.2 Equipartition Theorem

The classical equipartition theorem follows directly from the above analysis.
It states that

There is a contribution to the mean energy of ksT/2 for each
quadratic degree of freedom in the hamiltonian.

The proof follows directly:

(1) The integrals factor as above;

(2) Common factors in the numerator and denominator cancel;

(3) For a generic term aqg? in the hamiltonian, one is left with an integral
of the form!2

[ dg (aq2)e aq®/keT " Tfoo z2e" dz
[ dge—od /T~ BT fema" dg

—OO

(ag®) =

kaT (2.67)

N =

This is the stated result.

As an example, consider the one-dimensional simple harmonic oscillator
with hamiltonian

2

1
H(p,q) = %—n + 5o’ (2.68)

12These integrals appear so often that it is worthwhile remembering some tricks for
doing them. Consider the double integral

I’ = /oo e’ d:z:/oo ev’ dy = /oo /oo da:dye"(xz"'yz)
—00 —_00 —-—00 v —00

Go to polar coordinates with x2 + y? = r? and dz dy — 277 dr to obtain

o0 o0
I?2 = / 27rrdre_’2 =1r/ due ™ =m
) 0

(o o]
—)\z - m
dac———/ w gy =[S
L. Vi

Differentiate with respect to A, and then set A = 1. This gives

) 2 o0 2
/ e de =+ : / e = dx = VT : ; etc.
— 00 —_00 2

Now consider
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In this case, the mean energy becomes
1
(E) = §kBT x 2 =kgT ; mean energy/oscillator  (2.69)

This expression for the mean energy/oscillator is an important result that
will play a central role in what follows.

Pressure of Ideal Gas. Let us use these results to compute the pressure
exerted by an ideal gas at a temperature T. Here there is no interaction
potential, and hence within the gas V(q) = 0. The particles in the gas
are moving according to the Boltzmann distribution. We will compute
the pressure by computing the rate of momentum transfer to the wall as
the particles elastically bounce off. The velocity of the constituents can
be decomposed into its independent cartesian components v = (Ve Uy, Vz),
and it is the component v, that is relevant for striking the right wall, as
illustrated in Fig. 2.23; for simplicity, we start by assuming a single v,.

—> >
—> >

~

F—— v At

wall

Fig. 2.23 Pressure exerted by an ideal gas. In a time interval At, all those particles
that lie in a volume (v At)A will hit the wall.

Let:

e P = force/area be the pressure the gas exerts on the wall;

e n = N/V be the particle number density;

e An be the number of particles striking an area of the wall A in the
time At. In the time interval, all those particles that lie in a volume
(v At)A will hit the wall. Thus!3

An = (v At)An x % (2.70)

13 Although the velocity components (vy,vz) may remove particles from this volume,
they bring an equal number of particles back in, and hence (vy,vz) play no role in this
argument.
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Here the last factor of 1/2 comes from the fact that only half of the
particles are moving to the right and thus strike the right wall.

Since the particles are assumed to bounce off elastically, the momentum
transferred to the wall is

AP /particle = 2mu;, (2.71)

Hence the total momentum transferred to the wall by these particles is
AP = (2muv,) (v At A)%n (2.72)

The corresponding pressure is then computed with the aid of Newton’s
second law

_ force  1AP _ mv?
" area A At z

We are now in a position to take the mean value of this expression and use
the equipartition theorem

(2.73)

(P) = ]—‘\/f—(mvg) - ngT (2.74)

We thus derive the celebrated ideal gas law
PV = NkgT ; ideal gas law (2.75)

If the particle number N is expressed in units of Avagadro’s number Ny,
that is, in moles i = N/Na, then this result is written in terms of the gas
constant R according to

Na = 6.022 x 102 mole™* : Avagadro’s number
Na kg = R = 1.987 cal/mole-°K ; gas constant
PV = AiRT (2.76)

2.3 Electrodynamics

First, we must deal with a choice of units. Here we use SI units where mass,
distance, and time are measured in kilograms (kg), meters (m), and seconds
(s). Force is then measured in Newtons (N), where 1N = 1kg-m/ s2. Charge
is measured in Coulombs (C), voltage in volts (V), and current in amperes
(A), where 1A = 1C/s.1* The relation to other commonly-employed units

14These are now the units of choice in most introductory physics courses.
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is discussed in appendix K.
We proceed to review the basic principles of classical electrodynamics.!5

2.3.1 Basic Principles

Coulomb’s law states that the force between two static point charges (g1, g2)
separated by a displacement r = ry — r; [see Fig. 2.24(a)] is
Fo = S92 T ; Coulomb’s law
4dmeg T3
r=rTr9—I; (277)

Here F; is the force on particle 2 due to particle 1. The Coulomb force has
the same 1/r? spatial dependence as Newton’s law of gravitation: however,
the electrostatic interaction can be either attractive or repulsive according
to the signs of the charges. The constant of proportionality appearing in
this expression is determined to be

2
% = 8.988 x 10° Ng; (2.78)
i
-.,
r -
¢ e O i
g, q 2
n turns/m
(a)Coulomb’s law (b)solenoid

Fig. 2.24 Configuration for: (a) Coulomb’s law; (b) Solenoid.

A cylindrical coil of wire with a current i running through it forms a
solenoid [Fig 2.24(b)]. There is a magnetic field B in the interior running
down the axis, with a direction given by the right-hand rule. If the coil
consists of n turns/meter, then the magnitude of the magnetic field is

B = poni ; solenoid
n turns/meter (2.79)

15For texts on classical electrodynamics, see [Griffiths (1998); Jackson (1998)].
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The constant of proportionality in this case is

o _ 7 Ns?
o= 1.000 x 10° 2
T
= 1.000 x 1077 == (2.80)
A
Magnetic fields are thus measured in Tesla (T), where
1T = 1£<_g_ = 10* Gauss (2.81)
Cs

The velocity of light ciight = ¢ is given in terms of the constants (eo, o)
by16

1
VEOMO

The Lorentz force acting on a particle with charge ¢ moving in electric
and magnetic fields (E, B) is given in these units by

c= = 2.998 x 1085:— (2.82)

F=¢q(E+vxB) ; Lorentz force (2.83)

2.3.2 Some Applications

We review some simple applications of these results:

(1) Circular motion in a uniform magnetic field. If the charge ¢ > 0 and
(v, B) are oriented as in Fig. 2.25, then the force gv x B points along r in
that figure, and since the magnetic force is perpendicular to the velocity
v, only the direction of v changes. The result is circular motion, with r
pointing to the center of the circle. A combination of the Lorentz force
and Newton’s second law for circular motion with radius r then gives

mu? . .
me = —— = quB ; circular motion
mu
= = —_— 2.84
= (2.84)

At fixed field strength, the radius of the circle is proportional to the
momentum.

16We use the symbol ¢ for both the velocity of light and the generic velocity in the
wave equation. The relevant velocity should be clear from the context.
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¢ \+
Lz

VV VYV

Fig. 2.25 Circular motion in a uniform magnetic field. Here ¢ > 0, B is perpendicular
to the plane of the orbit, and v lies in it. The vector r here points to the center of the
circle.

0N
U

™~

(2) Velocity selector. Consider a particle of charge ¢ moving with velocity v
through crossed E and B fields as illustrated in Fig. 2.26. The Lorentz
force on the particle is given by Eq. (2.83), and the electric and magnetic
forces will just balance in this configuration if

E =vB
E
[ — 2.
= v (2.85)

Only particles with this velocity will be transmitted through the device
— particles with any other velocity will be deflected out of the beam,
and one has a velocity selector.

+++++ O’i VXB
N

— —>
E B Il

o > \/

ML q
\\’4
—_
E

Fig. 2.26 Field configuration for velocity selector.

The velocity selector can be combined with the momentum selector
in (1) to produce a mass spectrograph. If the particle is sent into a
uniform magnetic field after exiting the velocity selector, as illustrated
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in Fig. (2.27), then Eq. (2.84) can be solved for the mass to give

m = ((—1;?) T (2.86)

The radius of curvature thus determines the mass.!”

Fig. 2.27 Combination of the velocity selector and momentum selector to produce a
mass spectrograph. The radius of the orbit of a particle with given velocity in a uniform
magnetic field determines its momentum, and hence its mass. Here ¢ > 0 and B = Bé,
where &, is a unit vector coming out of the page.

(3) Circular motion in a Coulomb field. For a particle of charge —q and
mass m performing circular motion at a radius r about a fixed charge
+4q, a combination of Newton’s second law and Coulomb’s law gives

2 2 1
mv_ 4 - ; circular motion (2.87)
T 4meg 2
The angular momentum is
=r X p=(rmv)é&, ; angular momentum (2.88)

Here €, is a unit vector perpendicular to the plane of the motion in
Fig. 2.28. A combination of these two results gives

l2 q2
R 2.
m (471’80) " ( 89)

The radius goes as [2. We will return to this relation when we discuss
the Bohr atom.

170f course, one has to know q. Fortunately, ¢ only changes in integer units of the
basic charge e.
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AZ
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Fig. 2.28 Circular motion in a Coulomb field.

2.3.3 Mazxwell’s Equations

In addition to being created by charge and current densities (p, j), electric
fields are created by oscillating magnetic fields, and vice versa. The laws
governing these fields are summarized by Mazwell’s equations. In free space

with sources (p,j), in these units, in differential form they are!3
V-E= é : Maxwell’s equations
V-B=0 free space with sources (p, j)
B
VXE=-— %_t
VxB=Moj+cl2%- (2.90)

The simplest expression for V is to write it, and an arbitrary vector field
v(x,t), in terms of cartesian coordinates

V=eé -z+é 2+é 9
T T ox Yoy “0z

V(x,t) = & vz(X,t) + &y vy(X,1) + €, v.(x, 1) (2.91)

18For future reference, we note that in these units

h2

—_—— =0.5202A ; Bohr radi
me(e2/4mweg) Fradius

ap =

( ez \ 1 1
o= —_— = — ; fine-structure constant
4dmeo ) he 137.0
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where (€, €y, €,) are a set of constant, orthonormal, cartesian unit vectors.
Then the divergence and curl of v are given by!?

Ovy  Ouy + Ov,

Vev= o + Oy 0z
. (Ovy  Ouyy . [Ovy Ov, . [Ovy Oug
va‘em(ay az)“’”(az 6x)+ez(6ac 8y)
(2.92)
The energy flux is given by the Poynting vector
1
S=—ExB ; Poynting vector (2.93)

Ko

Here S - dA is the energy flowing across the infinitesimal area dA per unit
time (compare Fig. 2.29).

2.3.4 Electromagnetic Radiation

Solution in free space. There are solutions to Maxwell’s equations in the
absence of (p, j) where the electric and magnetic fields oscillate against each
other and move through free space with velocity ¢. This is electromagnetic
radiation that propagates with frequencies ranging from those in the longest
radio waves, through the visible spectrum, to the highest energy gamma
rays.

One particular solution to Maxwell’s equations in free space is the fol-
lowing (see Fig. 2.29)

E, = Acosk(z — ct) ; electromagnetic plane wave
cB, = Acosk(x — ct) (2.94)

This solution also satisfies the one-dimensional wave equation, just like the
string

?¢(z,t) _ 1 8%¢(a,t)

. — 2 op ; one-dimensional wave equation

¢ = (E,,cB,) (2.95)

We know from our previous discussion that the solution in Egs. (2.94) repre-
sents a wave that propagates without change in shape along the z-axis with

19The relation to Maxwell’s equations in integral form, through which they are usually
presented in introductory E&M courses (Gauss’ law, Ampere’s law, Faraday’s law, etc.),
is discussed in appendix F and Probs. 2.9-2.11.



38 Introduction to Modern Physics: Theoretical Foundations

velocity c. The field configuration for the plane wave solution in Egs. (2.94)
is shown in Fig. (2.29), along with the direction of the corresponding Poynt-
ing vector S.

N\

Fig. 2.29 Field configuration in Egs. (2.94) describing an electromagnetic plane wave
traveling to the right with velocity c. The direction of the corresponding Poynting vector
S is also shown.

N

Solution between metal plates. Consider an electromagnetic oscillation
in free space confined between parallel metal plates separated by a distance
L as in Fig. (2.30). If it is assumed that the plates are perfect conductors
with a conductivity o — oo, then there can be no electric field E in the
metal plates, and hence E must vanish on the boundary. One can verify
that the following standing wave provides a solution to Maxwell’s equations
that satisfies the proper boundary conditions

nmwT nmct

E, = Asin 7 cos T ; electromagnetic standing wave
nrr , nwct
—cB, = Acos 7 sin— n=12,---,00
Wy, = kpc = (%C) n (2.96)

These are normal modes where everything oscillates with the same fre-
quency, for example

0%E, 2
55 = W E, ; normal modes (2.97)

The corresponding eigenvalues and eigenfunctions are then those in
Egs. (2.96). The normal-mode standing waves between the plates, with
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n=1,2,---,00, form an infinite, discrete set of simple harmonic oscilla-
tors.

Fig. 2.30 Field configuration in Egs. (2.96) describing an electromagnetic standing wave
between two perfectly conducting parallel metal plates separated by a distance L. Here
n=1.

2.3.5 Source of Radiation

The source of electromagnetic radiation is accelerated charge.

e The amplitude of the radiation from a charge ¢ is proportional to the
charge and to the acceleration;

e The amplitude depends on the component of the acceleration perpen-
dicular to the direction of observation.

Thus
d’r
We give two examples:

(1) Consider the radiation from a dipole antenna. If the source is an os-
cillating charge undergoing simple harmonic motion in the z-direction
with

d?z
ol —w?z ; s.h.o.

accelerated charge (2.99)
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then the radiation intensity (o< .A%2) has the pattern sketched in
Fig. 2.31.

R \
z Z
sho
\\ %4

Fig. 2.31 Radiation pattern from a dipole antenna with a radiating charge undergoing
simple harmonic motion in the z-direction.

(2) Consider the current in a storage ring. Here the acceleration of the
charge is always pointed toward the center of the ring and the radi-
ation pattern is that illustrated in Fig. 2.32. The radiation is in a
direction tangent to the orbit, and this is the operating principle of
light sources.?°

i
S
- S
=T (s
\4

Fig. 2.32 Radiation pattern from a charge in a storage ring.

20Gee [Jackson (1998)] for the actual focused angular distribution of the radiation from
a relativistic particle.



Chapter 3

Some Contradictions

At the end of the nineteenth century one had classical mechanics, with New-
ton’s laws and particle mechanics, electromagnetic theory, with Maxwell’s
equations and wave phenomena, and Boltzmann’s statistical physics. These
were tremendous achievements that described well what is observed in the
world around us. At that point, however, a series of phenomena and ex-
periments were discovered that simply could not be understood in these
classical terms.

3.1 Specific Heat of Solids

Consider the simplest classical mean-field model of a monatomic solid at
a temperature T'. Assume N independent, three-dimensional, simple har-
monic oscillators (Fig. 3.1).1

#

Fig. 3.1 Classical mean-field appfoximation for a monatomic solid as N independent,
three-dimensional, simple harmonic oscillators at a temperature 7'.

The total internal energy of the solid follows immediately from the

10Or, equivalently, 3N one-dimensional s.h.o.

41
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equipartition theorem
E =3N(e) = 3NkgT ; equipartition theorem (3.1)

The specific heat at constant volume is given by?

_1Q_dz 52

where the last equality follows from the first law of thermodynamics. Thus
Cy = 3Nkp (3.3)
If we confine the discussion to one mole of solid where N = Ny, then

Cy, = 3Naks = 3R ; molar specific heat
= 5.961 cal/mole-°K (3.4)
This is the law of Dulong and Petit. Experimentally, this result holds well at

high temperature (see Fig. 3.2),3 but it fails completely at low temperatures
where

Cy—0 ;a8T — 0 (3.5)

The question is, why does this happen?

Cv

N\

3R

P ~.
> T

Fig. 3.2 Sketch of the observed molar specific heat C, for a monatomic solid.

One can significantly improve this one-body mean-field model by consid-
ering the normal mode oscillations of the whole solid. Imagine the bound-
aries are clamped. Then the problem is in direct analogy to the string with

2We use the terms “specific heat” and “heat capacity” interchangeably.
3We assume, of course, that the solid remains a solid for all the temperatures consid-
ered here.
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fixed endpoints considered in the previous chapter (Fig. 3.3). The allowed
wave numbers in the three directions (z,y, z) are

T
Ny ;kz:"‘nz 3 ni=172a3,'°'

i=2z,9,2 (3.6)

%nm y ky =

| g

Fig. 3.3 IlNustrative normal-mode oscillations of the solid with clamped boundaries in
direct analogy to the standing waves of a string with fixed endpoints. The two transverse
vibrations for a given k; are illustrated.

Each normal mode is a simple harmonic oscillator, as is the case for the
string where all elements of the string oscillate with the same normal-mode
frequency

gn(z,t) = gn(x) cos (wnt + dp) ; normal mode on string . -

0%qn(z,t '
% = —w? qn(z,1) | (3.7)

The total energy of the solid is then given by the equipartition theorem as
E = (number of normal modes) x kgT (3.8)

The problem is thus reduced to counting the number of normal modes that
can be fit into the solid.

To count the normal modes in the limit of large L, we can make use of
the arguments in Eqgs. (2.50)-(2.55). Define the vector k as

T
k = (kg ky, kz) = E(n,,,ny,nz) (3.9)
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Suppose one is interested in the sum over allowed wavenumbers of a function
f(k). Then by utilizing those previous results one has

3
YD fk) = (%) > Ak > Aky > Ak, f(K)

Nz TNy TNz

= (%)3/Owdkm/0wdky/0mdsz(k) : L—oco (3.10)

If f(k) is actually f(k2) so that it is even in all three components, this
expression may be rewritten as (1/2)3 times the integral over all k

DD ) - (%)3/_dex/_1dky/_o;dsz(k2)
C ; L —-00 (3.11)

Since this is now just an integral in three-dimensional wavenumber (or k-)
space, it may be rewritten in spherical coordinates as

3
;;;f(lé) — (%) ///d?’kf(kz) g
clamped boundaries

_ (%)3/000 Amk? f(k?) dk (3-}2)

To count the number of modes, one can now simply set f(k?) = 1.
Since L3 = V, where V is the volume of the solid, one can just read off
from Eq. (3.12) that the number of normal modes dN with wave number
of magnitude between k and k + dk is given by

|4

dN = (27)3

4rk2dk (3.13)

There may always be different types of normal modes for a given k.
In the solid, for example, there can be transverse oscillations in the two
distinct transverse planes (Fig. 3.3), as well as longitudinal oscillations of
the atomic spacings along the direction of propagation. In the counting of
normal modes, one must therefore also include a degeneracy factor g

g = degeneracy factor (3.14)
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For the oscillations of the solid, g = 3 to count the two transverse and one
longitudinal modes

g=3 ; oscillations of solid (3.15)

Thus, in summary, the number of normal modes dNV with wave number
of magnitude between k£ and k 4+ dk and degeneracy ¢ in a solid of volume
V with clamped boundaries is given by

4
(27)?

dN =g Amk*dk : number of normal modes  (3.16)
This is an important result, and the arguments leading to it should be
studied carefully by the reader.*
One can go over from wave number to frequency using the result from
the wave equation that
w  2mv

k=—= | (3.17)

Cs Cs

where c; is the speed of propagation of the wave, in this case the speed of
sound in the solid.> Hence
dN  4dmldv

= g = ; number of normal modes  (3.18)

We now invoke our previous result from the equipartition theorem in
Eq. (3.8), and thus

dE 472 dv
v =t [" ]

=u(v,T)dv ; energy density (3.19)

The last relation defines the energy density u(v,T).

In a string, ultimately formed from discrete atoms, it makes no sense to
talk about a disturbance whose wavelength is shorter than the interparticle
spacing. Thus there is a minimum wavelength Amin, or equivalently, a
mazimum normal-mode frequency Vmax = Cs/Amin, for the propagation of
waves on a string. The same holds for a solid of discrete atoms. What
is this frequency cut-off vjhax? One can argue that the total number of

4For an alternate derivation of this important result, see Prob. 3.11.
5In fact, the velocities of propagation of the transverse and longitudinal waves are
different — we ignore that complication here; however, see Prob. 3.4.
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normal modes must reproduce the total number of degrees of freedom 3N,

and hence®
Ymax N 3N
—_ = 2
| v 7 (3.20)
From Egs. (3.18)—(3.20), one then concludes
E = 3NkgT . (3.21)

This just reproduces the result of Dulong and Petit at all T, and the more
sophisticated treatment of the oscillations of the solid has produced no
improvement of this result — one is faced with the same problem as before.

3.2 Black-Body Radiation

Consider a cavity formed from some material that is heated to a temper-
ature T'. If heated hot enough, the walls will actually glow in the visible
spectrum. Now put a small hole in a wall of the closed cavity, and observe
the radiation coming out (Fig. 3.4). Make a measurement of the energy

D

Fig. 3.4 Observation of the energy density u(v, T') in a cavity heated to a temperature
T through the energy flux cu(v,T)/4 streaming out of it.

fluz of the radiation at a given frequency.” The energy flux will be equal to
the energy density in the cavity u(v,T') times the velocity of propagation
of the radiation, namely c, the speed of light, times a geometric factor of

61t is a theorem from mechanics that the total number of degrees of freedom is un-
changed when one goes over to normal modes, which are the uncoupled simple harmonic
oscillations of the entire system [Fetter and Walecka (2003)]; here, one might just use
the argument that this treatment should reproduce Dulong and Petit as T' — oo.

THistorically, the study of black-body radiation actually came before that of the
specific heat of solids. In the author’s opinion, a presentation in this order makes it
much easier to understand the results.



Some Contradictions 47

1/4 taking into account that portion of the light moving towards the hole
(see appendix G). Thus

energy flux = i—c u(v,T) (3.22)

It is found experimentally that the observed energy density is a universal
function independent of the shape of the cavity, nature of the wall material,
etc. Let us then consider the simplest case of a cubical box with perfectly
conducting metallic walls. There will be standing waves in the cavity as
illustrated in Fig. 2.30, each of which is a normal mode where everything
oscillates with the same frequency. The electric field must vanish on the
boundaries, and again, we have a direct analogy to the standing waves on a
string with fixed endpoints. The use of the equipartition theorem and the
counting of modes then proceeds as in previous section. The only difference
is that the degeneracy factor g is now 2, corresponding to the two possible
planes of oscillation of the transverse electric field in Fig. 2.30.

g=2 ; two transverse modes (3.23)

Thus the number of modes per unit volume is again given by

AN 4mtdy

v 9T
and the energy density in the cavity is given by the classical equipartition
theorem as

; number of normal modes  (3.24)

& = kT
% B

dE 472 dy
g 3
= u(v,T)dv ; energy density (3.25)

This is the Rayleigh-Jeans law. It is sketched in Fig. 3.5. There are several
comments:

e In contrast to the situation with the specific heat of solids where there
is a natural cut-off to the normal-mode frequencies arising from the
fact that one cannot talk about disturbances with wavelength smaller
than the interatomic spacing, there is no natural cutoff to the normal-
mode frequencies of the standing electromagnetic normal modes in a
cavity. Thus the classical Rayleigh-Jeans law says that the energy den-
sity should continue to grow as v? without bound. This is known as
the ultraviolet catastrophe;
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e While the Rayleigh-Jeans law reproduces experiment at low v, the ex-
perimental spectrum is observed to turn over and go to zero as v gets
large

u(v, T) =0 ; as vV — 00 (3.26)

o Why does tlﬁs,happen? There is no understanding at all within the
~ framework of classical physics.

N
Rayleigh-Jeans
S u(v.Dn
N\
\\ Experiment
\

N\

Fig. 3.5 Sketch of biack-body energy spectrum u(v, T): Rayleigh-Jeans law and exper-
imental observation.

3.2.1 Planck’s Hypothesis

In order to obtain an émpirical fit to the black-body spectrum, Planck
replaced the energy/oscillator of kgT in the classical equipartition theorem
by the following expression [Planck (1901)]

hv

(€) = T 1 ; Planck’ s energy /oscillator (3.27)

This expression reproduces the equipartition theorem result of kT at low
frequencies where hv <« kpT, and it exhibits an exponential decrease at
high frequencies where hv > kgT ’

hv

ohv/ksT _ 1 ksT | s hw<ksT

— hye hv/keT ; hv > kT (3.28)
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Here h is a constant, Planck’s constant, with dimensions of (energy)x
(time), and from a fit to the data it has a value

h = 6.626 x 10734 Js ; Planck’s constant (3.29)

When combined with the expression for the number of normal modes in
Eq. (3.24) and (3.23), this gives an empirical black-body energy density of

w2 hv

8
u(,T) = 3 emv/ksT _ 1

; Planck’s expression  (3.30)

A dimensionless form of this distribution can be extracted by writing

3
u(v,T)=h (-If;—i-é-l:) u(x)
8w’ v

This black-body energy density is plotted in Fig. 3.6.

Black-Body Energy Density

301

o 2 4 6 8 10 12
x = hv/kgT

Fig. 3.6 Black-body energy density u(v, T) = h(kgT/hc)3u(z) where z = hv/kgT.

In order to understand his result, Planck came up with the following
“derivation”.

Assume the energy of each oscillator of frequency v can only occur
in quantum steps of hv.
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He again used the Boltzmann weighting factor (appendix E) to compute
the mean energy of an oscillator at a temperature T’

) —nhv/ksgT
Y meonhve

(e) = S gnhu/RaT

_ 0 = —nhv/kgT
= ok (2:3

= /iBT) In (1 e727)

1 —hw/ksT
T 1— e hv/keT hy e~k (3.32)

; s.h.o.

Here the geometric series

o0
Ze——nhu/kBT — 14+ (e—hu/kBT) n (e—hu/kBT)2 L

n=0

1
= T (3.33)

has been summed in arriving at the third line in Egs. (3.32). Thus, through
this assumption and calculation, one indeed arrives at the Planck distribu-
tion

hv

(e) = TS ; Planck distribution (3.34)

The situation is illustrated in Fig. 3.7. For kgT > hv, the oscillator
energy distribution appears continuous, and one reproduces the result of the
classical equipartition theorem; for kg7 < hv, there is not enough thermal
energy to excite the first oscillator level, and the thermal excitation energy
of the oscillator falls exponentially to zero.

3hy

2hV

hv
0

Fig. 3.7 Thermal energy kT relative to oscillator spacing hv in Planck’s derivation.
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3.3 Specific Heat — Revisited

3.3.1 FEinstein Model

A little later, Einstein (1907) applied Planck’s ideas to the specific heat
of a solid. He assumed, for simplicity, that there is a single frequency vg
for each of the oscillators in Fig. 3.1. With the Planck distribution, the
internal energy of the solid in Eq. (3.1) is then modified to

hVo . .
E=3N [W_——l—] ; Einstein model (3.35)
The new molar specific heat is calculated immediately, just as before,
dE zle hvo
N, L= —— .
Cy = T = 3Npkp [( o 1)2] ;T T (3.36)

This reproduces Dulong and Petit at high temperature, and it now solves
the problem of the specific heat going to zero at low temperatures

2

C, — 3Naks ('“’" ) e~ hvo/keT ;T —0 (3.37)
ksT

But this model does its job too well! The specific heat now vanishes ez-

ponentially at low T', while empirically it is observed to go to zero only as
T3.

3.3.2 Debye Model

Debye (1912) extended Einstein’s ideas by using a more realistic oscillation
spectrum for the solid. Our previous treatment of the normal-mode oscilla-
tions now pays dividends for our understanding of this work. A combination
of the number of normal modes in the frequency interval dv in Eq. (3.18)
with the Planck distribution for the thermal energy in each mode gives an
internal energy of the solid as

E Ymax  Amy2 dy hv
= =/ g 3 [th/kBT — 1] ; Debye model

3N Vmax 47r1/2 dv

(3.38)

Here Eq. (3.20) has again been used in the second line, whose role now is
to relate (Vmax/cs)® to the number density N/V.
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The ratio of the two expressions in Egs. (3.38) now gives

E hVmax ! 3 1 . __V
= /o x dxehymxm/kBT 1 P X = (3.39)

3N 1 / 3 Vmax
Introduce the Debye temperature
hVmax
fp = . ; Debye temperature (3.40)
°B

With a change of variables to v = 6p z/T, Equation (3.39) can then be
rewritten as

T\* [o/T 1

E =9Nkgbp (——) / ud du ; Debye theory (3.41)
fp 0 e —1

This provides a remarkably successful one-parameter description of the spe-

cific heat of monatomic solids, as well as the celebrated Debye T3 law at

low temperatures (Fig. 3.8).8

3

Fig. 3.8 Observed molar heat capacity in cal/mole-°K of some monatomic solids and
fits with various values of the Debye temperature §p in °K. From [Fetter and Walecka
(2003a)].

3.4 Photoelectric Effect

When light of frequency v is incident on appropriate materials, it is possible
to free electrons from the material and produce an electric current. This

8See Prob. 3.2 for the corresponding molar specific heat.
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is known as the photoelectric effect. Suppose one has a set-up as shown in
Fig. 3.9(a) where a retarding voltage is applied which just nulls the current.
The maximum kinetic energy (K.E.) of the electrons can be determined
from this retarding voltage, and the experimental results from such an
experiment are sketched in Fig. 3.9(b). There are no electrons at all until

max
hV KE. hV - q)

)\(D|
]

1 I N
11 i V
I O/h -

(a) (b)

Fig. 3.9 Photoelectric effect: sketches of (a) experimental setup; (b) experimental re-
sults.

the frequency reaches a certain threshold, and then the maximum K.E. of
the emitted electrons rises linearly with the frequency v

max K.E. = hv — ¢ (3.42)

Here ¢ is a constant (the “work function”) which depends on the material,
and the slope in v is the same Planck’s constant!

Suppose one makes a simple classical model of this process. Imagine an
electron with charge and mass (e, m) on a spring subject to the electric field
in a plane electromagnetic wave as illustrated in Fig. 3.10. At a given z,
the time dependence of the field can be taken as & cos (wt) (see Fig. 2.13).
Newton’s second law then gives for the motion of the particle

d?y

Mg = —KY + e&p cos (wt) (3.43)
Let us look for the driven solution to Eq. (3.43) with y = yg cos (wt).
Substitution, and cancelation of the factor. cos (wt), gives

y = Yo cos (wt)

. 650 1

Yo = )
m wi — w?

If

s wa (3.44)

K
m
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Now compute the time-average energy of the electron®

(B) = g + g = S |

W +wg J (3.45)

TR

m > e,m —}X
I oo

Fig. 3.10 Classical model of charge on a spring driven by an electromagnetic wave. At
a given z, the time dependence of the field can be taken as &g cos (wt) (see Fig. 2.13).

We make two observations:

e This result in Eq. (3.45) is proportional to £2, and hence the maximum
kinetic energy of the subsequently freed electron should be proportional
to the intensity of the electromagnetic wave;

e This result does not rise with frequency at high v, rather it falls off as
1/v2.

Both of these results that the maximum K.E. of the electrons should go as
E2/v? are completely wrong!

3.4.1 Einstein’s Analysis

In order to explain this paradox, Einstein (1904) took Planck seriously.
Einstein assumed the following:

e An electromagnetic wave of frequency v consists of discrete packets of
energy called photons, each with energy hv;

E =hv ; photon (3.46)

e A photon can transfer its energy to an electron in the material;
e The intensity of the wave then determines the number of photons, and
therefore the number of electrons.

9Use sin? (wt) = cos? (wt) = 1/2.
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Thus, once the photons have enough energy to overcome the work function
¢ of the material, electrons will be emitted with an energy hv — ¢, and
the intensity of the electromagnetic wave determines not the maximum
K.E. of the electrons, but the magnitude of the current. The slope in
Fig. 3.9 should then indeed be Planck’s constant. Thus, based on the
phenomenological observations of Planck, Einstein was able to provide a
complete understanding of the photoelectric effect.

3.5 Compton Scattering

The particle nature of the photon was confirmed by Compton (1924) who
studied the light scattered from electrons in atoms. He found a frequency
shift in the scattered light that was a function of both the incident frequency
and the scattering angle f(v,0). While again mysterious from a classical
point of view,'® that shift could be understood through the conservation
of energy and momentum in a collision between two particles. In order to
follow the argument, we must first determine the momentum of the photon.

There is a radiation pressure P exerted by light arising from the mo-
mentum flux of the light into a surface (Fig. 3.11)

P=S/c

Fig. 3.11 Radiation pressure P = S/c for light where S is the energy flux given by the
Poynting vector.

radiation pressure = momentum flux = P (3.47)
The corresponding energy flux is given by the Poynting vector
energy flux = Poynting vector = § (3.48)

In Maxwell’s classical theory of light, these two quantities are related by

1
P= ES ; radiation pressure (3.49)

10See Prob. 3.6.
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Since the energy carried by a photon is hv, the corresponding momentum
it carries must be hv/c

p=— ; photon momentum (3.50)
c

Let us now analyze the photon-electron collision through the conserva-
tion of momentum and energy (Fig. 3.12)!!

Pe = Po — P1 ; momentum conservation
2
hvo = hvy + ;—7; ; energy conservation (3.51)
-
P
-
Po 0
AVAVAVAY )
-
Pe

Fig. 3.12 Compton scattering. Here (po,p1) are the initial and final photon momenta,
and pe is the recoil momentum of the electron, which is originally at rest. The magnitude
of the photon momentum is related to its energy by p = hv/c. The scattering angle is
6.

Substitution of the first relation in the second leads to

1 1 (h)*
h(vo —1n) = %(po —-p1)? = 2 (E) (Vg + v} — 2up11 cos )

h (I/o - 1/1)2
Vo — UV = @Uovl [(1 — COS 9) + —W— (352)

Since the energy shift is small, the last term can be neglected for all  of
interest

(vo — v1)?

53

HHere we use non-relativistic kinematics for the electron. Later, this calculation will
be re-done using proper relativistic kinematics; it turns out that the Compton formula
in Eq. (3.54) then holds without approximation (see Prob. 8.13).
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The frequency of the light is related to its wavelength by vo = c¢/Ao and
v1 = c/A1. Hence one arrives at the lovely, simple Compton formula for
the shift in wavelength

h
A1 — Ao = %(1 — cos 0) ; Compton formula (3.54)

This is in complete agreement with the experimental results. The quantity
h/mc is known as the Compton wavelength, and for an electron has the
value

h
MeC

=2.427%x 1072 m . Compton wavelength (3.55)

The results on Compton scattering confirmed the particle nature of the
photon introduced by Einstein in his explanation of the photoelectric effect.
Today, individual photons are routinely detected in nuclear and particle
physics experiments.

It is useful to summarize the conclusions reached so far:

(1) Light manifests both wave and particle properties;

(2) Light consists of a collection of photons, each with energy hv and mo-
mentum hv/c;

(3) The intensity of the light determines the number of photons.

3.6 Atomic Spectra

It is the discrete spectra from radiating atoms that provides the most obvi-
ous paradoz in classical physics, and the empirical Balmer formula (1885)
for hydrogen, for example, existed well before the turn of the century.'?> We
briefly provide some background.!?

It was Thomson (1897) who discovered the electron through the be-
havior of cathode rays (today’s TV). Rutherford (1910) then discovered
the nucleus through his analysis of the scattering of a-particles. Large de-
flections were seen, indicating that the atomic mass (characterized by the
atomic weight) and atomic charge (characterized by the atomic number Z )
were concentrated at the center of the atom (Fig. 3.13). This led to the
development of his model of the atom. |

12Gee Prob. 3.8.
13 Again, the student should become conversant with these classic experiments by
studying a good existing book on modern physics, for example [Ohanian (1995)].
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++
o ® ,wm

Fig. 3.13 Observed large-angle scattering of a-particles interpreted by Rutherford as
coming from the point-like nucleus of the atom. Here the nuclear charge is Z ep where
Z is the atomic number, and the nuclear mass is M =~ Amj, where A is the nucleon
number.

3.6.1 Rutherford Atom

Rutherford (1911) developed a model of the atom where electrons with
negative charge e = —e,, orbit around the nucleus with positive charge Z €p
at the center of the atom, as illustrated in Fig. 3.14.14 For circular orbits
with radius r and velocity v = rw, one has from a combination of Newton’s
second law and Coulomb’s law

2 2
mv® 2 [ Ze 1
— =mrwt = (47!'60) = (3.56)
This equation can be solved for the angular velocity
1 [ Ze\ 1
2  e— —
YT m (47rso) r3 (3:57)
=
W=27V = v
<2
Zep r

Fig. 3.14 Circular orbits of radius r and angular velocity w = 27v in the Rutherford
atom. The small nucleus with charge Ze, lies at the center of the atom and contains
almost all of its mass.

!4Here ey, a positive quantity, is the charge on the proton. Note for hydrogen, Z = 1.
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But we now observe the following:

Classically, this Rutherford atom is unstable;

A charge moving in a circle is accelerated,

The electron should continuously radiate energy and spiral into the
nucleus;

It is evident from Eq. (3.57) that there should be a continuous range
of emitted frequencies as the electron spirals in to smaller r.

This situation simply cannot be understood in classical terms.

3.6.2 Bohr Atom

In order to understand the atom, Bohr (1913) made a series of three as-
sumptions:

(1) Atoms can have discrete stationary states, in which they do not radiate;
(2) Atoms can make transitions between states with energies (E;, Ef ¢) and
radiate a photon of energy

hv = E; — E; (3.58)
(3) The angular momentum [ in the atom is quantized'®
nh
l—§7—r——_—nh ,'I’L——l,2,"',OO (359)

Let us investigate some consequences of the Bohr assumptions. Recall
from Fig. 2.28 that the angular momentum vector 1 is perpendicular to the
plane of the motion, and in a circular orbit it has a magnitude

[ =mrv (3.60)

Hence upon multiplying Eq. (3.56) by r3, introducing this relation on the
L.h.s., and then solving for r, one has

12 n? h?
"= m(Ze? [4meo) ~ Z m(e?/4meo)

(3.61)

15Note the introduction here of the commonly used quantity A = h/27. The reduced
Compton wavelength of the electron is correspondingly frequently employed

k= 1.055 x 10734 Js
R/mec = 3.862 x 10713 m
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Here the last equality now follows from the Bohr quantization condition.
Thus

2
r=n7a0 ;n=1,2,---,00
h2
ag me'(e2/47'('80) N onr radius
= 0.5292 x 1071%m = 0.5292 A (3.62)

The second relation defines the Bohr radius, which sets the scale for the
size of atoms. The radius of the circular Bohr orbits then goes as o n2/Z.
The energy in a Bohr orbit is given by

1 o, Zet1l

E= §mv B 47(80-1-"-

1 Ze? 1
=(==1)——- .63
(2 ) dmeg T (3.63)

where Eq. (3.56) has been used in the second line. Upon the insertion of
the first of Eqs. (3.62) this becomes

Ep=--722—_— (3.64)

In summary, the energy in the circular orbits of the Bohr atom is given
by16

- 1_. 1
E, = —A2Z2a2mec2}¥ ; Bohr atom
n=1,2,--+,00
1 €2 1
a= E47c;'so = 1370 ; fine-structure constant
mec? = 0.5110 MeV ; electron rest mass (3:65)

A combination of these relations gives

13.61eV

Enz_
n2

Z? ; Bohr atom (3.66)

"The Bohr spectrum and hypotheses satisfactorily explain the primary struc-
ture of hydrogen with Z =1 as illustrated in Fig. 3.15.

16Note 1eV = 1.602 x 1019 J.
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O n=4
n=3
E n=2
13.6 eV 2k
"] — n:]

Fig. 3.15 Bohr spectrum for hydrogen with principal radiative transitions satisfying
hv = En — En_1 (note that there are many other radiative transitions in hydrogen).






Chapter 4

Quantum Mechanics

4.1 Matter Waves

DeBroglie (1924) asked himself the following question:

If waves (E&M) have particle properties (photons), why don’t par-
ticles have wave properties?

We have seen that for photons

hv h
p=—=x ; photons (4.1)

DeBroglie conjectured that this relation might also hold true for particles,
which would allow an assignment of a wavelength (the “DeBroglie wave-
length”) to a particle of given momentum

p=x : particles-DeBroglie  (4.2)
This has some immediate consequences:

(1) Suppose one requires that an integral number of DeBroglie wavelengths
fit around a circular orbit of radius r in the Bohr atom (Fig. 4.1). Then

27r = nA in=123,---00
l =mur = p@ = ﬁ}ﬁ
2 2w
[ =nh ; Bohr model (4.3)

This gives precisely Bohr’s condition on the quantization of angular
momentum!

63
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Fig. 4.1 Put integral number of DeBroglie wavelengths around a circular orbit of radius
T in the Bohr atom.

(2) Let us put in some numbers. First, use E = p%/2m to write

ah_ b _ b (m2\ (4.4)
P V2mE mec \ 2E '

Then suppose one has an electron of energy E = 100eV. With the aid
of our previous constants one finds

h

— =243 x107?m
MeC
mec? = 511 x 10%eV
E =100eV = A=123x10"8cm (4.5)

This gives A = 1.23 A, which is of the order of the interatomic spacing
in crystals. Consequently, one should see Bragg reflection when sending
an electron of this energy through a crystal.

2d sind) =nA

Fig. 4.2 Condition for Bragg reflection from a crystal lattice.

Recall the condition for Bragg reflection. If d is the inter-plane spacing,
then the difference in pathlength between crystal planes for an incident
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plane wave at a grazing angle ¢ is given by (Fig. 4.2)
A = 2dsin¢ ; difference in pathlength - (4.6)
The condition for constructive interference is then

2dsin ¢ = nA ; n = integer

Bragg reflection (4.7)

4.2 Davisson-Germer Experiment

Davisson and Germer (1927) carried out one of the key experiments in the
development of quantum mechanics. They took electrons from an oven,
let them impinge on a crystal, and looked for Bragg diffraction maxima
(Fig. 4.3).

electrons

detector L/

Fig. 4.3 Sketch of Davisson-Germer experiment.

They observed a diffraction pattern, and quantum mechanics was on!

4.3 Schrodinger Equation

Schrédinger set out with the following goals:

e To express DeBroglie’s observation and Bohr’s hypotheses in a more
unified, consistent mathematical form;

e To understand Bohr’s stationary states, and corresponding discrete
spectra, through analogy to the stahding waves on a string [compare
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Figs. (2.16, 2.17)].

To understand this work, we return to the material in section 2.1.1

4.3.1 One-Dimensional Wave Equation

Consider the one-dimensional wave equation. We can represent a wave
traveling without change in shape with velocity c in the positive z-direction
as

o(z,t) = exp {ik(z — ct)} s k= — (4.8)

This expression evidently satisfies the wave equation
P(x,t) _ 16°4(z,1)
dx2 2 Ot?
For the actual disturbance, we can just use the real part (“Re”) of this
expression

(4.9)

Re ¢(z,t) = cosk(z — ct) (4.10)

Since the classical wave equation is real, Re ¢(z,t) also satisfies that equa-
tion.

The wave equation is linear, and one can use the linear superposition of
solutions to generate another solution?

&(z,t) = exp {ik1(z — ct)} + exp {ika(z — ct)}
; linear superposition (4.11)

One can generalize this result to an expression of the form
oo
o(z,t) = / dk a(k) exp {ik(x — ct)} ; again asolution (4.12)
—00

where a(k) is a set of coefficients to be determined from the initial pulse
shape at, say, t =0

&(z,0) = / dk a(k) exp {ikz} ; initial pulse (4.13)
—00

We make two comments:

17t is essential for what follows that the reader become fully conversant with the
material in section 2.1 and appendix A.
2Compare Prob. 2.3.
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e We indeed know from our previous discussion that this pulse moves to
the right with velocity ¢ without change in shape (Fig. 4.4);

(0X€Y ¢ (x-ct)
O OO > X
> X
. >
ct

Fig. 4.4 Propagation of solution to the one-dimensional wave equation of a pulse ¢(z —
ct) whose initial shape at t = 0 is ¢(x).

e This provides us with enough flexibility to match a pulse of arbitrary
shape at the initial time. We will see later how to find the coefficients
a(k) for an arbitrary ¢(z,0).3

Let us rewrite the plane wave in Eq. (4.8) as

exp {ik(x — ct)} = exp {i(kz — wit)} (4.14)
For a photon
E = hv ;s E = hwy ; photon
hv h
p=—=5 , p=hk (4.15)

Therefore, for a photon,

exp {i(kz — wit)} = exp {m (’% - %) } — exp {% (pz — Et)} (4.16)

Schrodinger tried to work in analogy for a free, massive particle. Here
the relation between the energy and momentum is

2
E=2 ; massive particle (4.17)
2m

He wrote an expression for the wave packet of a free, massive particle as

U(z,t) = /_ o; dk a(k) exp {%(px _ Et)} (4.18)

3Compare Prob. 4.2.
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where

| p=hk ; de Broglie
(hk)?

E =, = 2m

; Schrédinger (4.19)
A combination of these relations gives

¥ (z,t) = / dk a(k) exp {i (kx —wgt)} ; Schrodinger wave packet
— 00

hik?
= — 4.2
Wk = 5— (4.20)
Note that the exponent in Eq. (4 20) is no longer of the form k(z — ct) with

constant c.

4.3.2 Phase Velocity

The phase velocity of a wave is the velocity of a surface of constant phase
(Fig. 4.5). Thus for each k in Eq. (4.20)

kx — wit = constant
dx _ Wk _ hk 1p 1
= — = - = ; 4.21
Uphase dt » k) 277’1, om 2 3 Uparticle ( )
Here vparticle is the particle velocity. Thus the phase velocity of the wave
is one-half the particle velocity, and one might well be tempted to simply
quit at this point!

Voh
ANAWA wnn i

cos(kx- O)kf)

Fig. 4.5 Phase velocity of a wave: kr — wit = constant for a given k, implies vphase =
dz/dt = wy/k. The illustration is for k > 0.

The velocity with which a general wave packet actually propagates, how-
ever, is the group velocity, and we must calculate this quantity.
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4.3.3 Group Velocity

Suppose one has a carrier wave with wave number kg > 0 and corresponding
angular frequency wyg

exp {i (kox —wot)} = carrier wave (4.22)

This wave extends in this form for all . One must superpose waves in an
interval about ko to produce a wave packet that is localized in z. ‘Suppose
one has an amplitude a(k — ko) that is peaked at ko and includes .a small
interval about kg as illustrated in Fig. 4.6.

ko

Fig. 4.6 Amplitude for a representative wave packet localized in k-space about kg.

In this case
00
U(z,t) = / dk a(k — ko) exp {i (kx — wit)} (4:23)
—o ~

Now make a Taylor series expansion of the angular frequency about kg
k = ko + (k — ko)

Wk = Wk, + (k — ko) (%ﬁ:) droee (4.24)

With the introduction of the variable u = k — kg, and the retention of
just the indicated terms in the second of Eqgs. (4.24), the wave packet in
Eq. (4.20) takes the form

U(z,t) = exp {i(kox — wko_‘t})}‘ /_ oo du a(u)exp {iu(z — vgpt)}
= exp {i (kox — wiot)} Az — vgpt) (4.25)

Here the group velocity is defined by

Vgp
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There is an amplitude modulation of the carrier wave given by

A(x — vgpt) = /—00 du a(u) exp {iu (x — vgpt) }

; amplitude modulation  (4.27)

The form of A depends on the localizing function a (k — ko), and this am-
plitude modulation moves with the group velocity (see Fig. 4.7).

Vap

¥ (x. 1)

AX- vgp’r )

/_J
\
x

carrier

Fig. 4.7 Group velocity of a localized wave packet: the amplitude modulation A(zx —
vgpt) of ¥(z,t) [Eq. (4.25)] moves with the group velocity vgp = (8w /0k)o.

Thus with Schrédinger’s choice of wy in Eq. (4.20), one has

Owy, hko  po

The group velocity of the wave packet is identical to the particle’s velocity,
and it appears that one is, indeed, on the right track.4

4.3.4 Interpretation

How does one interpret this new, complex wave function ¥(z,t) in
Eq. (4.20)7 It certainly should be large where the particle is, and small
where it is not! Let us then

Take |¥(z,t)|? as a measure of where the particle is.

4Note that for a solution to the classical wave equation with wy = ck, the phase
velocity and group velocity are identical.
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With the wave packet in Eq. (4.25), one has (see Fig. 4.8)

[T (2, t)* = | A (2 — vgpt) | (4.29)

2
| Ax-vgp | —

ap

> X

Fig. 4.8 |¥(z,t)|? for the wave packet in Eq. (4.25), as given in Eq. (4.29).

Notice the following:
e This envelope moves with the particle velocity
Ugp = Uparticle (430)

e The carrier wave has disappeared from this relation!

4.3.5 D:ifferential Equation

Let us ask what differential equation the wave packet in Egs. (4.20) satisfies,
as this will provide us with a firmer mathematical foundation. Just take
the following derivatives

ih%\ll(x, t) = /00 dk a(k) (hwy) exp {i (kx — wit)}

-0

2 2 00 212
—:—m-gx—z\ll(x,t)z / dk a(k) (F;:; )exp{z'(k:c—wkt)} (4.31)

It follows from the second of Egs. (4.20) that
h? 92

., 0 w1 :
zhéz\ll(:c, t) =— %55—63\11(% t) ; Schrédinger equation (4.32)

This is the Schrédinger equation, which provides the foundation of quantum
mechanics [Schrodinger (1926)]. We make some observations on this result:

e In contrast to the classical wave equation, this equation is inherently
complex, as an i appears on the Lh.s.;
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e This quantum wave equation is first-order in the time derivative, as
opposed to the classical string problem where Newton’s second law
gives a differential wave equation that is second-order in the time;

e It follows from this last remark that, in contrast to the classical string
where both the initial displacement and velocity must be specified for all
z to determine the subsequent motion, it is enough here to specify the
initial wave function ¥(z, 0) for all z to determine it for all subsequent
times.

From Eq. (4.20), the initial wave function is given by
w .
U(z,0) = / dk a(k) et*® (4.33)
—00
We clearly need to investigate the properties of expressions of this form.

4.3.6 More Mathematics

Let us return to the string problem, and consider a string wrapped around
a cylinder and free to perform transverse motion along a direction parallel
to the axis of the cylinder (Fig. 4.9).

Fig, 4.9 String of length L stretched around a eylinder free to oscillate without friction
in a direction parallel to the axis of the cylinder. Illustration of periodic boundary
conditions.

The solutions to the wave equation im this case, and their properties,
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are derived in Prob. 2.4

1 .
p = —=etkn® ; eigenfunctions
v L
2T L .
kn, = Tn ~; periodic boundary conditions

n=0,+£1,42,--- ,4+00 (4.34)

The eigenfunctions are orthonormal on the interval —L/2 <z < L/2

L/2
/ Or () Pn(z) dz = S (4.35)
J_L/2

Consider a general linear superposition of the normal modes of the string
in this case

q(z,t) Z A(kn)\/_ e cos (wnt + n) (4.36)

n=—oo

To match the displacement of the string at the initial time ¢ = 0 one has

050 =a(@) = Y Clha)gzet
C(ky) = A(ky) cosdy, {4.37)

The first relation in Eqgs. (4.37) can be inverted with the use of the or-
thonormality of the eigenfunctions

. 1 L/ —iknx
C(kyn) = 7 /_L/ze q(z) dz (4.38)

In the limit L — oo, the sum in Eq. (4.37) can be converted to an
integral following the arguments in Egs. (2.51)—(2.54)

2w
ak=2
= 2N ARC(ky)—=eikne
L Lz
Clk) = —= / L/ze-zkan(z) dz (4.39)
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Now define

a(k) = (%)m C(k) (4.40)

Then in the limit L — oo, the relations in Eqgs. (4.39) become

1 * ;
q(z) = -E/ dk a(k)e**® ; L — 00
a(k) = ——\/—12=7r / dz q(z)e™ = Fourier transform pair  (4.41)

The initial displacement g(x) and the amplitude of the wave packet a(k)
form a Fourier transform pair. Appropriate properties of Fourier transforms
are discussed in appendix C.

4.3.7 Continuity Equation

To summarize where we are. Consider a free, non-relativistic particle of
mass m. We assume:

(1) There is a wave function ¥(z,t) for the system;
(2) This wave function satisfies the Schrédinger equation
., 0 R 02 ,
zha\lf(:v, t) = — %w\ll(x,t) ; free particle (4.42)
(3) The interpretation of the wave function is that |¥(z,t)|? dz gives the
probability that the particle lies between = and z + dz.

We have to ask ourselves if this interpretation makes sense.’ If |¥(z,t)|?
is to serve as a probability density, it must satisfy certain conditions. It cer-
tainly is positive definite. Consider, then, the time development of |¥(zx, t)]?

N o
zha(\ll U)=V (zhat\ll) + (zhat\ll ) v (4.43)
The complex conjugate of Eq. (4.42) gives
L0 . R 0% _,
—Zh'a—t\l’ ((17, t) = — %-'533—2@ (x,t) (444)

5The interpretation is due to [Born (1926)].
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Substitution of this and Eq. (4.42) into (4.43) gives

2 2 2
m%(\p*\p)_ o [\IJ*—a—\II (-‘9—\11)@]

Ox? oz?
h2 0 0 0 _,
- [\I: — - (quj )\11] (4.45)

We have thus derived a (one-dimensional) continuity equation for the prob-
ability density

= |U|? ; probability density
S, i \Il*i\ll 9 —U* | ; probability current
*~ 2%im| Oz Oz ' P y
Op | 0S5z _ ) -
5t o = 0 ; continuity eqn (4.46)

This analysis allows us to identify the probability current S, to which we
shall return shortly.

Assume that the wave function ¥(z, t) represents a localized disturbance
for all t under consideration, as illustrated in Fig. 4.10.

given t

Y x.1

> X

Fig. 4.10 Sketch of a wave function ¥(z,t) that represents a localized disturbance.
Now integrate the continuity equation over all z

/ apd:c = / p(z,t) dx

2‘/_00308 = Syt

r=—00

=0 ; localized disturbance  (4.47)

It thus follows from the continuity equation that

o
/ p(z,t) dr = constant ; constant of the motion (4.48)
—00
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This is essential to our interpretation of p = |¥|? as a probability density,
since we know that one free electron remains one free electron for all time.

The Schrédinger equation is a linear, homogeneous equation, and it
says nothing about the normalization of ¥. Consistent with a probability
interpretation, we choose to normalize ¥ so that

(o <]
_/ |U(z,t)?de =1 ; normalization (4.49)
/oo

Now suppose one instead just integrates the continuity equation over a
small region from xg — € to zo + €. In this case one finds

d .
5 [2ep(z0, 8)] = 5o |

(4.50)

T

To—E To+e

The Lh.s. is the time rate of change of the probability that the particle lies
in the region zg — e <z < ¢ + €. The first term on the r.h.s. then has
an interpretation. as the probability flowing into this region per unit time,
and the second term as the probability flowing out (see Fig. 4.11). The
probability current will play a key role in our subsequent interpretation of
the theory:

d(2ep)
S, at

Fig: 4.11. Identification of the probability flux from the continuity equation.

4.3.8 General Solution for Free Particle

Consider an arbitrary wave packet, as illustrated in Fig. 4.10. It can be
represented as a linear superposition of plane waves

U(z,t) = # / dk a(k) exp {i (kx — wit)} ; free particle (4.51)

where the angular frequency and wavenumber are related by the dispersion
relation in the second of Eqgs. (4.20)

2

= ; dispersion relation (4.52)
2m

Wk
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This solution has the following properties:

e It satisfies the Schrodinger equation, since each plane wave does;

e With the appropriate choice of a(k), it satisfies the boundary conditions
that the particle be localized with ¥ — 0 as z — oo (Fig. 4.10);

e It remains to satisfy the initial condition, and as noted above, since
the Schrodinger equation is linear in 0/0t, this means that it must
reproduce ¥(z,0) for all z.

U(z,0) = \/% / dk a(k) e**® ; initial condition  (4.53)

Since this is just a Fourier transform, it can be inverted using the relations
in Egs. (4.41)

a(k) = \/% / dz U (z,0) e~ ; Fourier transform (4.54)
—0o0

This relation allows one to determine the coefficients a(k) for an arbitrary
initial wave function ¥(z,0).

4.3.9 Interpretation (Continued)

Recall from Egs. (4.19) that the momentum of the particle is given by
p = hk. In analogy with our assumption concerning the probability density
in coordinate space, we will assume that

The quantity |a(k)|? dk is the probability of finding the particle with
momentum between hk and hk + d(hk).

For example, suppose one has a coordinate space wave function ¥(z,t)

that at the initial time ¢ = 0 has the form shown in Fig. (4.12). Take
} 1
¥(z,0) = — s —d<z<d
(2,0) = ==
=0 ; otherwise (4.55)

This wave function is clearly normalized®

/oo dz |¥(x,0)|> =1 (4.56)

6And Eq. (4.48) implies that this normalization is preserved in time as the wave
function -develops according to the Schrédinder equation.
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W (x,0)

Fig. 4.12 Example of a coordinate space wave function ¥(z, t), which at the initial time
t = 0 has this form.

The Fourier transform of this function is readily calculated

1 1 /¢ :
k) = ——— dx e =
o)== |

N— ——

—Lz'k (e=hd _ gikd)

_ (411 d  _ika
a(k) = \/;kd 57 (e e~ (4.57)

a(k) = \/g Siz jd | (4.58)

This result is sketched in Fig. 4.13.7

Hence

a(k)

N dim A
%Ak
yanN y N N
N~

=K
- Tt/d n/d

Fig. 4.13 Fourier transform a(k) of the wave function in Eq. (4.55) and Fig. 4.12.

We now observe that the width of the wave packet in coordinate space in
Fig. 4.12is Az ~ 2d, while the width of the Fourier transform in momentum

"Note that sinz/x — 1 as z — 0.
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space in Fig. 4.13 is Ak ~ w/d. Hence their product satisfies

Az - Ak ~ 27
= Azx-Ap~2nh~h ; Heisenberg uncertainty principle (4.59)

This is simply a property of Fourier transforms. In order to make the
quantity d small and have a well-localized wave packet in coordinate space,
one needs a broad range of k, and vice versa. These widths cannot si-
multaneously be made arbitrarily small. This is known as the Heisenberg
uncertainty principle [Heisenberg (1927)], and it implies a profound break
with classical physics where the starting point in phase space is a precise
specification of both a particle’s position and its momentum.3

In contrast to the classical string problem where a small-amplitude pulse
propagates without change in shape, because of the momentum spread, the
quantum wave packet for a free, localized particle spreads with time. This
is illustrated in Probs. 4.11 and 4.12.

4.3.10 Include Forces

So far we have just considered a free particle. We would now like to include
forces. In order to do this, we first give a “heuristic” derivation of the
previous results. Write the classical statement of the conservation of energy
(here, as before, ¢ = )

H(p,q) = E = constant

H(p,q)—E=0 (4.60)
Let this expression operate on a wave function
[H(p,q) — E]¥(q,t) =0 (4.61)
Now make the following replacements
h o
_* — ——
1 0q
E — ih—a— (4.62)
ot '

81f one defines Az as the root-mean square deviation from the expectation value of z,
and similarly for k, then it is a rigorous property of Fourier transforms that Az-Ak > 1/2.
Thus, the precise statement of the Heisenberg uncertainty principle is (see Prob. 4.10)

Az - Ap > K/2 ; Heisenberg uncertainty principle
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For a free particle, this gives

2 2 42
D h* 0
= = — 4,
H=T om . 2m 0q? (4.63)

This argument leads to the Schrédinger Eq. (4.32), and suggests that a force
can be included by simply using the appropriate expression for H(p,q)

2
H = T(p) +V(g) =5 -+ V() | (4.64)

This leads to the following extension of the Schrodinger equation in the
presence of a force

ov [ hZ 62

et = | amag

5 +V(q)| ¥(g,t) ; Schrodinger eqn with V' (q) (4.65)

The justification of this last result lies in showing that a well-localized
wave packet obeys Newton’s Laws in the appropriate limit. This is the cor-
respondence principle of quantum mechanics — one must reproduce classi-
cal physics in the classical domain. We satisfied the correspondence princi-
ple for a free particle with V' = 0 by showing that the group velocity of the
wave packet is equal to the particle velocity vgp = vUparticle [see Eq. (4.30)
and Fig. (4.8)]. We will be content here to simply extend the assumption in
Eq. (4.42) and leave the demonstration of the correspondence principle in
this case as a problem (Prob. 4.9). The proof that the continuity Eq. (4.46)
holds without modification in the presence of a real V(q) is also left as a
problem (Prob. 4.1).

4.3.11 Boundary Conditions

Since we are dealing with a new quantity ¥(z,t) in a new realm of physics,
we need some guiding principles to deduce the appropriate boundary con-
ditions to go along with the differential equation governing its behavior.
We start from the following observations:

(1) Physics, as contained in the probability density and probability current
(p, Sz), must be continuous and single-valued;®

9Note that these physical quantities are bilinear in the wave function (they go as ~
¥*¥), so the deduction of the boundary conditions to be applied to the linear Schrédinger
equation is a non-trivial matter. Indeed, a rush to apply intuitive, classical boundary
conditions can lead one to overlook interesting and important new physics.
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(2) Acceptable solutions to the Schréodinger equation must satisfy the prin-
ciple of superposition, that is, the sum of two acceptable solutions must
again be an acceptable solution.

We can then derive the following boundary conditions for the Schrédinger
equation:

I. If V is finite, the implications are straightforward, and these principles
immediately lead to the conclusion that

¥ and —— must be continuous if V is finite (4.66)

ox

I1. At a wall, that is, at an infinite potential barrier (Fig. 4.14),

U=0 ; at wall (oo barrier)
ov .
i anything (4.67)

We will return shortly to the proof of this second result.

wall

Fig. 4.14 Boundary condition at a wall.

4.3.12 Stationary States

We are now in a position to look for normal-mode solutions to the
Schrodinger equation, just as we did for the classical string. In a normal
mode, everything oscillates with the same frequency. Thus we will look for
solutions to the complex Eq. (4.65) of the form

U(z,t) = P(z) exp {— %Et} ; normal mode (4.68)
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Substitution into Eq. (4.65), and cancelation of the exponential, leads to

2 72
_%di:c?_ + V(z)| ¥(x) = E¢(z)

; stationary-state Schrédinger eqn (4.69)

It is evident from Eq. (4.61) that E is the energy of the state; correspond-
ingly, the eigenvalue E of H(p, z) will be real, as it should be (see Prob. 4.6).

Now note that in the normal mode the probability density and proba-
bility current are independent of time

p=|"¥ (x )2 = |v(z)|? ; normal mode
Sz = %im {¢ (z )81/)(50) [31/)(:13):' 1/)(3:)} time-independent!  (4.70)

This analysis has led to stationary states of a quantum system that are pre-
cisely in accord with the first of Bohr’s hypotheses! Clearly, the Schrédinger
approach has merit. Note that the equation for the normal-mode ampli-
tudes, the stationary-state Schrédinger Eq. (4.69), is similarly independent
of time (as was the case with the string).

We now have enough background to turn to several applications of quan-
tum mechanics. Further formal developments, although not essential to
the applications we shall discuss, are examined in Probs. (4.3)—(4.12). The
reader is urged to work as many of these as he or she can, in order to
establish a good grounding in quantum mechanics.!°

4.4 Solution to Some One-Dimensional Problems

Now that one has the differential Eq. (4.69), the boundary conditions in
Egs. (4.66)—(4.67), and the interpretation through the continuity Eq. (4.46),
it is possible to start solving some interesting problems.

4.4.1 Particle in a One-Dimensional Box

Consider a particle of mass m in a one-dimensional box. Here the po-
tential vanishes inside the box and the boundary conditions are that the
wave function must vanish at both walls. In this case, the stationary-state
Schrodinger Eq. (4.69) takes the form of the scalar Helmholtz equation,

10For good textbooks on quantum mechanics, see [Griffiths (1998); Schiff (1968);
Landau and Lifshitz (1981); Merzbacher (1997)].
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with appropriate boundary conditions

d2;i(2:1:) K2 4(z) B2 = 27’7;E
Y(0) =9(L)=0 ; B.C. - (4n)

The situation is illustrated in Fig. (4.15). The problem is now exactly

analogous to the string with fixed endpoints! We can simply make use of
our previous analysis.

Y (x)

VOO

\ 4
x

TN

o
3

Fig. 4.15 . Particle in a one-dimensional box.

The normalized eigenfunctions and the eigenvalues are given by

2\ /2 . NI ) .
Yn(z) = I sin —— : eigenfunctions
n = 1,2,3,... ,oo
=7 ; eigenvalues (4.72)
The energies of the states follow from the definition of k2 in Eqgs. (4.71)

R*m?
=1 i
5o " in=1,2,3,---,00 (4.73)

n:

The eigenfunctions are orthonormal and satisfy

L
/O dz 05 ()0 (T) = G (4.74)

The first few eigenfunctions v, (x), and well as the implied probability
density |1, (x)|?, are sketched in Fig. 4.16.
We make several comments:

e These are stationary states that have definite energy;
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The probability density and probability current (p, S;) are independent
of time in these states;
In fact, the probability current vanishes if 1 is real;

e p = |Y|? is the particle density in these modes. This is a quantity

that can be observed experimentally, for example, through electron
scattering from it (if the target particle is charged);

Note the presence of nodes in the excited states where the wave func-
tion, and hence the probability density, vanishes. The particle will
never be found at these positions in these states!

This simple problem illustrates the essentials of bound states in quan-
tum mechanics.

aml2e A
222 N 2
9 L

\_/ /
Ay,

4
e
; v \//
| 2
) |V |
0 L X

Fig. 4.16 Sketch of the first few eigenfunctions ¥, (z), and the implied probability
densities |1 (x)|2, for a particle in a one-dimensional box.

4.4.2 Potential Barrier in One-Dimension

Suppose one prepares a particle with a definite energy and lets it impinge
on a potential barrier in one-dimension. To solve this problem, one again
looks for normal modes, or stationary states, which are the states of definite



Quantum Mechanics 85

energy
U(z,t) = Y(z) exp {—%Et} ; normal modes (4.75)

This leads to the time-independent Schrédinger equation

R? d2 . .
[—%@ + V(x)] Y(z) = E(x) ; Schrodinger equation (4.76)

Here E is the energy.

4.4.2.1 Scattering State

We now introduce the notion of a scattering state. This is a state that
is prepared with a definite momentum p;,c = hk and energy Eipc = F =
h%k?/2m. Here E is something we specify at the beginning, for example,
by taking particles from an accelerator; it is not an eigenvalue determined
as in the previous problem. The incident wave function, representing the
initially prepared state of definite momentum, then takes the form!!

Yine(z) = Ne® ; incident wave function (4.77)

If there were no potential barrier, this would be the appropriate solution
to the Schrédinger equation for all z.

We shall eventually get at the physics in the scattering problem by
taking the ratio of probability flures. Recall from our discussion of the
probability current that

Sz(z) is the rate at which the particle probability moves past the
point = in the x-direction.

If one is only interested in the ratio of fluxes, which is, after all, something
that is experimentally observable, then the overall normalization of the wave
function is irrelevant. Consequently, we shall simply set the normalization
constant N = 1.

Let us, then, compute the probability flux corresponding to the incident

117The reader should convince himself or herself that this is indeed an eigenstate of
momentuin.
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wave in Eq. (4.77)

o -(2)]

2im dz dz
h —ikz (1. ikx -1, tkx\* jikx hk
= — - = — 4.
Y e (ike™®) — (ike™*)*e?) — (4.78)
Hence, the incident probability flux can be written as
inc 2 hk e .
S;¢ = |Winc| — = P Uparticle ; incident flux (4.79)

where |inc|? = p. This has a nice, familiar interpretation and analogy with
classical fluid mechanics.
Now include an additional potential barrier of the form

V=0 ;<0 ; region I
=W ;x>0 ; region II (4.80)

Assume to start with that the incident energy is greater than the barrier
height Ej,. > WV as illustrated in Fig. 4.17.

I 1L
Winc llIm:ms

E:
INC__ A AN IO

L\ VAVAVAVA A
Wiefl

Fig. 4.17 Transmission and reflection of a prepared state from a potential barrier with
Einc = E > Vp. In addition to the incident wave 9inc = €**% in region I, there will be
a reflected wave re %%, There will also be a transmitted wave te*** with h?k2/2m =
E — Vp in region II.

There will now be an additional reflected wave re~** in region I, where r
is an amplitude, yet to be determined. The probability flux of this reflected
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wave is calculated exactly as above (note the sign)

Yrefl = re~the : reflected wave in 1
S;eﬁ = —lrl2p Uparticle ; reflected flux (4.81)

By linear superposition, the total wave function in region I is the sum of
the incident and reflected waves!?

Y1 = Yinc + VYretl : total wave in I (4.82)

In addition to the reflected wave in region I, there will be a transmitted
wave in region II of the form tirans = t €%, where i%,k?/2m = E—V,. The
transmitted flux is calculated exactly as above

Wirans = ¢ et ; transmitted wave in II
h
Girans — Eﬂltﬁp ; transmitted flux
K2 k2
el E-W (4.83)

4.4.2.2 Reflection and Transmission Coefficients

We are now in a position to define transmission and reflection coefficients
as the magnitude of the ratios of the transmitted and reflected fluxes to the
incident flux

trans
Sy K

— _ 2 . . .
T = Sime | = E‘tl ; transmission coeflicient
Sreﬂ
R=|=Z—| =] ; reflection coefficient (4.84)
S;nc

Some comments:

e The overall wave function normalization clearly cancels in these ratios,
as advertised;
e These coefficients give the ratio of probability fluxes for a single particle;

12This is a very important point, and the reader is asked to ponder it carefully. The
incident and reflected fluxes can be separated by simply pointing a detector in the right
direction; however, it is the total wave function that satisfies the Schrodinger equation,
and which must satisfy the boundary conditions.
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e If one repeats the experiment over and over again with Ny, particles,
then the number of reflected and transmitted particles will be given by

Nreﬂ 2
= R = I’]"l
Ninc
Nirans K, 9
A Tl (4.85)

e These are just the quantities one measures in a scattering experiment!

In order to determine the amplitudes (r,t), it is necessary to satisfy the
boundary conditions between regions I and II. The wave function in the
two regions is given by

Y1 = Yinc + Yren = € 1 e ;<0
¢II = Q/)trans = teinw ;>0 (486)
Since the potential is finite, the boundary conditions from Eq. (4.66) are

that the wave function and its derivative must be continuous at the inter-
face. Thus

¥1(0) = ¥11(0) = l+r=t
¥1(0) = ¢¥7;(0) = ik(1—7) = ist (4.87)
Division of the second equations by ik, and addition to the first, leads to

K
2=(1+E)t (4.88)
Hence
2k k—k

t_k—%-n T ki k (4.89)

where the second equation follows immediately from the first of Eqs. (4.87).
The reflection and transmission coefficients are then given by Egs. (4.84)

(k — k)? 4kk
R=—2= 3 T = ——— 4.
(k + k)2 ’ (k+ k)2 (4.90)
Evidently
R+T=1 ; conservation of probability (4.91)

This is simply the statement of conservation of probability — if a particle
goes in, it must come out somewhere.
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So far it has been assumed that Ei,c = E > V5. What happens if the
incident energy is less than the barrier height so that Ei,c = E < V7 In this
case k2 < 0, and there are two roots for k in the last of Egs. (4.83), +i|«|.
On physical grounds, one should retain only the root +i|«|, so that there
is a decreasing wave under the potential (see Fig. 4.18). This is equivalent
to making the following replacements in the above analysis

2m(Vo — E)
h2
Yirans — te " * (4.92)

1/2
n—>+i&E+i[ ] i E=Ein. < W

0 —> X

Fig. 4.18 Transmission and reflection of a prepared state from a potential barrier with
Einc = E < Vp. In addition to the incident wave vinc = €**% in region I, there will
be a reflected wave re~ %%, There will also be a transmitted wave te™"* with kK =
v/2m(Vo — E)/h? in region IL

Since the transmitted wave function is now real, the transmitted prob-
ability flux vanishes, and hence in this case

Strans — () = T=0 (4.93)

The amplitude of the reflected wave is now r = (k — ik)/(k + i), which
has magnitude |r| = 1. It may therefore be written as a pure phase

ro BT e o Ro1 (4.94)
k+ik
Thus, in this case, one has pure reflection of the incident wave at the

potential barrier, with a phase shift depending on the incident energy.
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But now observe that the solution to this problem has yielded a non-
Z€r0 Yirans inside the barrier! After a distance z = d into the barrier, one

has
1/2
¢tmns(d)|2 - | 2 2exp{—2d [ﬂ%‘_E)] } L z=d (4.95)

k+ik h?
We make two observations concerning this result:

(1) One now finds the particle in a region where it is absolutely forbidden
to be classically, since classically, the particle’s energy is given by

E = %m:i:2 +V(z)

= [E—-V(z)] = %mzizz >0 (4.96)

The kinetic energy is non-negative, which leads to the last inequality.

(2) If the barrier is of finite width, the solution to the problem, obtained by
solving the Schrodinger equation in three different regions and match-
ing boundary conditions (see Prob. 4.16), implies that there will be a
non-zero transmitted flux. Hence the particle can penetrate through a
barrier in quantum mechanics, even though it is forbidden to even get
into the barrier in classical mechanics.!3

There are many application of barrier penetration observed today in
physics, for example!4

o Electrons in a wire made by joining different materials;
e Electrons in a channel with a voltage step;
e o-particle emission from nuclei through the Coulomb barrier; etc.

4.4.3 Boundary Condition at a Wall

We are now in a position to derive the boundary condition at a wall, which
was stated previously without proof in Eq. (4.67). Let Vo — oo for any

13Note that barrier penetration arises here from the rather innocuous-looking bound-
ary conditions on the wave function imposed in Egs. (4.87). One might have been
tempted to say that since classical physics prevents barrier penetration, one should re-
ally impose the boundary condition that ¥ = 0 at an interface where Vo > Ejn.. This,
however, would force one to deal with a slope that is discontinuous at the boundary
(compare Fig. 4.14). Again, simple classical considerations on the boundary conditions
can cause one to miss important physics.

148ee any good existing book on modern physics for a discussion of applications of
barrier penetration, for example [Ohanian (1995)].
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fixed distance d inside the barrier in Eq. (4.95). It is evident that

Yrr(d) — 0 ; Vo — 00
d>0 (4.97)

Thus the boundary condition at the wall is
Yr1(0) =¢1(0) =0 ; at wall (4.98)

This gives Eq. (4.67), as illustrated in Fig. 4.14. Note that in this same
limit

r— —1 ; same limit (4.99)

Thus there is total reflection of the incident wave at the wall, with a phase
shift of .

4.4.4 Simple Harmonic Oscillator

Consider the one-dimensional simple harmonic oscillator with a potential

1/2
Viz) = %nmz P w = (%) ; s.h.o. (4.100)

Again, first look for normal-mode, stationary-state solutions to the
Schrodinger equation, which reduces that equation to its time-independent
form

U(x,t) = Y(z)exp {—%Et}

2
{4 2RE - V@) o) =0 (101)

This differential equation, together with the appropriate boundary condi-
tions, can be solved analytically. The actual solution is a technical matter,
which we will leave for a later course in quantum mechanics; however, the
analytic results can be found in any good text on the subject, for example
[Schiff (1968)]. We can understand, qualitatively, the nature of the solu-
tions by comparing with our analysis of a particle in a box. One wants those
solutions that die off as £ — Zo00, and both % and 1’ must be continuous
as one moves through the potential. There will be some barrier penetra-
tion, and the wave functions will leak through the potential barrier to some
extent at either end. Thus the wave functions and probability densities can
be sketched as in Fig. 4.19.
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9 Vs (X0
— 5/2
V.
4 b
— 3/2
¥
1 : 1/2

Fig. 4.19 Sketch of spectrum, wave functions, and probability densities for the simple
harmonic oscillator as inferred from particle in a box.

There are only certain values of E for which the wave function will
indeed die out in both directions, and the eigenvalue spectrum for the
simple harmonic oscillator is

1
E, = hw (n—l— 5) ;n=0,1,2,--- ,00 ; s.h.o. (4.102)

This is exactly the spectrum of the s.h.o. assumed by Planck in his deriva-
tion in Egs. (3.32)! In fact, one can obtain the harmonic oscillator spectrum
without ever solving a differential equation. It follows directly using only
general properties of the operators involved. The reader is strongly urged
to work through this derivation in Probs. 4.17 and 4.18 — the results play
an important role in subsequent developments.

4.5 Three Dimensions

So far, we have worked with the string and Schrédinger equation in one
spatial dimension. It is essential now to extend this analysis to a higher
number of dimensions, and in order to do this, we return to classical con-
tinuum mechanics.
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4.5.1 Classical Continuum Mechanics

Membrane. Consider a two-dimensional membrane, and recall the definition
of surface tension, o = force/length, as the stretching force per unit length
acting in the transverse direction in a stretched surface (Fig. 4.20).

__%0-

in surface

OO

Fig. 4.20 Definition of surface tension, o = force/length, as the stretching force per
unit length acting in the transverse direction in a stretched surface.

Let p be the mass density of the membrane. Then!®

o = force/length ; surface tension

p = mass/area ; mass density (4.103)

If the membrane is displaced by a distance g(z,y,t) in the 2-direction
from its equilibrium, flat configuration in the (z,y)-plane (Fig. 4.21), then
the mass times the acceleration in the z-direction of a small element of the
membrane dzdy is given by

’q
a2
This little displaced element experiences a surface tension force F; on both
sides where F}, is perpendicular to the y-axis and lies in the surface, and a
second force F, on both sides where F}, is perpendicular to the z-axis and
also lies in the surface (Fig. 4.20). The treatment of these components is
just like that of the one-dimensional string in Eqs. (2.19)—(2.20), and these

forces each give rise to an additive contribution to the net force F in the
z-direction

mass x acceleration = (udzdy) (4.104)

F, =ody 9 _ % + odx 9 _ %
Oz z+dx Oz z dy y+dy 9y Y
8%q 0O%q

15For simplicity, we assume that both of these quantities are constant.
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The expressions in Eqgs. (4.104) and (4.105) are to be equated according
to Newton’s second law, and with a cancelation of the factor of dzdy, one
arrives at the two-dimensional (2-D) wave equation

% P 1 &q(z,y,t
(éﬁ + 8_y2) q(z,y,t) = Zé.q—g;y—) ; 2-D wave equation
2= % ; (velocity)? (4.106)
z N
4
Fz

Fig. 4.21 Displacement g(z,y,t) in the z-direction of a two-dimensional classical mem-
brane which has a stretched, flat, equilibrium configuration in the (z,y)-plane. The
restoring force comes from the surface tension acting in the surface of the displaced
membrane. Fj acts in a direction perpendicular to the y-axis, and Fy in a direction
perpendicular to the z-axis.

The generalization of the wave equation to any number of dimensions
is now immediate

V2q(x,t) = iz 99(x,t) ; wave equation (4.107)

¢z  Ot?
Here V2 is the laplacian

62
~ 922

02 02
“ o oy

0? 02 02
= 9z2 + Oy? + 022

V2 ; 1-D ; laplacian

; 3-D (4.108)
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4.5.2 Schrédinger Equation

In direct analogy, the Schrédinger equation is now immediately extended
to three dimensions as

oY (x,t)

ih 5

2
= [—;—mvz + V(az)] U(x,t) ; 3-D Schrodinger eqn (4.109)

If one seeks normal-mode, stationary-state solutions to this equation, it is
again converted to its time-independent form

U(x,t) = ¥(x) exp {—-:_;Et} ; normal modes
[V? + QH—?(E - V)] P(x) =0 (4.110)

The generalization of the continuity equation, which provides the basis

for our interpretation of the theory, is also directly obtained for real V' (z)
16
as

p= |\II|2 ; probability density
s = 22m — [U*VV¥ — (VI¥*)¥] ; probability current
Bp -
s +V-s=0 ; continuity eqn  (4.111)
Here V is the gradient operator defined as
) .90 .9, .0
V = ezgﬂ; + eya—y + ez-a-; (4112)

where (&, €,,€,) are a set of orthonormal, cartesian unit vectors.
We observe that Eq. (4.109) has the form

3\11 0¥(x,1)
5

where the hamiltonian and momentum are given by

= H(p,x)¥(x,t) ; Schrodinger eqn  (4.113)

p?
H(p,x) = — + V(x) : hamiltonian

p= ?V ; momentum (4.114)

16Gee Prob. 4.20 (note that V2 = V-V). Strictly speaking, s is now the current density,
however, we shall always refer to s as the probability current (compare appendix K).
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4.5.3 Particle in a Three-Dimensional Bozx

Consider the problem of a particle of mass m moving in the 3-D box in
Fig. 4.22.

Fig. 4.22 Particle in a 3-D box with sides of length (a, b, c) in the (z,y, z) directions.

The wave function must vanish at each of the walls, and the normal-
mode amplitudes are an immediate generalization of those in a 1-D box

8 \2  nirz  nom . naTz
\ Ynyngng (X) = (abc) sin la sin 2b Y sin 3C
; n=(n1,n2,m3)  ;n;=1,2,3,--+,00 (4.115)

These wave functions:

e Satisfy the boundary conditions, as they vanish at each of the walls;

o Satisfy the Schrédinger equation — just substitute into Eq. (4.110);

e The substitution into the Schrédinger equation allows one to identify
the eigenvalues as

2 2 2 2
h_?Enmzns = (n1 + b_2 + n3> ; eigenvalues  (4.116)
The wave functions, and corresponding probability densities, are sketched
for two cases in Figs. 4.23 and 4.24. Note the nodal plane in the second
case.
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N

Fig. 4.23 Sketch of the wave function and probability density in the (1,1,1) ground
state for a particle in the box in Fig. 4.22.

2
|W1,1,2|

N
Fig. 4.24 Sketch of the wave function and probability density in the (1,1, 2) excited
state for a particle in the box in Fig. 4.22. Note the nodal plane at z = ¢/2 in this case.

4.5.4 Free Particle — Periodic Boundary Conditions

Consider a free particle of mass m moving in a cubical box of side L in three
dimensions, where periodic boundary conditions are applied in all three
(z,y, z) directions. The eigenfunctions are again an immediate extension
of the one-dimensional case

etk oikyy gtk 2 (4.117)

P(x) = 7

To satisfy the periodic boundary conditions, one must have k; = 27n;/L
with n; = 0,£1,42,--- , 400 in each direction. These solutions can then
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be written as

|
PYi(x) = ﬁezkx ; X = (,y, 2)
k= (kx,kyakz)
k= 2Tﬂ(nm,ny,nz) s my =0,£1,£2,--- ,+oo (4.118)

The eigenvalues are obtained by substituting this expression into the time-
independent Schrédinger Eq. (4.110) for a free particle with V =0
h2k2

E; = v ; eigenvalues (4.119)

Evidently, the particle’s momentum is given by
p = kk ; momentum (4.120)

in this case.

4.6 Comments on the Structure of Quantum Mechanics

We summarize the results obtained so far concerning the structure of quan-
tum mechanics.”

Energy. The search for normal modes [Eq. (4.68)] of the time-dependent
Schrédinger Eq. (4.65) leads to the time-independent Schrodinger equation

H(p,z)¢Y(x) = EyY(x) ; time-independent S-eqn (4.121)
We make several observations:

e The momentum in the hamiltonian H(p,z) is to be replaced by the
differential operator

p — E-i ; differential operator (4.122)
i Oz
The time-independent Schrodinger Eq. (4.121) then becomes a differ-
ential equation;
Appropriate boundary conditions [Eqgs. (4.66)—(4.67)] are to be applied
to this differential equation;
The resulting eigenvalues E are the observed energies;

The corresponding 1 (x) are the eigenfunctions;

17Many of these topics are examined in more detail in Probs. 4.3-4.12.
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e In these stationary states, the probability density and probability cur-
rent are independent of time [Eq. (4.70)];

e The general solution to the time-dependent Schrédinger equation is
then obtained as a linear superposition of normal-modes.

Momentum. Plane waves form the eigenstates of momentum

’l/)k(.’L') — ieikx

VL
pYr(z) = hkYi(z) (4.123)

Here

e p is the differential operator in Eq. (4.122);
e The eigenvalues hk are the observed momenta;
e In three dimensions, these relations take the form

Y(x) = e

VI3
P Y (%) = Ak ¢ (x) (4.124)

In this expression

where V is the gradient operator in Eq. (4.112);
Periodic boundary conditions lead to the allowed wavenumbers k given
in the last of Eqs. (4.118).

4.7 Angular Momentum

The angular momentum in quantum mechanics is defined as'®

£=r><p=-?rxV
=hL (4.126)

18The reference [Edmonds (1974)] provides an invaluable guide to the theory of angular
momentum in quantum mechanics; see also appendix B in [Fetter and Walecka (2003a)].
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The quantity L in the second line defines the angular momentum in units
of A. Thus

L=%rxV (4.127)

Two-Dimensional Motion. Consider motion in the (z,y) plane. Intro-
duce polar coordinates (Fig. 4.25)
x = pcos¢ ; y=psing (4.128)

The z-component of angular momentum then takes the form

1 0 0

The chain rule of differentiation gives

) w2005 0100
567 @Y = 3:35 T 3y 36

o e 1 — ——

= —psin¢ 3 + pcos¢ ”

= _6] — __6]

= xa Y (4.130)

Hence, the z-component of the angular momentum is given in polar coor-
dinates by

Lab(0,8) = 3 559(0,9) (4.131)

Fig. 4.25 Angular momentum associated with motion in the two-dimensional (z,y)
plane. The particle’s rest mass is now denoted by myg.
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Suppose one has a central-force problem in two dimensions with a po-
tential V(p). It is then appropriate to look for a solution to the time-
independent Schrodinger equation in separated form

Y(p, ) = R(p)P(¢p) ; separated form with V(p) (4.132)

To determine the effect of L, on this wave function, one must examine
1
L,®(¢) = -;b%q)(qb) ; angular wave function (4.133)
The solutions to Eq. (4.133), the eigenfunctions in ¢, are given by

1 3
d(¢p) = T etme ; eigenfunctions (4.134)

If one applies periodic boundary conditions to these eigenfunctions (see
Fig. 4.25), then!?

O(p + 2m) = P(¢) ; periodic boundary conditions
= m=0,+1,42,-- (4.135)

It follows that

L, =hkm ; eigenvalues (4.136)

We observe that this result:

e Gives the quantization of angular momentum;
e Was one of Bohr’s hypotheses;
e Provides a proper version of DeBroglie’s argument in Eqgs. (4.3).

Three-Dimensional Motion. For the central-force problem in three
dimensions with a potential V(r), one goes to spherical coordinates
(Fig. 4.26). The wave function can again be written in separated form

Y(r,0,9) = R(r)Yim (0, ¢) ; separated solution  (4.137)

Spherical Harmonics. While the radial wave functions R(r) depend on
the form of the potential V' (r), the well-behaved angular wave functions, the
spherical harmonics Y, (0, ¢), are common to any central-force problem.
Their derivation is a technical matter, which students will see in more
advanced courses; however, their properties can be found in any book on

19S8ee Prob. 4.27 for a more thorough discussion of the boundary conditions here.
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classical mechanics (see [Fetter and Walecka (2003)]), or quantum mechan-
ics (see [Schiff (1968); Edmonds (1974)]), and the student should become
familiar with them.

Y

Fig. 4.26 Spherical coordinates for the central force problem with V() in three dimen-
sions. The particle’s rest mass is now denoted by mg.

The quantum numbers (I, m) are integers, and the spherical harmonics
satisfy the following equations (see Fig. 4.27)

L2Ylm(97¢)=l(l+1)}flm(97¢) ;l=0,172a""00
L. Yim(6,4) = mYin (0, 9) —l<m<l  (4138)
Lz =m
_L> 2=I(I+])

Fig. 4.27 Illustration of quantum numbers appearing in the spherical harmonics
Y;m(0,¢). There is an uncertainty relation between the components of the angular
momentum (Lg, Ly, L), and only one of them, here L., can be precisely specified
along with L2 (see Prob. 4.25). One can picture the angular momentum, of magni-
tude |L| = /I(l + 1), as precessing about the z-axis.
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The first few spherical harmonics are given by

1 5
Yoo=—E ; Yoo = ﬁ(3cos20—1)

/3 /1 :
Yi0 = 4/ — cos @ ; Yo 41 =F —5— sin @ cos 0 e**¢
4r 8
3 . ti 15 . o, 42ig
Y141 = F4/ —sinfe ; Yo 40 =4/ — sin“fe (4.139)
87 ’ 327

The spherical harmonics are orthonormal

2 T
/ dé / Sin 0 do Yy, (8, 8)Yim: (0,8) = Swbmme  (4.140)
0 0

They are also complete for well-behaved functions on the unit sphere.
Radial Equation. Assume a central potential V(r). Define

R(r) = ulr) ; radial wave function (4.141)
T

The radial equation for u(r) that follows from the Schrédinger Eq. (4.110)
and the wave function in Eq. (4.137) is then given by?2°

d2u(r) N {2mo 1+1)

[E—-V(r)] -

g 7 3 }u(r) = 0 ; radial equation (4.142)

where mg now denotes the particle’s rest mass. The term in I(I + 1)/r?
provides the angular momentum barrier familiar from classical mechanics.

S-Waves (I = 0). For s-waves with [ = 0, the angular momentum barrier
disappears, and the radial equation reduces to

d?u(r)
dr?

+ {% [E -V (r)] } u(r) =0 ; s-waves (I = 0)(4.143)

Since a behavior R(r) « constant/r is too singular as r — 0,%! one has the
following boundary condition on u(r)

u(0) =0 ; B.C.atr =0 (4.144)

Equation (4.143) is just a one-dimensional problem again, for the function
u(r) in the radial coordinate r, where 0 < r < 0o, and Eq. (4.144) presents
a “wall” boundary condition on u(r) at r = 0.

20The expression for the laplacian in spherical coordinates, and the corresponding
derivation of the radial part of the Schrédinger Eq. (4.110), are discussed in Prob. 4.26.
21Gee Prob. 4.27.
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4.8 Point Coulomb Potential

Consider the solutions to the radial Eq. (4.142) in the case of an attractive
point Coulomb potential

Ze? 1
47T80 T

Vir)= - ; point Coulomb potential  (4.145)
This forms the basis for the hydrogen atom, and is the starting point for all
of atomic physics. We make several observations concerning the solutions
in this case:

e We here examine the bound states with £ < 0

E<O0 ; bound states (4.146)

e The behavior of an acceptable solution as r — 0, where the angular
momentum barrier dominates, as well as that for r — oo, where both
the potential and angular momentum barrier are negligible, can be
determined directly from the differential Eq. (4.142)

I+1

u(r) o< r s r—0

1/2
X exp {— <2m}§2|E|) r} ;r— o0 (4.147)

e One can now simply integrate the differential equation numerically,
starting at the origin and integrating outward. It will only be possible
to match on to this exponentially decreasing radial function for certain

eigenvalues of the energy Fyy;

e In fact, this problem can be solved analytically. The analytic solutions
present a nice exercise in special functions, and they can be found in
any good book on quantum mechanics, for example [Schiff (1968)];22

e We recall that in newtonian mechanics the bound orbits in a 1/r po-
tential are ellipses with the origin at a focus (Fig. 4.28), and there is
a dynamical degeneracy in the classical problem in that the energy of
the bound state depends only on the semi-major axis of the ellipse and
not on the angular momentum (see [Fetter and Walecka (2003)])

Ze? 1

= I %a ; classical result
TEQ 4Q

a is semi-major axis (4.148)

22The analytic results for a few of the low-lying states are examined in Prob. 4.28.
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Fig. 4.28 Bound elliptical orbits in newtonian mechanics in the potential of Eq. (4.145).
The origin lies at a focus of the ellipse. There is a dynamical degeneracy, as all orbits
with the same semi-major axis have the same energy.

This degeneracy shows up in quantum mechanics in that one finds the
same eigenvalue for several different values of the angular momentum
quantum number [;23

The eigenvalue spectrum in the point Coulomb potential is the following

1Z%a? _
En = —5 m002 ; n=1,2,3,---,00

2 n?
1=0,1,2,--- ,i—1 (4.149)

The states with the maximum value of | for a given 7 represent the
circular orbits

l=n-1 ; circular orbits (4.150)

We note that Eq. (4.149) is exactly the Bohr formula of Eq. (3.65)!

e The eigenfunctions corresponding to the eigenvalues in Eqgs. (4.149) will

be labeled by

¢ﬁlm (7’, 01 ¢) = R’r‘zl (T)}/lm (07 ¢) (4151)

The radial equation is independent of m and only depends on [; 7 is
the additional radial quantum number;24

The spectrum, and a few of the radial wave functions, are sketched in
Fig. 4.29.

23The degeneracy in m with —I < m < [ is present in any three-dimensional central-
force problem in quantum mechanics; the eigenvalues do not depend on the orientation
of the angular momentum in space (see Fig. 4.27).

etc.

24The spectroscopic notation for states withl = 0,1,2,3,4,5,6--- is s,p,d, f,9,h, 4,
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_ 2F=
n S L —
/\22(12m002
T r =0 1 2 3
3 -1/9 ’R’
Roo
V circular
B orbits

1 o —

Fig. 4.29 Sketch of the eigenvalue spectrum, dynamical degeneracy, and first few radial
wave functions for the attractive point Coulomb potential. Recall that each of the I-states
has an additional degeneracy in m with — < m <.

e The eigenfunctions satisfy the following orthonormality relation

/ r2dr / sin 8 d§ d¢ V2 (1,0, D) rrirm (1,0, ) = S Optr Sy
(4.152)

e It is evident from the first of Egs. (4.147) that only the s-states with
[ = 0 will yield a finite value of R = u/r at the origin. The analytic ex-
pression for the square of the corresponding (normalized) wave function
at the origin is [Schiff (1968)]

[r00(0)[2 = (Za) (%)3 (4.153)

n

This result has many important applications.

4.9 Spin

The concept of spin in quantum mechanics is due to Pauli (1924) and
Goudsmit and Uhlenbeck (1925). It was observed that many particles have
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an intrinsic angular momentum s, exactly analogous to the orbital angular
momentum discussed previously. The quantities (s2,s,) for a particle take
the values

s?=s(s+1) ; Spin-s
S, =—8,—8+1,---,+s (4.154)

where s is either an integer or a half-integer. There is an accompanying in-
trinsic magnetic moment that, for a particle with mass and charge (mo, e),
is given in units of the appropriate magneton by

p= gsl-z_l UMS ; intrinsic magnetic moment
h
Py = éli_rlz—o_ ; magneton (4.155)
Here g, is known as the gyromagnetic ratio. The two most important mag-
netons are?®
h
] = 9.274 x 10724 J /Tesla ; Bohr magneton
2me
h
2|i = 5.051 x 10727 J/Tesla ; nucleon magneton (4.156)
mp

The interaction energy of the intrinsic moment with a magnetic field B
that determines the z-direction is given by (see Fig. 4.30)

H =-u-B
e
p— —gsmlu,MBsz (4.157)
The magnetic moment can be measured, for example, by determining
the frequency of a radiative transition between two states with different s,
in a known magnetic field. For a spin-1/2 particle, this frequency is given

by (Fig. 4.31)
AE = hv = g;upm B (4.158)

251t is also useful to have these magnetons in cgs units

le|h/2mec = 9.274 x 10™2! erg/Gauss
le|h/2mpc = 5.051 x 10~ 24 erg/Gauss
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(mo,e)

Fig. 4.30 Interaction of a particle with mass and charge (mo,€), spin s, and intrinsic
magnetic moment g, with a magnetic field B that determines the z-direction.

EAN

\%
o

Fig. 4.31 Radiative transitions between the states with s, = +1/2 for a spin-1/2 par-
ticle in a magnetic field B. Here E is the energy of the state.

Some measured values of the g-factor are given in Table 4.1.

Table 4.1 Some measured g-factors as defined in Eq. (4.155). Note the

second line is sgs. For the neutron e/le] = 1 and up is the nucleon
magneton.
Particle Electron Proton Neutron
s 1/2 172 172
$gs 1.001,159, 652,187, - -- | 2.792,847,.-- | —1.913,042, -

One of the great achievements in modern physics is the calculation of
the g-factor for the electron, to amazing accuracy, within the framework of
quantum electrodynamics (QED) — see later.
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4.10 Identical Particles

We next consider a collection of identical particles in quantum mechanics.
Most of the systems of physical interest in every-day life are quantum many-
body systems (e.g. atoms, nuclei, molecules, solids, etc.).

4.10.1 Connection Between Spin and Statistics

There is an important relation, which can be derived in relativistic quantum
field theory,2® between the spin of particles and the statistics that they obey.

e Particles with half-integral spin (e.g. electrons, muons, neutrons, pro-
tons, etc.) obey the Pauli ezclusion principle (1925):
It is not possible to put more than one particle in any state.

Such particles are known as fermions.

e Particles with integer spin (e.g. photons, pions, ‘He atoms, etc.) can
have any number of particles in any state. Such particles are called
bosons.

4.10.2 Non-interacting, Spin-1/2 Fermions (“Fermi Gas”)

Consider a uniform system of many identical, non-interacting, spin-1/2
fermions occupying a cubical box of side L (Fig. 4.32).

<« | —

Fig. 4.32 A uniform system of spin-1/2 fermions occupying a large cubical box with
side L.

Imagine that this box is simply one of many identical boxes stacked
together throughout space (Fig. 4.33). Now observe that if the box is large
enough, the quantities of physical interest in any one box should be the

26Gee [Bjorken and Drell (1965)].
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same as in any other. This serves as a justification for the application of
periodic boundary conditions to the system illustrated in Fig. 4.32.

The single-particle wave functions in this case are just those of
Egs. (4.118)

1

Yra(x) = ﬁeik'x N ; X = (z,9,2)
k == (km,ky,kz)
k = gLz(n,,,.,ny,nz) ;n =0,£1,£2,.-- ,+o0 (4.159)

Here we choose to keep track of the spin of the particle, which can take two
values s, = +1/2, with the simple wave functions

m = (1) ;= (O) ; spin-1/2 wave functions (4.160)

Fig. 4.33 A large number of boxes, identical to the one in Fig. 4.32, stacked together
throughout space (only a few are illustrated here)— basis for the application of periodic
boundary conditions in Fig. 4.32.

With periodic boundary conditions, the integers n; can have either sign,
and the spacing between the wave numbers is given by

Ak, = — ; wavenumber spacing (4.161)

The momentum and energy of a particle in one of the states in Eq. (4.159)
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are given by

h2k?

p = hk ; Bk = (4.162)

2m

To get the ground state of this many-fermion system, where the Pauli ex-
clusion principle applies, one fills the single-particle levels up to a maximum
wavenumber, the Fermi wavenumber krp (Fig. 4.34). The spin degeneracy
of this spin-1/2 Fermi gas is g = 2.

g=2 ; spin degeneracy (4.163)

The total number of particles is obtained by simply counting the number
of filled levels

k k
Nzil-——gil (4.164)
kA k

Fig. 4.34 Ground state of the non-interacting, spin-1/2 Fermi gas. The single-particle
levels are filled to a maximum wavenumber kp. The spin degeneracy here is g = 2.

In the limit of a very large box where L — o0, the sum over wavenum-
bers can be replaced by an integral. We have now been through this argu-
ment many times. With periodic boundary conditions and the level spac-
ing in Eq. (4.161), one has for the sum over a small region in k-space (see
Fig. 4.35), here denoted with a prime,

Z Z Z Z bz diydk 4 3d3k ; small region (4.165)
P (2m/L)? (27r)

ky k2

Hence we arrive at the important result

3 ; p.b.c. 1
(27r)3/dk ; p.bc., L—o00 (4.166)
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Particle Number. In counting the number of states, one simply in-
tegrates the relation in Eq. (4.166) out to a radius kr, and the particle
number in Eq. (4.164) is therefore obtained as

k
_ 9V M gV 4m
N = (%)3/0 &k = o5 3 b (4.167)

Thus the particle density n = N/V in the Fermi gas is given by

3
n= = 9%

v = 6n2 ; particle density (4.168)

This equation relates the particle density to the Fermi wavenumber k.

K
N 2] ke
ak, kx

Fig. 4.35 Conversion of the sum over wavenumbers to an integral over wavenumbers in
the limit L — oo with p.b.c. The level spacing is Ak; = 27/L, and the number of levels
in the interval dk; is then dk;/(27/L).

Energy. The energy of the Fermi gas is obtained by summing the energy
of the single-particle states over the filled levels

kr £521.2
%4 / h°k Bl
0

- (27)3 2m
_ gV R be 4 gV R? [4nkd
= G 2 Jy Ankt dk = 2z \ 5 (4.169)
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Hence the energy/particle in the Fermi gas is given by

B3 _mR
N 5°F T om
Fermi energy (4.170)

The quantity e is known as the Fermsi energy.?”

Pressure. A Fermi gas exerts a pressure because as the size of the box
with side L decreases, each wavelength inside the box is also decreased, and
hence the energy of each particle is increased. The pressure work done by
a gas on expansion against a piston of area A when it is moved a distance
dl is given by (see Fig. D.2)

dW = PAdl = PdV (4.171)

The first law of thermodynamics with pressure-volume work states that (see
appendix D)

dE =dQ — PdV ; first law of thermodynamics  (4.172)

At T = 0, the system will be in its ground state. The second law of
thermodynamics implies that the heat flow d QQ = T'dS vanishes at T' = 0.
Thus for a system of given N

dE = —PdV
OFE

It is merely necessary to express the energy in terms of the density, and the
pressure exerted by the Fermi gas can then be determined by differentiation.
The first step is readily accomplished by using Egs. (4.168) and (4.170) to

write
2 \1/3
kp = (Ei—ﬂ—n)
g

E 3K /6n2N\?/3

27Equations (4.168) and (4.170) are local relations involving only the particle density n
at a given point, and one would not expect them to depend on the boundary conditions
far away on the surface of the big box. In fact, the same relations between (n, kg, E/N)
are obtained with rigid walls (see Prob. 4.29).
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Differentiation with respect to V, at fixed IV, then gives

2k [6n2 \*/® 1
P=NZ_— (TN) T (4.175)
Thus
2 2\ 2/3
P= §2h_m (6%) n5/3 ; Fermi gas (T' = 0) (4.176)

This equation relates the pressure exerted by a Fermi gas to its density.

4.10.3 Non-Interacting Bosons (“Bose Gas”)

With a collection of bosons there is no restriction on occupation number,
and the ground state is obtained by simply placing all the particles in the
state with k = 0 (Fig. 4.36). Hence at T' = 0, both the energy and pressure
of the Bose gas vanish?3

P=FE=0 ; Bose gas (T =0) (4.177)
000060 K =0

Fig. 4.36 Ground state of a Bose gas.

4.10.4 Quantum Statistics (T # 0)

The single-particle distribution functions for the non-interacting Fermi and
Bose systems at finite temperature take the form (see Fig. 4.37)

-1
ng = [exp (elkc Tu ) + 1] ; fermions

-1
ng = [exp (EII::B_T“> - 1] ; bosons (4.178)

We make several comments on Egs. (4.178):

e Here ¢ is the single-particle energy, and u is the chemical potential
(see appendix D);

28In a large box with rigid walls, the Bose gas will actually exert a small pressure in
its ground state, but this pressure vanishes as L — oo (see Prob. 4.30).
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e The chemical potential is to be chosen so that when summed over all
single-particle states, ny yields the correct total number of particles N;

N A Ny A\
1
Do 7775\ S
SF Sk Sk
(a) fermions (b) bosons

Fig. 4.37 Single-particle distributions n for non-interacting particles at finite temper-
ature T # 0: (a) fermions; (b) bosons. Here € is the single-particle energy.

e It is the thermal energy kT that causes particles to be distributed
over the single-particle levels in this fashion (compare Fig. 3.7);

e At high temperature, both of the expressions in Egs. (4.178) reduce to
the Boltzmann distribution;2°

e Note that it is only the sign in the denominator that changes in
Egs. (4.178), but this makes all the difference in the world!

e At T = 0, the Fermi distribution yields a step-function at the Fermi
energy [ = €f, as previously employed;

e There is a phase transition at T = T} in the non-interacting Bose system
of fixed N (see Prob. 4.31). At that temperature, a finite fraction of
the bosons begin to occupy the single-particle state with k = 0 (“Bose
condensation”).

e Photons are massless bosons, and their number is not conserved. With
€x = hwgy = hv and vanishing chemical potential, the second of
Eqs. (4.178) yields the Planck distribution in Eq. (3.34);3°

e These results are derived and discussed in, for example, chap. 2 of

29Tn the classical limit where T — oo, the chemical potential of an ideal gas behaves
as u/kgT — —oo (see Probs. E.3 and E.4). Therefore, both of the expressions in
Eqs. (4.178) reproduce the Boltzmann distribution in this limit.

30The total number of photons in a black-body is not conserved. It follows from
thermodynamics that the chemical potential of the photons must then vanish at all T,
otherwise an appropriate change in their number at fixed (T, V) could lower the free
energy of the system [see Eq. (D.11)]. Correspondingly, there is no Ty for a collection of
photons.
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[Fetter and Walecka (2003a)]. For the present purposes, we will take
the distributions in Egs. (4.178) as our definition of quantum statistics.

4.10.5 Wave Functions

It is a principle of non-relativistic quantum mechanics, from which the Pauli
exclusion principle follows, that the many-particle wave function for a col-
lection of identical fermions must be antisymmetric under the interchange
of any two particles; in contrast, the many-particle wave function for a col-
lection of identical bosons must be symmetric under the interchange of any
two particles. These many-particle wave functions are constructed and ex-
amined in appendix H. The fermion wave functions are Slater determinants,
and some theorems concerning matrix elements calculated with Slater de-
terminants, as well as several important applications, can be found in that
appendix.



Chapter 5

Atomic Physics

We proceed to discuss the application of the previous developments to var-
ious areas of modern physics, and we start with atomic physics.! The first
topic is the vector model for the addition of angular momenta.?

5.1 Vector Model for Addition of Angular Momenta

We use lower case letters to stand for any angular momentum, and Latin let-
ters signify units of A. Write the sum of two angular momenta as (Fig. 5.1)

j=14s s P=101+1)
s? =s(s+1) (5.1)

The allowed quantum numbers for j, again an angular momentum, are

i =30+
—j<m; <j ; integer steps (5-2)

Now square the vector relation in Eq. (5.1)

P2=12+s*+21-s

= l-s=%(j2——lz—s2):%[j(j+1)—~l(l+1)—s(s+1)] (5.3)

1See [Born (1989); Kuhn (1969); Sobel’man (1972)].

2The theory of angular momentum in quantum mechanics is very lovely and powerful
[Edmonds (1974)]. The vector model reproduces the general results in its region of
applicability, and it will suffice for our purposes.

117
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In a similar fashion one obtains

jJ—-1=s
= j-l=%(j2+12—s2)=%[j(j+1)+l(l+1)—s(s+1)] (5.4)
and

j—s=1

= j-s=%(j2+s2-l2)=%[j(j+1)+s(s+1)—l(l+1)] (5.5)

Fig. 5.1 Addition of two angular momenta 1 and s to give the new angular momentum
Jj =1+ s. In the vector model, the angular momenta (1,s) can be viewed as precessing
about j. The transverse components average out and their only effective component is
the component along j.

What are the allowed values of the angular momentum quantum number
J? It must again be positive, and the allowed values of j must differ by an
integer. It is evident from Fig. (5.1) that the maximum value of j will be
! + s, while the minimum value will be |l — s|. Thus the answer is®

l+s>j>|l—s ; integer steps (5.6)
For an electron with s = 1/2 this reduces to

j=1+1/2 ; electron
j=1/2 ;ifl=0 (5.7)

3At this stage, the reader should be content to simply accept and memorize this
relation; however, one can check that the total number of states for a given (I, s) is
preserved with this prescription, that is Z;’L’il_s'@j +1) = (20 +1)(2s + 1).
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One can picture the two angular momenta (1,s) in Fig. 5.1 as precessing
about the resultant j. Their transverse components average to zero, and

In this vector model, it is only the component of the angular mo-
mentum 1 or s along j that remains effective.

Thus in the vector model
1-j .3
leg = (?‘!)J | Seff = (S.]—z‘]).] ; vector model  (5.8)

As an application, suppose one has a magnetic moment that has both
an orbital and spin part

p = wl+ pss ; magnetic moment (5.9)
Then the effective magnetic moment is
Peg = Ji? [(1-§) + ws(s-j§)]j ; effective magnetic moment (5.10)
It follows from Eqgs. (5.4) and (5.5) that
{m GG+ +1+1) —s(s+ 1))+
ps i +1) +s(s+1) =11+ D]} (5.11)

1
Heft = 55G+1)

In summary, we will make use of the following relations from the general
theory of angular momentum:

(1) The total angular momentum has the following quantum numbers
i =3G+1)
—j<m;<j ; integer steps (5.12)

(2) As the sum of two angular momenta, the total angular momentum takes
the following values

j=1l+s 12 =1(1+1)
s?=s(s+1)
= l—sl<j<l+s ; integer steps (5.13)

(3) The vector model states that the effective angular momenta are the
components along j

leg = (%})J } Seff = (S—Jé-‘]-)_] ; vector model (5.14)
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and the vector model gives correct results in its region of applicability.

5.1.1 Larmor’s Theorem

There is a classical result known as Larmor’s theorem that relates the mag-
netic dipole moment of a system to its orbital angular momentum. Suppose
one has a distribution of mass m(r) = mp(r) with a velocity field v(r), and
a distribution of charge pc(r) = ep(r) with the identical p(r) (Fig. 5.2).

Fig. 5.2 Configuration assumed in the proof of Larmor’s theorem. There is a mass
distribution m(r) = mp(r) with a velocity field v(r), and a distribution of charge pc(r) =
ep(r) with an identical p(r).

The total angular momentum of the system is given by
L= / d*z (r x p)
= / d*z [r x mp(r)v(r)] ; angular momentum  (5.15)
The magnetic dipole moment of this system is

p=[dag %))

1 .

=3 /d3:c [r x ep(r)v(r)] ; magnetic moment (5.16)
These quantities are evidently proportional to each other, and one imme-
diately deduces Larmor’s theorem for this classical system of flowing mass

and charge
e eh

—_ — = — . ! h 01
m 2m£ 2mL ; Larmor s theorem (5.17)
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One can combine this result with that of Egs. (4.155) and (4.156) to write
the orbital and spin parts of the magnetic moment of the electron as

= —ﬂl—l = il . electron
P = 2me. _uBlel » €
e
My = JsTiHBS (5.18)

Here up is the Bohr magneton

_ lelh

"~ 2me,

UB ; Bohr magneton (5.19)

and g, is the gyromagnetic ratio (see Table 4.1).

5.1.2 Effective Magnetic Moment

The expressions in Egs. (5.18) can be combined with the vector model
results in Eqgs. (5.9)—(5.11) to yield the following expression for the effective
magnetic moment of an electron

e .
Hegr = I?IgLandé UBJ ; electron
1

JLands = 5oy {(GG+1)+I+1) —s(s+ 1)+
g G+ D) +s(s+1)=10+D]} (520

The quantity grandgs is known as the Landé g-factor.*

The experimental magnetic moment of a system is defined by lining the
system up as well as possible along the z-axis, in which case j, = m; = J
(Fig. 5.3).

jr =17 ; experimental moment (5.21)

z N

),=]
Fig. 5.3 The ezperimental magnetic moment of a system is defined by lining the system
up as well as possible along the z-axis, in which case j, = m; = j.

4See Prob. 5.4.
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Hence the static magnetic moment of the system is given by

e . . .
W= H 9Landé MBI ; static magnetic moment (5.22)

5.2 Zeeman Effect

Suppose one has an atom with a valence electron that has an effective
magnetic moment p.g. If this atom is placed in a static magnetic field
B that determines the z-direction, then there is an additional interaction
energy (see Fig. 5.4)

H' = ~Heft B
e . o
= _HgLandé psBm; ; —3 <mj <j in integer steps (5.23)
N
N
B

Fig. 5.4 Interaction of an effective magnetic moment p g with a magnetic field B as
given in Eq. (5.23).

We note the following;:

e The quantum number m; runs from —j to j in integer steps. There
are 2j + 1 values of m;, and thus the original level with quantum
numbers (j,m;) will split into (27 + 1) components in the magnetic
field (Fig. 5.5);

e Since the effective magnetic moment in Eq. (5.23) only depends on
the quantum numbers (Isjm;), there is no dependence of this Zeeman
splitting on the radial wave function of the valence electron;®

e The slope of the splitting as a function of B allows one to determine

9 Landé’

5The effective magnetic moment is an integral property of the atom.
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Fig. 5.5 Zeeman splitting of a level with quantum numbers (Isjm;) and the effective
magnetic moment p.g of Eq. (5.23) in a static magnetic field B. The level splits into
(2j + 1) components with —j < m; < j in integer steps.

5.3 Spin-Orbit Interaction

Consider an atom with a valence electron moving with a velocity v in
the laboratory frame. The charged nucleus appears to the electron to be
moving with a velocity —v (Fig. 5.6). Thus, at its position, the electron
sees a current o< —ZepV at a location —r and a corresponding magnetic field
Best o< Zepr x v. This gives an effective field Beg o< Zepl. The intrinsic
magnetic moment of the electron will interact with this effective magnetic
field according to

H' = —pgin - Beg = +Vio(r)s-1  ; spin-orbit interaction (5.24)
We now note the following:

e This is a relativistic effect,® and one needs a relativistic theory of the
electron, as provided by the Dirac equation (see later), to get the proper
Vso(T);

e Once one has the interaction in Eq. (5.24), the quantity 1-s can be
evaluated using the result in Eq. (5.3);

e One can use the probability distribution of the electron to compute
the mean value of Vio(r) (see Prob. 4.5). The probability density is
obtained as the absolute square of the electron’s wave function

Yaim (7,0, 8) = Ru(r)Yim(0,¢) (5.25)

6See Prob. 5.1.
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ANT

\

o

eff

-v
seen from electron

Fig. 5.6 Effective magnetic field B.g as seen at the location of a valence electron due
to the current of the moving nucleus.

e A combination of these results leads to?
(H') = (Vao (1)) 5 [1G + 1) =10+ 1) = s(s +1)]
(Via() = [ B (1) Vo (r)r? dr (5.26)

e For an electron in the central Coulomb field of an atom, one has j =
[ £1/2, and the energy shift from the originally degenerate ! states

becomes

1 , 1 1

A5j=l+1/2 = (‘/so(r)>§l s J=1+ 9 s = )

1 . 1 1
A6j=1_1/2 = (V'so('r» [—i(l + 1):' y J = l - 5, S = 5 (527)

e The splitting of these two levels is thus given by
1

€j=1+1/2 — Ej=1-1/2 = ‘2‘(2l + 1)(‘/80(7')) (528)

This gives rise to the fine structure in atomic physics;
e The states remain degenerate in m;
e The fine structure of the 2p-states in hydrogen is sketched in Fig. 5.7.

"We note that the volume element in spherical coordinates is d3r = 2 sin 0 drdfd¢ =
r2dQ, and [ dQ Y Yirms = 61178,,ms. The angular integral in the expectation value of
Vso(r) is thus diagonal in m and independent of its value. Here (Vio(r)) is positive.
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- 2p3/2

2s P Sr2ey,

fine structure

1s

Fig. 5.7 Finestructure of the 2p-state in hydrogen arising from the spin-orbit interaction
(not to scale — see Fig. 5.14). The notation for the states is (Al);.

5.4 Thomas-Fermi Theory

Most atoms are many-electron systems, with dynamics (at least in the
non-relativistic limit) governed by the many-electron Schrodinger equation,
and one must develop methods for dealing with such systems. One of
the simplest, most informative, and most useful approaches is that due to
Thomas and Fermi. Here one employs the previous results for the Fermi
gas and makes a local density approrimation. In this approximation, the
system is viewed locally as a Fermi gas with properties derived from the
local electron density n(r).®

5.4.1 Thomas-Fermi Equation

The pressure exerted by the Fermi gas then follows immediately from
Eq. (4.176)°

_2R

P =
52m

(372)%/3n5/3 (5.29)
The electron density will vary from point to point in the atom, increasing
as one goes in toward the nucleus, and there will be a hydrostatic force
arising from the pressure gradient.

Hydrostatic Equilibrium. Consider a small volume element d3z and a
pressure P(x) that varies in the z-direction. The net force in the z-direction

8We assume a spherically symmetric atom.
9Here m = me, and the degeneracy g = 2.
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on this volume element is given by (Fig. 5.8)
dP
F, = P(z)dydz — P(z + dx)dydz = —%dxdydz (5.30)

PO P(x+dx)

X X +dx

Fig. 5.8 Force on the volume element d3z arising from a gradient to the pressure P(x)
in the z-direction. The area of the transverse face is dydz.

Hence, quite generally, if there is a pressure gradient in a fluid, there
will be a pressure force on each little volume element of

F=-VPdz ; pressure force (5.31)

In the atom, there will be an electric field £(r) at the position 7 arising
from the nuclear charge, shielded by the interior electrons. Each little
volume element in the electron cloud has a charge end®z. This charge is
attracted toward the nucleus with a force

F = en€d’z ; electric force (5.32)

In hydrostatic equilibrium, the pressure force and electric force must
balance (see Fig. 5.9). Thus

en€ — VP =0 ; hydrostatic equilibrium  (5.33)

In our problem, everything is in the radial direction so this expression
reduces to

ené, — B = 0 ; hydrostatic equilibrium  (5.34)
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n(n

-
en & <— >-—VP

Fig. 5.9 Local hydrostatic equilibrium in the Thomas-Fermi theory of the atom. Here
n(r) is the local electron density, kg (r) is the local Fermi wavenumber, and (€, P) are the
local electric field and pressure. Vo(r) = —Ze?/4meor is the attractive nuclear Coulomb
interaction, which is then shielded by the electrons.

Electric Field. The electric field is derivable from the electrostatic po-
tential

£=-Vd
0%
£r =~ (5.35)

Equations (5.34) and (5.29) can then be combined to obtain a local relation
between the electrostatic potential and the electron density
6q) 3P 2 hz 212/3 2/3
g = o =3am T )"
0P h? 0
(37223
or 2m|e|( ™) or

a_n
or

or; n?/3 (5.36)

This differential relation is immediately integrated to give

h2
(r) = 372)2/3 2/3 '
(1) = g 7)) (537)
Here the boundary condition of a neutral atom has been employed
n(r),®(r) —» 0 ;T — 00
neutral atom (5.38)
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We now have one relation between the electrostatic potential ®(r) and
the electron number density n(r) coming from the condition of hydrostatic
equilibrium. It remains to examine the implications of electrostatics.

It is a basic result from Gauss’ theorem that there is no electric field
inside a spherically symmetric charge distribution. In addition, outside of
a spherically symmetric charge distribution, the total charge inside acts as
a point charge at the origin. Thus, at a radial distance r inside the atom,
one has a radial electric field (see Fig. 5.10)

_ Zey e " 9
&= dmegr?  4dmegr? /0 n(s)4ms” ds
od
== (5.39)

Fig. 5.10 Electrostatics with a spherically symmetric charge distribution.

The relation in Eq. (5.39) can be rearranged, and then differentiated
with respect to r to give

9 (,00\ 1
o (r E) = ————47r€047r'r en(r)
. 10 (,00) en(r)
or; 25 (r 81") R (5.40)
This result can, in turn, be written as®

1 92 le|n(r)
i = 41
7 Or? (r2) €0 (5-41)

10Note that

2 (p20) 200 Pn 10,
r2 Or ar )  ror or2 ~ ror2
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Electrostatics thus provides a second relation between ®(r) and n(r). The
result for n(r) in Eq. (5.37) can be substituted into Eq. (5.41) to give a
differential equation for the shielded Coulomb potential itself

3/2
19 (rd) = le] [2mle] 1 / $3/2
T Or? go | A% (3w2)%/3

= ®3/2 (5.42)

Some algebra then leads to

le| [2m|e|]3/2

- 371'260 K2

_8\/§ 1 1 [mezr/2

37w 4meg |e|1/2 | A2

82 1 1 [4mo]3/2

"~ 37w 4meo |e]/2 | ao

2 1 1 1/2
3r af ||e|/4meoao
Here the Bohr radius ag has been introduced in the third line
h2
ap = m ; Bohr radius (5.44)

The final result for £ in Egs. (5.43) now has the correct dimensions of
[@-1/2L-2).

We know that as r — 0, the electrostatic potential must simply be given
by the Coulomb potential arising from the point nuclear charge. Hence
Thomas-Fermi theory takes the form of a second order, non-linear differ-
ential equation for the electrostatic potential, together with two boundary
conditions

1 02
) (r®) = k®3/2 ; electrostatic potential
r® — 0 ;T — 00 ; neutral atom
Z
® — 47r:p - ir—0 ; nucleus at origin (5.45)
0

Dimensionless Form. We are now in a position to take the dimensions
out of the problem. Define

® T
le] /4meoan =

o= (5.46)
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The differential Eq. (5.45) can then be rewritten as

1 82 82 g0 (92
P (pd) = _3—7r—¢3 2= (3) (5.47)

Here b is the dimensionless constant

L(E)” (549

The second boundary condition in Egs. (5.45) becomes

b

¢ — Z i p—0 5.49
P P

Now take the constants out of the problem by defining a new set of dimen-
sionless variables

b

¢ X P P=ZiET (5.50)

If
N

Substitution into Eq. (5.47) then gives

Z1 &2 z 1% 1243 x(2)1*
N e &0

Hence, Thomas-Fermi theory finally takes the form of the following di-
mensionless, second-order, non-linear differential equation and boundary
conditions

2
\/Edd?x(a:) = [x(z)]*/? ; Thomas-Fermi equation
x(0)=1 ; nucleus at origin
x(0c0) =0 ; neutral atom (5.52)

Here x(x) is now a universal function determined once-and-for-all for any
atom with any Z. It is known as the Thomas-Fermi screening function.
A combination of the above results expresses the Coulomb potential in the
atom as

Ze
= P
Aegr

Z1/3¢
Tr =

x(x) ; screened Coulomb potential

o X(x) is universal function of z  (5.53)
0
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The electron density is determined in terms of ® through Eq. (5.37), which
can be rewritten as (Prob. 5.2)

Z (Z/3\° x(z) 3/2 .
n(r) = — ( hae ) [ . ] ; electron density

drn(r)ridr = Z [x(a:)]3/ 25 da ; electrons in shell (5.54)

The last expression is the number of electrons in the shell between r and
r+dr.

5.4.2 Binding Energy of Atom

Consider the total binding energy of an atom in this Thomas-Fermi theory.
There are three contributions:

Kinetic Energy. First compute the kinetic energy of the electrons.
Since the energy per unit volume in a Fermi gas is E/V = 3epn/5 [see
Eq. (4.170)], this contribution is

T = / (%w) 4mn(r)r® dr (5.55)
_3R
~ 52m

/
T -2 2)2/3(Z>2 3z2/3/XfB””)Z[x(m)]3’2\/de

62/871'6061,0 5 47 b2

[3m2n] 2/3 4rn(r)r dr

Thus the kinetic energy takes the form

T 6 dr
_ Z7/3_ 5/2
e /8mepag 5b Jo [ (@) \/_

Interaction With Nucleus. The electron cloud has an attractive
Coulomb interaction with the nuclear charge

(5.56)

2
Ven = ——/ Ze 4mn(r)r? dr

471'80’!’
Ven Z'\2 11 3/2
N _9zZ2 " [2z d .
e = 22 / L2 [x(@))*/* Vada (5.57)

Thus this contribution to the total energy of the atom takes the form

Ven 732 3/2 dx
= 2" /0 (@) (5.58)
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Interaction Between FElectrons. The total Coulomb energy of the elec-

trons if located at positions (x3,X2,- -+ ,Xn) is
2 N
e 1 1
Vee = — = _ 5.59
ee 471'&:02_Z |x; — x| (5.59)
i#j=1

The factor of 1/2 occurs because each interaction is to be counted only
once. On the other hand, the Coulomb potential at the point x coming
from these electrons is

ee (X) 471'80 Z IX X_,l (560)

In the atom, the quantity ®..(r) can be obtained from the total Coulomb
potential ®(r) by simply subtracting out that part coming from the nuclear
charge

Zey

Dee(r) = B(r) — Treor (5.61)
It follows that in the atom
Vie = %/(3<I>ee(7")4777?,(7‘)7'2 dr
_ e 2, 1
== &(r)dnn(r)r dr 2VeN (5.62)
Hence
1 > Z'3 [ x(x) 3/2
ee “VeN — — YA .
Veet gVon =~ T [ X2 @) Vade  (563)

Thus the contribution of the Coulomb repulsion between the electrons to
the total energy of the atom takes the form

Vee + VLN/2 7731 / 3/ dw
.64
62/87r60a0 —Z (5-64)

Total Energy The total energy is obtained by summing the three con-
tributions

E=T+4 Ven + Ve ‘ (565)
B 62 Z7/3 9_ 00 5/2 dz B e e} 3/2d_$
= [( ¢ 1) | e & - [ e ﬁ]
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The final result is

=2 { [ w@r -3 [T wore 2

; total energy of atom (5.66)

Here we have introduced the Rydberg [see Egs. (3.65) and (3.66)]

e 1
= Tnee 200 13.61eV ; Rydberg (5.67)

The result in Eq. (5.66) scales as Z7/3, and one can write
E =—CrrZ™3 (5.68)

Now Ctr is a universal constant for all atoms calculated from the solution
to the Thomas-Fermi Eq. (5.52).

We observe that in this approach to the structure of the many-electron
atom, the total energy is written as a functional of the electron density!!

E = / F(n)d3r ; density functional
F(n) = con®3[1 + a1 Vo(r)n™?3 +...] ; Thomas-Fermi  (5.69)

One can consider the first equation to be an exact one, and develop from it a
density-functional theory for a wide variety of many-electron systems [Kohn
(1999)]. Thomas-Fermi gives the first two terms in the high-density expan-
sion in the second line. There will be additional terms in this expansion.
For example, one may have a (dimensionless) term (1/n)(k/mc)(dn/dr)
which would become important either at low density or where there is a
rapid spatial variation of n(r). Clearly, considering the electron system to
be a local, degenerate Fermi gas, as one does in T-F theory, will be in error
at vanishingly small electron density.

5.4.3 Numerical Results

The Thomas-Fermi Eq. (5.52) can be integrated numerically by starting
at the origin where x(0) = 1 and choosing a slope x’(0). One then just
steps out in z, and readjusts x’(0) until a solution is found that decreases

LA functional is a function of a function.
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to zero for large x. Numerical results obtained using Mathcadll and the
Runge-Kutta algorithm are shown in Fig. 5.11.12

SOLUTION TO THOMAS-FERMI EQUATION

1.0 —
=
=< 0.87 -
[ -
S
€ 06 -
[T
E
L 0.4 -
A
(0]
S
[@]
= 021 -
0.0 T T T T T T T T

01 2 3 4 5 6 7 8 9 10 11 12
Distance x

Fig. 5.11 Numerical solution to the Thomas-Fermi Eq. (5.52) plotted out to z = 12.

The result for Ctr in Egs. (5.68) and (5.66) is then obtained from
numerical integration of the solution x(x). We find

Crr = 20.9eV (5.70)

A comparison of the expression in Eq. (5.68), and this value of C'tr, with
some empirical values of the total binding energy of atoms is presented in
Table 5.1.

We make several comments:

e The quantity x(z) in Fig. 5.11 is a universal function of z for all atoms.
Since z = Z1/3r /bay, this implies that the radius of the electron density

1214 is easiest to start at a very small, but finite . The calculation shown in Fig. 5.11
starts from [x(zo), X' (z0)] = [1 + zox'(z0), —1.568 - - -] with zo = 1 X 10~%. The contri-
bution to Ctg from foam dz was obtained analytically, and the rest of the integral done
numerically out to x = 19.5, where the remainder is estimated to contribute < 1%.
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in Eqgs. (5.54) decreases as one goes to higher and higher Z — the
neutral atoms get smaller;

Table 5.1 Total Binding Energy of Atoms.

Atom? - ngp - Eexp /Z /3 Crtr
20Ca 1.851 x 10%eV 17.0eV 20.9eV
26Fe 3.463 x 10%eV 17.3eV 20.9eV
82Pb | (5.538 x 105 eV)¢ (19.0) eV 20.9eV

¢ The left subscript on the chemical symbol is Z.

® From [Carlson, et al. (1970)].

¢ The experimental value is only measured through Fe. This
number is from a self-consistent Hartree-Fock calculation.

e The total binding energy of the atom given in Table 5.1 has only been
measured experimentally through s¢Fe. The value for g3Pb is from a
self-consistent Hartree-Fock calculation, which agrees with the experi-
mental data in the region of overlap;

The total binding energy in g2Pb is greater than the rest energy mec
of an electron!

The Thomas-Fermi calculation gives too much binding energy, but
comes remarkably close for such a simple approach to a complex many-
body system,;

Note that the calculation of V.. incorrectly includes the self-interaction
of each electron. One expects this to introduce an error of O(1/7), and,
indeed, the agreement with the Thomas-Fermi calculation improves as
Z increases;

The solution to the Thomas-Fermi equation in Fig. 5.11 is unrealistic
at large z. In fact, a decaying analytic solution to the Thomas-Fermi
Eq. (5.52) exists

2

x(z) — li?jl ; T — 00 (6.71)
x
Such a power-law drop off is inconsistent with the exponential fall-off of
the bound single-electron wave functions. It has already been pointed
out that Thomas-Fermi can be expected to fail at low electron density.
A more realistic treatment of the electron density is obtained through
the Hartree approximation, which is examined in the next section;

e Numerical integration of Thomas-Fermi theory was used by [Feynman,
Metropolis, and Teller (1949)] to obtain an equation of state of atomic
matter at high density. This work is remarkable in that it presents one
of the first published applications of modern computers to physics.
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5.5 Periodic System of the Elements

We next turn to the study of the properties of many-electron atoms, which
is the study of the properties of the elements.

5.5.1 Shielded Coulomb Potential

Start with the nuclear Coulomb potential

Ze?
dmegr

edo(r) = Veo(r) = — ; nuclear Coulomb potential  (5.72)
For orientation, the classical newtonian orbits in this potential are sketched
in Fig. 4.28, and the quantum mechanical spectrum in Fig. 4.29. Now as
we have just learned, the presence of the electrons in the many-electron
atom shields this potential as one moves out away from the nucleus. In the
Thomas-Fermi model, the average potential is given by

2
ed = — 4isorx(x) ; Thomas-Fermi potential
Z1/3
= 7
T ( ba )r (5.73)

The Thomas-Fermi shielding function x(z) is shown in Fig. 5.11.13 At
the nucleus, one sees the full nuclear Coulomb potential in Eq. (5.72), and
it is then reduced by electron screening as one moves away from the nu-
cleus. The situation is illustrated in Fig. 5.12. To examine the single-

>r

e

vC €p)

Fig. 5.12 Comparison of point nuclear Coulomb potential Vo(r) = —Ze2/4meor with
the shielded Thomas-Fermi potential e® = —(Ze?/4meor)x(x). Here the single-particle
states in the potential e® are filled up to the level F.

13The unshielded potential is x(z) = 1.



Atomic Physics 137

particle structure of atoms, one can now imagine solving the single-particle
Schrodinger equation numerically in the average potential e®. One can
then invoke the Pauli exclusion principle and fill these single-particle levels
to some Fermi level F.

5.5.2 Hartree Approximation

An improved approach to the single-particle structure of atoms is provided
by the Hartree approzimation [Hartree (1928)]. This is still a mean-field
theory. Here one assumes a set of occupied orbitals, and an electron then
moves in the average field created by all the other particles. The Coulomb
potential in the Hartree approximation thus takes the form

z 2 2 /
ePy = — ¢ + € / n(r’) d3r’ ; Hartree potential
dmegr  4dmeg J |r—r/|
F
n(r) =Y |¢a(r)? (5.74)

We assume closed shells in the sense that all the m; states for a given [ are
occupied. In this case one can use the relation [Edmonds (1974)]

m=l

21 +1
> Ym0, 9)* = = — (5.75)
m=-—I

Closed shells give a spherically symmetric density distribution. We will
thus assume that n(r), and hence e®y(r), are independent of angle.
One can now solve the single-particle Schrodinger equation in this
Hartree potential
h2

_2—7;):V2 + e@u(r) | da(r) : EaPa(r) (5.76)

This presents a non-linear, self-consistent field problem. One does not know
the Hartree potential until one knows the single-particle wave functions, and
one does not know the single-particle wave functions until one knows the
Hartree potential. Fortunately, the problem converges well upon iteration.
One can, for example, start with the Thomas-Fermi potential and then
proceed to modify it upon each iteration.!4

14The Hartree approximation, as presented here, again incorrectly includes the self-
interaction of each electron. This will again introduce an error of O(1/Z) in the total
binding energy. The self-interaction is absent in the improved Hartree-Fock approxima-
tion (see Probs. H.3-H.7).
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5.5.3 Structure of the Single-Particle Levels

The good quantum numbers for a single particle in a spherically symmetric,
central potential are

{7, l,my; s,ms} ; good quantum numbers (56.77)

We have seen that the level spectrum in the pure Coulomb potential of

Eq.

Fig.

(5.72) is that of Fig. 5.13.

4s 4p 4d —— 4f
— 3s 3p 3d
2s —2p
1s

5.13 Low-lying single-particle spectrum in the pure Coulomb potential of

Eq. (5.72).

This is the “hydrogen-like” spectrum. Consider what happens to this

spectrum as one goes over to the potential e®(r) illustrated in Fig. 5.12. We
can say quite a bit without actually carrying out the numerical calculation:

The wave functions that get in close to the origin will still feel the
very strong, unshielded Coulomb potential. These are the “penetrating
orbits”;

The highest-I states for each 7 are the circular orbits. They remain as
far away from the nucleus as possible for all time;

The classical orbits in a 1/r potential are sketched in Fig. 4.28. They
provide insight into the quantum situation through the correspondence
principle. In the newtonian case, the center of force is at one focus of the
ellipse, and there is a degeneracy reflected in the quantum degeneracy;
the energy E = —Ze?/8mepa depends only on the semi-major axis a of
the ellipse;

Thus the penetrating orbits for each 7 are those of minimum [, and the
circular orbits are those of mazimum [;

For each degenerate multiplet of given 7 in Fig. 5.13, therefore, the state
with minimum [, that is the s-states (I = 0), will be the most tightly
bound, and the p-states (I = 1) will come next. The circular orbits
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with | = i — 1 will be raised the most by the shielding, and just where
they lie with respect to the penetrating orbits of the next multiplet
with 72 4 1 will depend on the detailed structure of the potential e®;
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Fig. 5.14 Experimental term diagram for 1;Na (from [Kuhn (1969)]). This basically
reflects the single-particle level structure of the last valence electron in the spherically
symmetric 11Nat core with electron configuration (1s)2(2s)2(2p)®. The left-hand scale
is in eV, and the notation at the top is 2°+1L; where (S, L, J) are values for the atom.
Note the location of the single-particle levels. Note also the fine structure exhibited on
the bright yellow “sodium D-lines” involving transitions from the 3p state.

e We note from Fig. 4.28 that the penetrating orbits are also those that
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get the farthest away from the nucleus for each n!'®

The experimental term diagram for sodium ;;Na, which reflects the
single-particle level structure of the last valence electron in a spherically
symmetric 1;Na% core, is shown in Fig. 5.14 (from [Kuhn (1969)]). Notice
how all of the features of the previous discussion are manifest here.!®

The Pauli principle implies that the maximum number of electrons that
can be put into each level of given [ is (2 + 1) for the available m; values,
times 2 for the possible values of mg

max number of electrons in l-shell = 2(2[ + 1) (5.78)

A simple means for remembering how the single-particle states are ac-
tually filled in atoms is presented in Fig. 5.15.

inert gas
oHe éKjE?////

]ONe S 2p6
]BAI'
Bd)
Kr
% 6a)
54%Xe
86R0

Fig. 5.15 A simple way to remember how the single-particle states are filled in atoms.
Start at the top and follow the arrows down. The notation for the levels here is (7)™
where n is the number of electrons that can be accommodated. The locations of the
inert gases, identified on the left, are underlined. The electron configuration in 35Br, for
example, is (15)2(25)2(2p)%(3s5)2(3p)®(45)2(3d)1°(4p)®. In some cases, the (5d, 6d) may
be filled before the (4f,5f).

The radial charge density calculated by Hartree for 3;Rb', with an
electron configuration (1s)?(2s)%(2p)%(3s)2(3p)%(4s)2(3d)1°(4p)®, is shown

15These correspond to the orbits of the comets in the solar system, while the planets
occupy the (essentially) circular orbits.
16 Atomic data throughout the periodic table can be found in [NIST (2007)].
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in Fig. 5.16. Note the change in scale as a function of r/ag, and how it
is the 4p and 4s wave functions that extend out the farthest in the atom.
Note also the oscillations in the density about a smooth (Thomas-Fermi)
value.

Fig. 5.16 Radial charge density of 37Rb™ (D. R. Hartree, ref 8). Note the change of
scale as a function of r/ap, and how it is the 4p and 4s wave functions that extend
out the farthest in the atom. Note also the oscillations in the density about a smooth
(Thomas-Fermi) value. What is plotted here, in our previous notation, is 4mwr2n(r).
From [Kuhn (1969)].

5.5.4 Chemical Properties of the Elements

The level spectrum in the potential e® in Fig. 5.12, which reflects that
obtained in the Hartree approximation, is sketched in Fig. 5.17. We observe
the following:

e Particularly stable are the spherically symmetric atoms with closed s-
and p-shells at

Z = 2,10, 18, 36, 54, 86 ; inert gases (5.79)

These form the inert gases. They are chemically inactive;
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e With one additional valence s-electron and an inert-gas core, that elec-
tron is only loosely bound and its wave function extends far out from
the atom. These elements are very chemically reactive and are electron
donors. They are known as the alkali metals;

total # of
electrons
alkalis halogens inert gas
Ra
8 - ———====-=- gsAt 86
b5 55C3 6p—$ 5d—— 4f fare
B ——— o . 53| earths 54)(9
5 _¢ transiti
5s ‘in P 4d er;?ries'; Kr
36 —m e m - - 358" 36
4 —@ transition
18 4s 19 P 3delemen’rs 18AT
““““““ Cl
Na 3p 7
0 35— P Ne
__________ E
9
$ i 2P
2 - _2_S _______ oHe

Fig. 5.17 Principal features of the single-particle structure of atoms.

e With one vacancy, or “hole”, in the p-shell in an inert-gas atom, adding
an additional electron leads to a particularly stable configuration, and
the wave function for the state to be occupied again extends far from the
atom. These elements can readily accept electrons. They are chemically
reactive and are electron receptors. They are known as the halogens;

e The chemical properties of the remaining elements are governed by
those electrons that extend the farthest out from the atomic core. These
are the s and p electrons;

e When one is filling the highest [ shells for each 7 (the “inner shells”),
one is adding electrons to the circular orbits, which changes only the
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shielding of the nuclear core and has very little effect on the chemical
properties. Thus one has the transition elements when the 3d, 4d, and
5d shells are being filled, and the rare earths when the 4 f shell is being
filled.

The “standard periodic table” of the elements obtained by systematically
filling the single-particle states is presented in Fig. 5.18.

The behavior of electrons between atoms leads to the three basic types
of chemical bonds:

e Electrons can be transferred between atoms. This leads to positively
and negatively charged remaining atomic cores held together by elec-
trostatic attraction, and produces an ionic bond. This transfer is most
readily carried out between a reactive alkali (e.g. Na) and reactive halo-
gen (e.g. Cl) leading to a very stable ionic solid (e.g. NaCl, or salt);

e Electrons can be shared between atoms. Here a wave function formed
from the long-range s and p electron wave functions samples the elec-
trostatic attraction of both nuclei, and, in favorable cases, this can lead
to stable systems. Since the p-states with m; = 0, +1 are directional,
one can get complex stereo configurations (e.g. carbon compounds).
This is the basis of organic chemistry;

e A hydrogen ion Ht is really an entirely different beast, since it is ac-
tually just a tiny proton. The negative electrons can share this charge,
leading to systems with hydrogen bonds.
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Fig. 5.18 Standard periodic table of the elements from [Wikipedia (2007)]. Go to the
website and click on an element. This brings out a wealth of information about each
one (e.g. 9 pages of detail for sodium). There are several good, alternative websites with

similar configurations.



Chapter 6

Nuclear Physics

We turn to the topic of nuclear physics.! There are three primary forces
manifest in nature (in addition to gravity): strong, electromagnetic, and
weak. They differ in their strength by several orders of magnitude.? The
structure of atoms is governed by the electromagnetic interaction. The
behavior of nuclei is governed by the strong interaction. We start the dis-
cussion with the definition of a baryon.

6.1 Baryons

To the best of our knowledge, baryon number is an exactly conserved quan-
tity, just like electric charge. The nucleons, protons and neutrons, are
baryons with baryon number B = +1.

B = 1. Consider the system with B = 1. For the present purposes,
this is a single nucleon — proton or neutron. The neutron is just slightly
heavier than the proton, and the measured mass of these particles is

mpc? = 939.6 MeV ; neutron
myc® = 938.3 MeV ; proton (6.1)

Each of these particles has an intrinsic angular momentum, or spin, of
J=1/2.

They can also be assigned an intrinsic parity of m = +1. Parity rep-
resents the behavior of the wave function under spatial reflection. If we
return to our discussion of quantum mechanics in one dimension, then if

1See [Wong (1999); Preston and Bhaduri (1982); Walecka (2004)].

2We shall later become more quantitative here. A major achievement in modern
physics is the unification, through the “standard model”, of the electroweak interactions
— see later.
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the potential is even under spatial reflections with V(—xz) = V(z), the
wave function must be either even or odd under these reflections. This was
explictly illustrated in the case of the simple harmonic oscillator, where
the wave functions alternate in parity as the energy increases (Fig. 6.1). If
we denote the intrinsic parity with a superscript, then the nucleons have
JT = %+. Parity is conserved in the strong interactions (see Prob. 6.5).

B(\ /% Tt =+1 even

N

S T =-1 odd

Fig. 6.1 Behavior under spatial reflection, the parity, of the eigenstates of the one-
dimensional simple harmonic oscillator.

We can thus make an energy-level diagram for the nucleon, and this is
shown in Fig. 6.2. Here Z denotes the electric charge, an exactly conserved
quantity in all interactions.

MeV/\ B=1
1000 |-
o yr_217
900 n P 2

Fig. 6.2 Energy level diagram for the nucleon, a baryon with B = +1. Here Z denotes
the electric charge.
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6.2 B-decay

Nucleons can undergo (3-decay through the weak interaction, with the emis-
sion of an electron and a neutrino. The basic 3-decay process is

n—opte + 7 ; B~ -decay (6.2)

where 7, is, more specifically, an electron antineutrino (see later). The
neutrino is an essentially massless, spin-1/2 particle, which interacts only
very weakly with matter. The neutrino was originally introduced by Pauli
to explain the apparent lack of energy conservation in the 8-decay process.
The neutron is sufficiently heavier than the hydrogen atom that the process
in Eq. (6.2) can proceed for a free neutron. We denote this process on an
energy level diagram as illustrated in Fig. 6.3.

T

n P
Fig. 6.3 Illustration on the energy-level diagram of the 8-decay process for a neutron.

There are additional B-decay processes that can take place in nuclei
when allowed by the atomic masses involved. They are

p—n+et +v, : Bt-decay

e”+p—n+uve ; electron capture (6.3)
Here et is a positron, the antiparticle of the electron, and v, is an electron
neutrino.

6.3 Mean Life

Suppose one has a sample of N independent decaying systems. The number
of decays dN in the time dt will be proportional to the number of systems
present, and can be written as

dN = —wNdt ;w = decay rate (6.4)
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Here w is the constant decay rate. This equation can be rearranged to read
dN

This relation can be integrated, with the initial condition N = Ny at t =0,
to give
N
In{ — ) =- .
n ( N()) wt (6.6)
Hence

N = Nye~ %t = Noe~¥/"
1

T=— ; mean life (6.7)
w

Here 7 is the mean life of a system.
The half-life is defined as the time it takes for the number of systems to
be reduced to 1/2 of the original number, so that

N 1 —wt
_— = = = /2 .
No 2°° (6.:8)
Therefore
1 t
ln§ = —wt1/2 = ——1743
tij2=7In2 ; half-life (6.9)

The free neutron decays with a mean life of [Particle Data Group (2006)]

Tn = 885.7sec ; neutron mean life (6.10)

6.4 Deuteron

The nuclear system of two baryons has one bound state, the deuteron, com-
posed of a proton and a neutron (pn). Two protons (p)2, or two neutrons
(n)2, by themselves are unbound. The quantum numbers of the deuteron
are

JT=1% ; deuteron (6.11)

The level spectrum for B = 2 is shown in Fig. 6.4. Here and henceforth
we use the following notation for a nucleus

2H = Z[chemical symbol] ; notation for nucleus (6.12)
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The nucleon number A of a nucleus is the sum of the number of protons
(Z) and neutrons (V) of which it is composed. The nucleon number is here
identical to the baryon number, and we shall use the terms interchangeably.

A=B=N+1Z ; nucleon number (6.13)
Note that

e Energies in atoms are O(eV);
e Energies in nuclei are O(MeV) = O(10°eV).

This is reflection of the difference in strength of the strong and electromag-
netic interactions.

E
MeVv

-2.224 -

I 1 1 > 7

Fig. 6.4 Nuclear level diagram for B = 2 (atomic masses—see later). There is one
bound state, the deuteron %H, with J™ = 11 and a binding energy of 2.224 MeV.

In quantum mechanics, just as in classical mechanics, the two-body
problem in a potential that depends only on the relative coordinate V(r) =
V(Jrz — r1]) can always be reduced to a one-body problem in the relative
coordinate in the center-of-mass system, provided one uses the reduced mass
 defined by

1 1 1
-—=—+ — ; reduced mass (6.14)
11 mi ma
For the one-body problem in spherical coordinates in quantum mechan-
ics, we know from Eqs. (4.141) and (4.142) that the solution to the time-

3See Prob. 6.1. Here the center-of-mass moves freely.
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independent Schrédinger equation takes the form

9(r,0,6) = “2%,..(0,0) (6.15)

where
dzu(r)
dr?

ll+1
{ [E—-V(r)] — ( 3 )}u(r) =0 (6.16)
For s-waves with [ = 0, this equation reduces to

d?u(r
= (2 ) + ﬁ[E V(r)]u(r) =0 ; s-waves (6.17)

The proper boundary condition for s-waves at the origin is, from
Eq. (4.144),

u(0) =0 ; B. C. at origin  (6.18)

The origin acts as a “wall” in the one-dimensional radial equation in spher-
ical coordinates, since u(r)/r — constant/r is too singular as r — 0
(Prob. 4.27).

We may look for bound-state solutions to Eq. (6.17) with £ <0

E = —|E| ; bound state (6.19)

In this case Eq. (6.17) becomes

2
2
‘ d":,(;) LU+ V()] u(r) =0 ; bound state  (6.20)
Let us assume a very simple attractive square-well potential
V(r)=-V ; T<R
=0 ;1> R (6.21)

The energy will always lie above —Vj (or, equivalently, Vo — |E| > 0) since
there will always be some additional, positive kinetic energy in the problem.
In this case, the solutions to Eq. (6.20) inside and outside of the potential
are easily written down (see Fig. 6.5)

2
= Asinkr + Bcoskr P k2= h_g(%_lEl)
2
ury = Ce™ " + De" 72 = h—§|E| (6.22)

Here (A, B,C, D) are constants to be determined.
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Fig. 6.5 S-wave bound-state wave function u(r) in the attractive square-well potential
of Eq. (6.21) plotted relative to the dashed axis. The solutions in regions I (r < R) and
II (r > R) are given by Egs. (6.22) matched to boundary conditions (1)—(3).

We may now impose boundary conditions on the general solution in
Eq. (6.22):

(1) The condition u(0) = 0 implies B = 0;
(2) The condition of normalizability implies D = 0.

(3) The wave function and its derivative (u,u’) must be continuous at r =
R4

Boundary conditions (3) can now be imposed in a manner that avoids
knowledge of the constants (A, C) by matching the logarithmic derivative
atr=R

/ /
o QR 1 r=R (6.23)
ur urr

This leads to the relation
kcot kR = —y ; eigenvalue eqn (6.24)

This is an eigenvalue equation for the energy. For only certain values of |E|
will it be possible to match a solution that vanishes at the origin to one
that decreases exponentially as r — oo.

Suppose there is just one bound state with vanishingly small binding
energy, so that |E| — 0.5 The solution to the eigenvalue Eq. (6.24) for
v — 0 is then

™

KR = 5 ; bound state with |E| =0 (6.25)

4Compare Prob. 6.7.
5This is to be contrasted to the situation in a Coulomb potential where there will
always be an infinite number of bound states!



152 Introduction to Modern Physics: Theoretical Foundations

This says that there should be just 1/4 wavelength inside the potential.
With the aid of the definition of k in Egs. (6.22), Eq. (6.25) can be rear-
ranged to read

VoR? = (6.26)

For two equal-mass particles, each of mass m, one has u = m/2. Equation
(6.26) then becomes

R272
4dm

VoR? = ; || = 0 bound state

p=m/2 (6.27)
This is an extremely useful relation that fixes the combination VoR2 of
depth and range for an attractive square-well potential that has just one

bound state at zero energy.®
Let us put in some numbers. Introduce the unit of a “Fermi” where

1Fermi=1F=10"8¥cm =10"1%m (6.28)

Now assume that R = 2F, which is a typical nuclear distance scale (see
later). Equation (6.27) then gives”

Vo = 25.5MeV . R=2F (6.29)

This gives a typical depth for the N-N potential.
We make several comments on these results:

e We shall use the following general labeling of the wave function

Yt (r) = “"jf” Yim (6, 4) (6.30)

Here n is the number of nodes in the radial wave function un(r), includ-
ing the origin and excluding the point at infinity. Thus the bound-state
in Egs. (6.22)-(6.24) will be denoted by

U10 (’I’)

Y100(r) = Yoo (6.31)

Let us then examine the behavior of this bound-state wave function
u10(r) as the binding energy goes to zero (Fig. 6.6).

6The deuteron has only one bound state, and the binding energy is not very large on
the nuclear scale [see Eq. (6.29)].

"Two convenient numbers to remember in nuclear physics are ic = 197.3 MeV-F, and
h?/2mp = 20.7 MeV-F2,
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0
-1El

_VO

Fig. 6.6 Bound state as |E| — 0 in potential in Fig. 6.5.

e The probability density is given by the square of the wave function in
Eq. (6.31), so that®

9100 (r)|24mr?dr = |uio(r)|*dr (6.32)

It is clear from Fig. 6.6 that as |E| — 0, the particle spends most of
its time outside of the potential, a region where it is forbidden to be
classically [see Eq. (4.96)] — this is pure quantum mechanics;

e Most of the normalization integral will now come from region II in
Fig. 6.6, and as |E| — 0, all of it will come from this region. Thus we
can compute the normalization of the wave function in Eq. (6.22) in
this limit as

2 -2 2 1
—dr = |Cl*— =1
/|C|e r ||2’)’

0
=  C=+2 (6.33)

where we have chosen to make C real. Hence in this limit, the radial
wave function of the bound-state takes the form

uio(r) = 4/2ye™ " ; |[E| —0 (6.34)

and this result holds almost everywhere;
e Now note that the size of the probability distribution in Eq. (6.32) has
nothing to do with the range of the potential R, but only depends on the

binding energy through v = (2u|E|/ h2)1/2!

8Recall Ypo = 1/V/4m.
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The parity of the wave function is the behavior under spatial reflection,
where (see Fig. 4.26)

r—oT e ; @ — ¢+ 2m (6.35)

The spherical harmonics behave the following way under spatial reflec-
tion [Edmonds (1974)]

Yim(m — 0,6 + 21) = (—1)lYlm(9a ) (6.36)
The behavior of the wave function in Eq. (6.30) is therefore
Ynim(—T) = (—1)"%Pnim(r) ; parity (6.37)

Thus the wave function in Eq. (6.31) has positive parity, in accord with
that of the deuteron;

The wave function in Eq. (6.31) has angular momentum zero, so where
does the angular momentum of the deuteron come from? Each of the
nucleons composing it has spin 1/2. These spins must therefore add to
give unit total angular momentum

S=s,+s, ;S22 =85(S+1)
S=1 (6.38)

We refer to S =1 as the triplet state, while S = 0 is the singlet state;

In this fashion, we have an understanding of the spatial structure and

quantum numbers of the ground state of the simplest nucleus 2H, the
deuteron.

6.5 Atomic Masses

Atomic masses are tabulated and readily available to the reader [Lawrence
Berkeley Laboratory (2003)]. We make some comments concerning these
tables:

What are tabulated are atomic masses. These include the masses of
the electrons of the neutral atom, as well as the atomic binding energy;
Atomic masses are measured in atomic mass units, where the mass of
the 12C atom is defined to be 12u

Mc?[*2C) = 12u ; U= 931.494 MeV (6.39)
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e A most useful quantity is the mass ezcess defined for a nucleus of given
(A, Z) and atomic mass M by

M 2
A= [ uc — A] u ; INass excess (6.40)

Measurements of A then ultimately involve measurements of mass ra-
tios to 12C. Values of A are tabulated in KeV;
e The total energy of a massive, non-relativistic particle is®

2
E;, = m;c® + P (6.41)
Zmi

Energy conservation in the reaction i — f then states that

Z E;, = Z E; . energy conservation  (6.42)
i f

e The Q-value of a nuclear reaction is defined by

Q= z:mfc2 - Zmicz
f i
=Af— A (6.43)

The second line follows from the fact that baryon number is conserved
in any reaction.

— A reaction is exothermic if the Q-value is negative. It will proceed
with a release of kinetic energy;

— A reaction will be endothermic if the Q-value is positive. It will
require an input of kinetic energy to proceed.

Values of A for the nucleons and lightest nuclei are given in Table 6.1.

Table 6.1 Atomic mass excess A = [Mc?/u — AJu in MeV.*

Atom Tn TH ’H SH SHe 4He SHe 6L

A(MeV)? | 8.071 | 7.289 | 13.136 | 14.950 | 14.931 | 2.425 | 17.594 14.086

% Note Mc2{!?C] = 12u, and u = 931.494 MeV.
Remember atomic masses include the electrons in the neutral atom and atomic binding.
b From [Lawrence Berkeley Laboratory (2003)].

9Here we invoke Einstein’s celebrated relation between mass and energy (see later).
The energy of a massless photon is given by E; = p;c [see Eq. (3.50)].
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6.6 Light Nuclei

We can make use of this table to calculate the binding energy of the lightest

nuclear systems!®
A(*n) + A(*H) — A(CH) = 2.224 MeV ; B. E. of 2H
A(CH) + A(*n) — ACH) = 6.257 MeV : B. E. of 3H
ACH) + A('p) — A(*He) = 19.814 MeV ; B. E.of 5He (6.44)

The difference in ground-state energy of some isobars (nuclei with the same
number of baryons) follows from Table 6.1 according to

A(PH) — A(3He) = 0.019 Mev ; Mc?[*H] — Mc?[*He]
A(°He) — A(5Li) = 3.508 Mev ; Mc*[%He] — Mc?[°Li] (6.45)

Remember that these are atomic masses.

E(MeV)
N\
oL
_6.26L B~ 1t
-6.28 >
3 3
]H 2He

Fig. 6.7 Energy level diagram for B = 3 (atomic masses). There are no bound excited
states in either 3H (the heavier nucleus) or 3He. Both (n)? and (p)3 are unbound.

B = 3. The energy level diagram for the B = 3 system is shown in
Fig. (6.7). The ground-state binding energies are calculated above. Neither
$H nor 3He has a bound excited state. Tritium (3H) is sufficiently heavier
than 3He that the following nuclear B-decay process takes place

H — 3He +e™ + 7 (6.46)

10This is the minimum energy required to cause a given nucleus to disintegrate.
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E(MeV)
N

-19.81 — ot

Fig. 6.8 Energy level diagram for B = 4 (atomic masses). There is only one stable
system, gHe, and it has no bound excited states.

B = 4. The energy level diagram for B = 4 is shown in Fig. 6.8. There
is only one stable nucleus for this system, 3He (whose ionized form is the
alpha particle), and $He has no bound excited states.

We make some additional comments on the lightest nuclei:

e The system B = 5 is unbound;
e There are only five stable nuclei up through B = 6, and they arell

1H, 2H, 3He, 3He, 3Li ; stable nuclei B < 6 (6.47)

e The nucleus §Li is the first one to have bound excited states;
e The primary nuclear reaction for energy generation in the sun is

p+p—2H+et +re (6.48)

6.7 Semi-Empirical Mass Formula

The goal of the semi-empirical mass formula is to provide a concise de-
scription of nuclear binding energies throughout the periodic table. In this
approach, due to Weizsicker (1935), a nucleus composed of B baryons is
viewed as an incompressible, uniformly-charged liquid drop with a radius R
and total charge Ze, (Fig. 6.9).

1174 the best of our knowledge, isolated protons and electrons are absolutely stable.
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Fig. 6.9 Nucleus of B baryons viewed as a uniformly charged liquid drop with radius
R and total charge Ze,.

One can then identify several contributions to the energy:

6.7.1 Bulk Properties
Since the drop is incompressible, its radius must grow as B1/3
R =roB/3 ; To = constant (6.49)

Here rp is a constant that characterizes the equivalent uniform mass distri-
bution of a nucleus. It follows from Eq. (6.49) that the volume of the drop
grows with B, as required

=_—R3= (—ro) B (6.50)

Just as with the ordinary condensation energy of a drop, there will be one
term in the energy of the bound system proportional to the total number
of baryons (and hence to the volume)

Ey = —a,B ; bulk energy (6.51)

Equations (6.49) and (6.51) describe the bulk properties of nuclear matter.

6.7.2 Surface Energy

Again, as with an ordinary drop, surface tension produces a positive surface
energy proportional to the surface area of the drop [recall Fig. 4.20 and
Eq. (4.103)]

E, = +4noR? = (4nr?)B%/3
= +ayB%/3 ; surface energy (6.52)

Here o is the surface tension.
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6.7.3 Coulomb Energy

In this picture, there are Z(Z — 1)/2 pairs of protons distributed uniformly
over a sphere of radius R. A simple calculation in electrostatics (Prob. 6.9)
then provides the repulsive Coulomb Energy in the drop

6 e 1 3 e Z(Z-1)
= — ~Z2(Z-1)= =

E. 547r80R2( ) 5 dmegro.  B1/3

Z2

B1/3

= +ag ; Coulomb energy (6.53)

Here rg. describes the equivalent uniform charge distribution of the nucleus;
it may, or may not, be identical to rg.
Two specific nuclear effects are now included:

6.7.4 Symmetry Energy

It is observed that nuclei like to have equal numbers of neutrons and protons
so that N = Z. A symmetry energy is then included in the semi-empirical
mass formula. A quadratic approximation is made so that the symmetry
energy goes as [(N—Z)/(N+Z))? = (B—2Z)?/B?, and the bulk property of
nuclear matter is then invoked so that the whole term is again proportional
to B (compare Prob. 6.17)

B-—2Z\2
=0 (252

B —27)?
W2

; symmetry energy (6.54)

6.7.5 Pairing Energy

It is observed that nuclei prefer to have even numbers of like particles,
protons or neutrons. The isobaric mass surfaces for even B and even-even
and odd-odd (N, Z), as well as for odd B, are observed to have the structure
illustrated in Fig. 6.10.

There are a few empirical facts of special interest here:

e There are only four stable odd-odd nuclei in nature
2y, SL4, 9B, 17N ; stable odd-odd nuclei (6.55)

e There is only one stable odd-B isobar;
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e For even B, there may be two or more stable nuclei with even Z and
even N

These features are readily understood on the basis of the energy surfaces
in Fig. 6.10 and the following theorem (Prob. 6.6)

Of two nuclei with given B, and Z differing by one, at least one is
unstable under the 3-decay interactions in Egs. (6.2)-(6.3).

E [ 0Odd A £t Even A4
A A
odd-odd
e.c.
B~ /\B~ [B+
e.c.
B+
even-even
] | ] I L, L 1 | I | EN
zZ zZ

Fig. 6.10 Observed behavior of isobaric mass surfaces for even B and even-even and
odd-odd (N, Z), as well as for odd B; here A = B. The possible 8% decay and electron
capture (e.c.) processes are indicated.

To describe the energy surfaces in Fig. 6.10, one adds a pairing energy
to the mass formula

as

E, = +)\B3/4 sA=+1 ; odd-odd
=0 ; odd-even
= -1 ; even-even (6.56)

The factor of B—3/4 is empirical.

6.7.6 Empirical Fit

A combination of the above expressions yields the semi-empirical mass
formula
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Z? (B —22)? e L
tog—pm—— + a5 p374

—_— 2/3
E(B,Z) = —a;B+ a2B +a3Bl/3 B

(6.57)

This now provides an explicit expression for the ground-state energy of a
nucleus with (B, Z), relative to that of B isolated nucleons.

Tabulations of atomic mass excesses A(B, Z) determine total atomic
masses. The difference from the sum of the constituent neutron, proton,
and electron masses determines total atomic binding energies. These arise
from both the nuclear and electron binding energies, with the latter being
negligible on the current scale. A fit to measured nuclear binding energies
then determines the parameters in the semi-empirical mass formula. One
fit by Green is shown in Table 6.2 [Green (1954)].

Table 6.2 One Fit by Green to Observed Nuclear
Ground-State Energies [Green (1954)].

Coeflicient a1 a2 as aq as
Fit(MeV) 15.75 | 17.8 | 0.710 | 23.7 | 34

We make a few observations:

e The semi-empirical mass formula provides a remarkably good fit to the
binding energy of observed nuclei throughout the periodic table;

e The repulsive Coulomb energy grows as Z2 and eventually limits the
value of B for which one has bound nuclei;

e The expression in Eq. (6.57) is useful for predicting when the fission of a
heavy nucleus into two lighter fragments will be an exothermic process,
and for computing the energy release in the process (see Prob. 6.11);

e It follows from Eq. (6.57) that there will be a line of stability Z(B) for
nuclei (see Prob. 6.12);

e When either (N, Z) get too far from the line of stability, nucleons will
“drip” from the nucleus . Thus a finite valley of stability exists for
nuclear systems (see [National Nuclear Data Center (2007)]);

e The empirical value of a3 allows a determination of 9. (Prob. 6.10)

Toc = 1.22F ; empirical (6.58)

This is in excellent agreement with other determinations of r¢, lending
credence to this picture of the nucleus.
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6.8 Electron Scattering

To learn more about what the nucleus actually looks like, we turn to the
topic of electron scattering [Hofstadter (1956); TINAF (2007)].12

6.8.1 Single-Slit Diffraction

Consider the single-slit diffraction pattern of Fig. 4.13 and Eq. (4.58), which
is reproduced here in Fig. 6.11.

screen

Fig. 6.11 Single-slit diffraction.

Suppose the slit has a width a and x denotes the position along the slit
measured from its center. Then the distance [ in the figure is given for
small angles by [ =~ z6. It follows that the difference in optical pathlength,
relative to the central ray, from the point x on the slit to a point at an
angle 6 on the screen is given for small angles by

2T 27
A = — = — = .
)\ [ ) z6 = kbx (6.59)

Now define the momentum transfer by (see Fig. 6.12)
q=k-¥ ; momentum transfer (6.60)

Here k = kk and k' = kk’ where (k,k’) are unit vectors normal to the
wavefront in the incident and outgoing directions, respectively. Then the

12For an introduction to electron scattering, see [Walecka (2001)].



Nuclear Physics 163

difference in optical pathlength relative to the central ray is given for small
angles by

A= qx ; difference in optical pathlength (6.61)
-)
K ->
0 g
NN
k

Fig. 6.12 Momentum transfer q = k — k’ (in units of k). Here |k’| = |k|, and for small
angles, |q| = g = k6.

Huygens’ principle in optics states that each point on a wavefront acts
as a wave source. Thus to get the wave amplitude at an angle 8 on the
screen, one simply has to add the amplitudes A dx from each little element
on the slit, with the appropriate phase.!3 Hence

a/2

Ascreen =A e'iq:c dx (662)
—a/2

This is just the Fourier transform of the aperture, and the integral is readily
done, as previously, to give

(6.63)

Ascreon = A {M]

qa/2

The expression in square brackets is known as the form factor F(q).'* The
first minimum of this expression, which can be used to characterize the
diffraction pattern, occurs at

qga =27 ; first diffraction minimum (6.64)

The square of Eq. (6.60) gives

q® = 4k? sin? -g (6.65)

13Here A is the amplitude of the incident wave, which is assumed to be uniform across
the slit.
14Here normalized to F(0) = a.
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Hence Eq. (6.64) can be rewritten as

2ka sing =27 (6.66)
No matter how small the slit-width a is, one can get this diffraction mini-
mum to appear at a small, but finite angle in the laboratory by using light
with large enough k, or equivalently, small enough wavelength. Hence, by
making use of light of known wavelength, one can make a measurement of
the width of a microscopic slit by making a measurement of a macroscopic
laboratory diffraction pattern!'®

6.8.2 Electron Scattering from a Charge Distribution

Now consider the scattering of a high-energy electron from the three-
dimensional nuclear charge distribution.

>

4

dj 2

Fig. 6.13 Coulomb scattering from a 3-D charge distribution. Here k and k’ are unit
vectors in the incident and scattered wave directions.

The difference in optical pathlength relative to the central ray from an
arbitrary small element of the charge distribution located at r is determined
from Fig. 6.13 to be

N T
A= /\(dl—l-dz)— X (k r—k I‘)
=q-r (6.67)

The electron scatters from the little element of charge p(r)d®r at each

15Compare Prob. 6.16.



Nuclear Physics 165

point, and again invoking Huygens’ principle, the amplitude on a detecting
screen is given by

Ascreen = A(a) / &7 p(r) dr (6.68)

where A(q) is the elementary scattering amplitude from a unit charge; it is
a known function.
We make several observations:

e The integral measured in Eq. (6.68) is the form factor of the charge
distribution

F(q) = / eI p(r) d3r ; form factor (6.69)

e The form factor is just the three-dimensional Fourier transform of the
charge distribution with respect to the momentum transfer q;

e It is clear from the example in Eq. (6.64), and the properties of the
Fourier transform, that one can examine arbitrarily small charge dis-
tributions with electron scattering if only the momentum transfer is
large enough;

e For a very high-energy electron with € > m.c?, its energy bears the
same relation to its wavenumber as that of a photon (see later)

€ = hkc ; relativistic electron (6.70)

Hence, the momentum transfer at a given scattering angle can be made
arbitrarily large by simply making the electron energy high enough;®

e The actual shape of the diffraction pattern depends on the spatial dis-
tribution of charge in the nucleus. In principle, through a measurement
of the scattering amplitude at all q, one has a measurement of p(r) itself
through inversion of the three-dimensional Fourier transform;

e In this fashion, through the pioneering experiments of Hofstadter and
collaborators [Hofstadter (1956)], we know what the nucleus, as small
as it is, actually looks like!

161t is ironic that the smaller the target one wants to study, the higher the energy of
the electron accelerator one requires, and the larger the spectrometer one needs to see
the diffraction pattern.
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6.8.3 Nuclear Charge Distribution

Although measured in much finer detail for many individual cases, the
systematics of the measured nuclear charge distribution throughout the pe-
riodic table can be summarized in the following fashion [Hofstadter (1956))
(see Fig. 6.14):

i 4
) t —
1.0}
09
0.5 R
01 \
¥_,
0.0 >

Fig. 6.14 Two-parameter description of systematics of the nuclear charge distribution
[Hofstadter (1956)]. Here t is the surface thickness, and R = R;/y is the half-density
radius.

(1) The central nuclear density is constant

g-po ~ constant (6.71)

Here po is the nuclear charge density at the origin.
(2) The half-density radius is given by

Ry/2 = 1.07BY3F (6.72)

(3) The distance over which the charge density falls from 90% to 10% of
its central value, the surface thickness, is given by

t~ 2.4F (6.73)

6.9 Nuclear Matter

We are now in a position to describe nuclear matter. It is approximately
the material at the center of a heavy nucleus such as 2}$Pb, and when
composed entirely of neutrons, it is the substance of neutron stars.
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e Let the electric charge e — 0 so that there are no Coulomb forces;

e Keep N = Z so there is no symmetry energy;

e Let B — oo so that surface effects are negligible with respect to bulk,
or volume, effects.

The semi-empirical mass formula of Eq. (6.57) then lets us identify the
energy/baryon in this medium

E
== —15.75MeV  ; nuclear matter (6.74)

Consider a big box of uniform nuclear matter and impose periodic

boundary conditions. To a first approximation, one has a Fermi gas, and
the baryon density in this Fermi gas follows as in Eq. (4.168)

gv  [**
(2m)3 Jo
k3

=955 ; baryon density (6.75)
s

d3k

<Iw W

The degeneracy is g = 4, since one has four distinct species (n T,n |,p T,
p |) (see Fig. 6.15)

g=4 ; nuclear matter (6.76)

nnpp

Sobe

Fig. 6.15 Degeneracy g = 4 of nuclear matter with (n T,n [,p T,p |).

We know the nuclear radius grows as B1/3, and the volume as B,

3
R = roBY/3 LV = (4’;’"0) B (6.77)
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Equations (6.75)—(6.77) can then be combined to give

s _ o
drrg — 3mw2
1/3
= kpro = (9%) (6.78)

The last relation is a very simple and powerful one. It directly relates the
radius parameter rg, or equivalently, the observed baryon density of nuclear
matter, to the Fermi wavenumber kg in this medium.

The appropriate parameter r¢ to be used here is not precisely deter-
mined, since there is a surface structure in nuclei (Fig. 6.14). One could
use the value 7o, determined from the Coulomb energy in Eq. (6.58), or
alternatively, the half-density radius parameter determined from electron
scattering in Eq. (6.72) could be used. These give the values of kr shown
in Table 6.3.

Table 6.3 Radius parameter and corresponding
Fermi wavenumber from two sources.

Coulomb Energy | Electron Scattering
To 1.22 F 1.07F
kg 1.25 F—1 142 F~1

The observed central nuclear density in
1.36 F~1.

The fact that infinite nuclear matter has a well-defined volume/baryon
and energy/baryon is known as the saturation of nuclear forces.

208Pb yields a value of kp =

6.10 Shell Model

We next turn to a discussion of the shell model of the nucleus [Mayer and
Jensen (1955)]. We have seen how the semi-empirical mass formula provides
a description of the average ground-state energies of nuclei throughout the
periodic table. If one looks at detail, there are oscillations about these
average energies. There are values of (N, Z) that exhibit special stability.
These are the “magic numbers”

(N,Z) = 2,8,20,28,50,82,126,--- ; magic numbers (6.79)
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Nuclei exhibit a shell structure similar to that we saw in chapter 5 in the
periodic system of elements. Our goal is to understand this structure.

6.10.1 A Simple Model

First recall the one-dimensional simple harmonic oscillator studied in chap-
ter 4. The energy spectrum is (see Fig. 6.16)

1
E, =hw (n + 5) ; 1-D simple harmonic oscillator

n=0,1,2, (6.80)

The parity alternates between levels; it is even if n is even, and odd if n is
odd.

S

* V 0

\
/70
N

VAo
0 >X 0 >r

(Q) (b)

Fig. 6.16 Simple models: (a) One-dimensional simple harmonic oscillator; (b) Three-
dimensional simple harmonic oscillator.

Three-Dimensional Simple Harmonic Oscillator. The potential for the
three-dimensional simple harmonic oscillator takes the form

V= %n (P +y2+28) -V = %m’z——Vo (6.81)

The problem factors into three, one-dimensional oscillators, and thus we
know all the eigenvalues and eigenfunctions. It is, equivalently, a central-
force problem with a potential V(r), and it can be solved analytically in
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spherical coordinates.!” The eigenvalue spectrum is

En=hw(nm+ny+nz+§)—%

2
_ 3
=hw<n+§>—Vo

= hw [Q(n -1 +1+ %] — Vo ; 3-D simple harmonic oscillator

n=123,
1=0,1,2,

(6.82)

The spectrum of the three-dimensional oscillator is illustrated in Fig. 6.17.

(E+Vp-3%0/2) /A
A

4
3 |-
2

1
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2s,1d

p

1s

o+

Fig. 6.17 Level structure in the three-dimensional simple harmonic oscillator, with nu-
clear physics notation.

We make several comments:

e The spacing of the levels is again hw;
One can use either (ng,ny,n;) or (n,l,m;) to characterize the states.
The latter set of quantum numbers is more convenient, since it describes

states of given angular momentum;

There is a dynamical degeneracy where all levels of given 2(n — 1) + 1

have the same energy;

There is, in addition, the usual angular momentum degeneracy for the

(21 + 1) values of my;

The parity, which goes as m = (—1)!, alternates between levels;

17These solutions can be found, for example, in [Walecka (2004)].
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e It is customary to use the nuclear physics notation and label the levels
with (n,!) where n is the number of nodes in the radial wave function
Uni(r), including the origin and excluding the point at infinity; in con-
trast, the atomic physics notation employs (7,!) where 7 = 2(n —1) +1
is again the principal quantum number.

A=2n—-1)+1 ; principal quantum number  (6.83)

6.10.2 More Realistic Model

The first step in making this model more realistic is to use an improved
single-particle potential. Hartree mean-field theory, as in chapter 5, would
employ

Va(r) = /V(|r —1'\)n(r’) d®r

F
n(r) = Y pa(r)? (6.84)

Here V(|r — r’|) is the nucleon-nucleon potential, and n(r) is the baryon
density. As in Fig. 6.15, it is assumed that the single-particle levels are
filled with (n T,n |,p T,p |) up to a Fermi level F.!® The Hartree self-
consistent field equations now read

h2
[ V24 vH<r)] bal(r) = cadalr) (6.85)

2m

There are several observations to make:

e As before, if the [-shells are filled, then n(r) will be spherically sym-
metric;

e This is a self-consistent field problem. The ¢,(r) are determined from
Vi (r), which, in turn, is not known until the ¢, (r) are found. Fortu-
nately, in applications, the results converge upon iteration;?

e The mean field will reflect the nuclear density. This implies that with
respect to the simple harmonic oscillator, the nuclear potential will be
flattened at the edge of the nucleus as indicated in Fig. 6.18.

18 Alternatively, one may have separate Fermi levels for the neutrons and protons.

19An improvement here is to use the Hartree-Fock equations of Prob. H.3, which
correctly incorporate the Pauli principle for the nucleons. The equations are more com-
plicated; however, they also converge upon iteration in most cases.
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Fig. 6.18 The nuclear mean-field potential reflects the nuclear density, which implies a
flattening of the oscillator potential at the edge of the nucleus.

e What happens to the oscillator spectrum when the potential is flattened
as in Fig. 6.18? The states with the highest [ for each 72 (the “circular
orbits”) spend most of the time farthest away from the origin. Thus
these orbits will be lowered the most in energy. One will see a shift in
levels corresponding to that in Fig. 6.19;%°

4 —— —

Th——— 1f

2s

T— 1d

20 —

8 "'*_‘p
2 —‘—*—ls

Total #(N.2)

Fig. 6.19 Shift in the first few single-particle levels corresponding to the flattening of
the oscillator potential at the edge of the nucleus in Fig. 6.18. See the L.h.s. of Fig. 6.23
for the extension of this figure to the higher oscillator shells.

e If one fills the I-states, then the total number of neutrons or protons
that can be put into such a level is

number of like nucleons (N, Z) = 2(2[ + 1) ; l-shell  (6.86)

The factor of 2 comes from the spin (Fig. 6.19), and the (2 + 1) comes

20 An extended view of this spectrum is shown on the Lh.s. of Fig. 6.23.
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from the available m; states;

e The total number of (N, Z) contained in the first four oscillator shells
is shown on the Lh.s of Fig. (6.19). The major shells of given 7 are
filled at (N, Z) = 2,8,20,40,---. We appear to be on the right track
in understanding the magic numbers, but we are not yet there.

6.10.3 Spin-Orbit Interaction

The major ingredient of the nuclear shell model is a single-particle spin-
orbit force from the strong nuclear interaction, of opposite sign from the
atomic case. There it gave rise to a “fine structure” on the single-particle
levels. Here it plays a dominant role in the structure of the single-particle
states. '

Consider the effect of an additional nuclear single-particle spin-orbit
interaction of the form

Hly = Vi (r) s -1 (6.87)

The vector model of angular momentum gives (see chapter 5)

j=1+s
1. 1. ...
Is=3 [i2-1P -5 = §[J(J+1)~—l(l+1)—s(s+1)] (6.88)
The energy shift of the single-particle levels is given by Eq. (5.27)
_ 1 _ 1 1
A<‘5j=l+1/2 = (Vao(T)) [—55] ;J=1+ 9 s = )
— 1 . 1 1
Agjzi-172 = (Vso(r)) [5(1 + 1)] s j=l-5, s=5 (6.89)
The splitting of these two levels is thus given by
1 _
€j=l—-1/2 — Ej=lt1/2 = 5(21 + 1){Veo(T)) (6.90)

We now observe:

e It contrast to the atomic case, here it is the state of highest j, the
stretched state with j = [ + 1/2, that is pushed down;

e From the proportionality to [, it is the states with the highest (I, j) that
are pushed down the farthest;

e The number of like nucleons (NN, Z) that can be placed in a given j-shell
is
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number of like nucleons (N, Z) =25+ 1 ; j-shell  (6.91)

This is simply the number of m; states available;

e If the state with highest (I,7) in each major oscillator shell is pushed
down far enough in energy, then the shell model explains the magic
numbers, as illustrated on the r.h.s. of Fig. 6.23 [Mayer and Jensen

(1955)].

6.10.4 Nuclear Spins and Parities

Consider what happens when one begins to fill a single j-shell with like
particle in the shell-model:

(1) Pairs of like nucleons couple to J = 0. The reason for this is that
the interaction between two nucleons is attractive, and this pair state
gives the maximum overlap of the wave functions of the two nucleons
(see Fig. 6.20). One might expect to get better overlap by putting the
two particles into the same m; state, but this is forbidden by the Pauli
principle;

Fig. 6.20 Illustration of why the state with J = 0 gives the maximum overlap for a pair
of like particles interacting through the attractive nucleon-nucleon interaction.

(2) All even-even nuclei have ground states with J™ = 0*. The author is
unaware of any exceptions to this rule;

(3) The spin and parity of an odd nucleus then comes from the last va-
lence particle. This is a very powerful, predictive tool. Consider a few
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examples. With the aid of Fig. (6.23), one predicts that

- _ _
T =5 #cam =7 B =3 (692

All of these are in accord with the experimental observations [National
Nuclear Data Center (2007)).

A hole in a j-shell has the spin and parity of the missing state, since
if one adds a particle and brings in that 57, one returns to a J™ = 0t
ground state. For example

15~ 7y _ L 39 o 3T ey gy 9
sO(J") = 2 ) 200&(J )= 2 ; 28Ni(J") = 9 (6.93)

Again, these all agree with experiment.?!

6.10.5 Schmidt Lines

The shell model now allows one to predict nuclear magnetic dipole moments.
The magnetic moment of the nucleon is

Ky = N (14 2)8) ; Ap = 2.793
B, = UN(2An8) ; Ap = —1.913 (6.94)

Here the nucleon magneton is given by

_ leln

= 6.95
2m, ( )

KN

Since the angular momentum of an odd nucleus comes from the last
valence particle, one can simply take over the results from the vector model
of angular momentum in chapter 5. The total angular momentum of the
valence nucleon is

j=1l+s (6.96)

213ometimes these predicted states, while not the ground states, are found as low-
lying isomeric (i.e. long-lived) states. Just where the raised state with highest ! and
j =1—1/2 lies with respect to the other states of the major shell depends on the details
of the central potential; in addition, it sometimes pays to promote particles to slightly
higher single-particle states with much larger ! because of the increased overlap with like
nucleons (compare Fig. 6.20) and consequent increased pairing.
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As illustrated in Fig. 5.1, in the vector model both (1,s) precess about j so
that their effective values are

lee = (1 -j)j—Jg ; Seff = (8 -j)ji2 (6.97)

It follows exactly as in chapter 5 that the effective magnetic moment of the
valence nucleon is

Meff = UNGpanaéd (6.98)

where the Landé g-factor is again given by??

1 .
JLande = 57y GG+ +1l+1)—s(s+1)]+
ALG+1)+s(s+1) =1+ 1]} (6.99)

The magnetic moment is again obtained by lining the nucleus up as well as
possible along the z-axis, so that m; = j

it = uN{(J 9randé) ; magnetic moment  (6.100)

An evaluation of the above expressions for s = 1/2 and j = | +1/2 then
yields the nuclear magnetic moment as (Prob. 6.18)

14 .1 . 1

Lo I

e J 2+>\ ;g +2

ny J (1 .. 1

—‘7+j+1(2 ’\) i=l=3
Schmidt lines (6.101)

Only the term in A contributes for the neutron. These are the celebrated
Schmidt lines for the magnetic dipole moments of odd nuclei. They are
drawn in Fig. 6.21. Experimental magnetic moments can be found in
[Lawrence 'Berkéley Laboratory (2005)]. All but the five nuclei indicated in
Fig. 6.21 have magnetic moments lying between the Schmidt lines.

22Note carefully the replacement of g, by 2\ in Eqs. (6.94) and (6.99). .
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Fig. 6.21 Schmidt lines for nuclear magnetic dipole moments from Egs. (6.101). Also
shown, for comparison purposes, are the lines with fully quenched anomalous moments
(An =0, Ap = 1). All but the indicated five nuclei have magnetic moments lying between
the Schmidt lines and the fully quenched values.

6.11 ~-Decay

As in atoms, nuclei can decay with the emission of a photon (Fig. 6.22).
The photon energy is given by the Bohr relation

hv = hkc = AE = E; — Ey ; photon energy (6.102)
Typically

o Photon energies in atoms are O(eV);
e Photon energies in nuclei are O(MeV) = O(10% eV).

This is again a reflection of the difference in strength of the strong and
electromagnetic interactions. Photons coming from nuclear transitions are
referred to as “gammas”.

Electromagnetic radiation can carry off angular momentum J > 1, and
when making a nuclear transition J; — Jy, it follows from our angular
momentum rules that J must lie in the interval

|Ji = Jfl < I < Ji + Jy (6.103)
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Fig. 6.22 ~-decay.

For given J, the radiation can carry off either parity II = +1. The
transition multipoles of the radiation field are referred to as

I = (-1)7 ; electric EJ multipoles
I = (-1)7*! ; magnetic MJ multipoles (6.104)

The rate of gamma emission increases with AE and decreases with
J. “Weisskopf estimates” obtained from gross nuclear properties are ex-
tremely useful in characterizing these rates [Blatt and Weisskopf (1952)].
The derivation of the general expression for the rate of photon emission
from any quantum mechanical system is carried out in Probs. 12.3-12.4.
Here we simply make some observations on nuclear «y-transitions:

e As long as the proton and neutron densities remain identical, there is
no separation of the center of mass and center of charge (in contrast
to the situation in an atom), hence there will be no electric dipole (E1)
transitions in this case. In fact, the electric dipole strength in nuclei
is concentrated in the giant dipole resonance, which lies at about 25 to
10 MeV in going from the lightest to the heaviest nucleus, and which
evidently involves the motion of the protons against the neutrons;

e Very strong collective quadrupole (E2) transitions involving a deforma-
tion of the total nuclear charge Z are observed throughout the periodic
table. These are particularly strong in the case of permanently deformed
nuclei [Bohr and Mottelson (1969); Bohr and Mottelson (1975));

e The availability in the shell-model of close-lying, excited single-particle
states with markedly different ;™ leads to islands of isomerism in the
periodic table;
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e Predictions for y-transitions in the shell model provide a powerful tool
for investigating its consequences and validity;23

e Inverse transitions from the ground state can be studied in inelastic
electron scattering. Here one has the advantage that, in contrast to the
situation for a real photon, the momentum transferred by the wvirtual
photon exchanged between the electron and nucleus (see later) is only
constrained by the inequality figc > AE.

23The quantum theory of angular momentum [Edmonds (1974)] provides an essential
tool in carrying out this analysis.
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Fig. 6.23 Single-particle level spectrum in the shell model [Mayer and Jensen (1955)].
The figure starts on the Lh.s. with the major oscillator shells, includes the flattening
of the nuclear single-particle potential, and then adds the nuclear single-particle spin-
orbit potential, leading to the j-shell structure and magic numbers on the r.h.s. (From
[Walecka (2004)]).



Chapter 7

Particle Physics

We next turn to the topic of particle physics.! To start the discussion, we
return to our characterization of the forces observed in nature.

7.1 Forces

A principal thrust of modern theoretical physics is to develop a unified
theory of all the forces, and the standard model of the unified electroweak
force (see later) is amazingly successful. As manifest in the world around
us, however, we observe four forces of very different strength. These forces,
and a dimensionless coupling constant characterizing the strength of that
force, are as follows:

(1) Strong (nuclear) force with

92
4mhe

Here g, is the pseudoscalar pion-nucleon coupling constant.
(2) Electromagnetic force with

e? 1

= 14.4 ; strong (7.1)

T = 1370 ; electromagnetic (7.2)
0 .
(3) Weak force with
M23G
>  —1.027x10"°  ; weak (7.3)

Here M, = mypc/h is the proton inverse Compton wavelength, and Gp
is Fermi’s weak coupling constant, as determined from p-decay.

1See [Martin (2006); Perkins (2000); Halzen and Martin (1984)].

181
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(4) Gravitation with

2

m:G
f'fc = 5.905 x 10~ ; gravitation (7.4)

Here G is Newton’s gravitational constant.

The particles in nature interact through these forces.

7.2 Particles

Particles are quanta with well-defined mass and quantum numbers. Parti-
cles have antiparticles in which all the quantum numbers are reversed. In
some cases, the antiparticle may be identical to the particle.

7.2.1 Electric Charge

Electric charge is additively conserved in all interactions.

7.3 Hadrons

Particles that interact through the strong force are known as hadrons.
There are two types of hadrons.

e Baryons have half-integral spin and are fermions;
e Mesons have integral spin and are bosons.

7.3.1 Baryon Number

Baryons can be assigned a baryon number. To the best of our knowledge,
this quantity is additively conserved in all interactions.?

7.3.2 Strangeness

Hadrons can be assigned a strangeness. This quantity is additively con-
served in the strong and electromagnetic interactions. Strangeness conser-
vation can be violated in the weak interactions.

2 Although extensively searched for, proton decay has never been observed.
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7.3.3 Isospin

We have seen in Fig. 6.2 that the two nucleons, neutron and proton, have
almost the same mass. It turns out to be a general result that particles
come in (nearly) degenerate multiplets.

Recall from our discussion of angular momentum in quantum mechanics
that with a central potential V(r), the eigenstates can be characterized by

> =1(+1) ; angular momentum

—1<m <l ; integer steps (7.5)

We observed that since the potential is invariant under rotations in space,
the energy eigenvalues for a given [ are independent of m;.

One can now argue in strict analogy and add an internal space similar to
spin known as isospin. Then, if the potential V' (r) is invariant under isospin
rotations in this internal space, the energy eigenvalues can be characterized
by

t2 = t(t+1) ; isospin
—t<m; <t ; integer steps (7.6)

and, again,

Since the potential is invariant under rotations in this internal
space, the energy eigenvalues for a given t are independent of my.

This leads to multiplets of given total isospin t, with (2t + 1) degenerate
states.3 '

The nucleon, now denoted by N(938),% has isospin ¢t = 1/2 and forms
an isodoublet

(G7\t) = (;%) ; nucleon (N) (7.7)

30nce there is an additional internal space, there is no particular reason that the
symmetry group of the strong interactions should be identical to that of rotations in real
space. {The symmetry group of angular momentum in quantum mechanics [Edmonds
(1974)] is SU(2) — the special unitary group in two dimensions (see Prob. 7.9).} Indeed,
the degree of degeneracy of particle multiplets is a function of the distance at which the
multiplets are viewed, and higher symmetry groups, in particular SU(3) and SU(4), play
a central role in both particle and nuclear physics (see [Gell-Mann and Ne’eman (1963);
Wigner (1937))]).

4For its mass in MeV.
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The nucleon is observed to have an excited state, the A(1238) with®

. 3t 3
(47, t) = (— ,—) ; delta (A) (7.8)

2 2
We emphasize that isospin symmetry is a property of the strong interac-
tions. In the internal isospin space, one has all the analogous consequences
of the conservation of angular momentum. Isospin symmetry is violated at

the level of the electromagnetic (and weak) interactions.

Particle properties are extensively surveyed and tabulated in [Particle
Data Group (2006)], which forms an indispensable resource.® The observed

low-lying particle spectrum in the baryon sector with B = 1 is shown in
Fig. 7.1.
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Fig. 7.1 Energy level diagram for the low-lying particles in the baryon sector with
B = 1. Here Q is the electric charge (in units of |e|]) and S is the strangeness. In the
S = 0 sector, the states are explicitly denoted with (57, t).

As before, the mass mc? of the particles is plotted as ordinate and the
electric charge @ (in units of |e|) as abscissa; however, there is now a third

5This particle is observed as a resonance in pion-nucleon scattering; it has the strong
decay A — N + .

6As with all the data references in this book, the data is continually being updated,
and the reader is always referred to the latest version of the data source.
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dimension, the strangeness S of the multiplets, each member of the multi-
plet having the same strangeness.
In the strangeness S = —1 sector, two low-lying multiplets are observed

o=(3 1) o)

1t
(3™, t) = (5 ,0) ; lambda (A) (7.9)
In the strangeness S = —2 sector there is one low-lying multiplet
o 1t 1 _
y™,t) = 33 ; cascade (Z) (7.10)

We observe that the mass of the lowest-lying multiplet in each sector in-
creases systematically with |S]|.

Particularly useful in classifying these particles is the Gell-Mann-
Nishijima relation, which relates the particle charge @ to the third compo-
nent of isospin ms, at a given value of the “hypercharge” Y = B + S.

Q=m+ -;—Y ; Gell-Mann-Nishijima
Y=B+S ; hypercharge (7.11)

These energy level diagrams can be extended to the host of excited states,
and the reader is referred to [Particle Data Group (2006)] for this data.

As was the case for the nucleon, if allowed by the masses involved,
the baryons can decay to each other through the weak interaction.” Some
illustrative weak decay modes of these baryons are

A—-p+n~
- p+e 4+
2+_+p+7ro
—n+et +ve
ET > A+7"
-2 +e +7 (7.12)

Although some of the above decays involve only hadrons, they violate
strangeness conservation, and therefore they only proceed through the weak
interaction. All the decay modes, and the branching ratios into them, can
be found in [Particle Data Group (2006)).

7The decay £% — A + vy takes place electromagnetically.
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The energy spectrum in the low-lying meson sector with B = 0 is shown
in Fig. 7.2.
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Fig. 7.2 Energy level diagram for the low-lying particles in the meson sector with B = 0.
Here Q is the electric charge and S is the strangeness.

There are several comments to be made:

e Most striking is the appearance in the S = 0 sector, at almost zero
energy, of the pseudoscalar pion with (j7,t) = (07,1)

(4™, t) = (07,1) ; pion () (7.13)
e The excited states in the S = 0 sector appear as meson resonances in
the strong interactions®
(™t =(17,1) ; Tho (p)
(47,t) = (17,0) ; omega (w) (7.14)

e There is a low-lying multiplet in the S = +1 sector

(™, t) = (0“, %) ; kaon (K*,K°) (7.15)

8They have the strong decay modes p — 7+ 7 and w — 7 + 7 + 7.



Particle Physics 187
e There is also a low-lying multiplet in the § = —1 sector
1 _
g™, t) = (0_, 5) . anti-kaon (K%, K™) (7.16)

Again, the host of excited states in these sectors can be found in [Par-
ticle Data Group (2006)].

e The particles in the lowest multiplets in this figure also decay through
the weak interactions. For example®

+

7t et 4.

+’+N++Vu
KO gt 47~

—at+e 47

s

(7.17)

It is an interesting feature of quantum mechanics that the neutral-kaon
eigenstates of strangeness produced in the strong interactions are linear
combinations of two states (K2, K2) that decay with a definite lifetime
through the weak interactions.!°

For orientation, some representative hadron masses and lifetimes are
shown in Table 7.1. All such data may be found in [Particle Data Group
(2006)].

Table 7.1 Some selected hadron masses and lifetimes.

Particle || A° | ot | =0 [ = | &° K=

I 1/2F 172+ 172+ 0- 1= 0-

S -1 -1 -2 0 0 +1
mcz(MeV) 1115.68 1189.37 1314.8 139.57 | 782.57 | 493.68
T(sec) X 108 263 x10-2 | 0.802 x 102 | 2.90 x 10~—% 2.603 a 1.238

2 Meson resonance with full width at half maximum of I' = 8.44 MeV.

7.3.4 Charm

Approximately 1 GeV higher, new types of hadrons are observed. These
hadrons can be assigned a new quantum number C, known as charm. This
quantity is again additively conserved in the strong and electromagnetic

9The decay 0 — v + v takes place electromagnetically.

10 An analysis of two particles produced with definite quantum numbers through one
interaction, and then mixed by a weaker interaction to produce eigenstates of definite
mass (and lifetime), is carried out in the neutrino sector in appendix J.
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interactions. Charm conservation can be violated in the weak interactions.
The hypercharge now takes the extended form Y = B + S + C, and the
new Gell-Mann-Nishijima relation reads!!

Q=m+ %Y ; Gell-Mann—Nishijima
Y=B+S+C ; hypercharge (7.18)

The current results with respect to particle discovery and particle properties
can always be found in the latest version of [Particle Data Group (2006)].

7.4 Yukawa Interaction

The electromagnetic force is responsible for the structure of atoms, and
the quantum of the electromagnetic interaction is the massless photon. In
analogy, the strong force is responsible for the structure of nuclei, and the
quantum of that force is the meson. The argument relating the strong inter-
action between nucleons to the meson was originally presented by Yukawa
[Yukawa (1935)].

As motivation, let us return to the Thomas-Fermi theory of the atom.
The nuclear Coulomb potential outside a point source of charge Ze,, is given
by

_ Zep
4rmegr

L ; long-range O(1/r) (7.19)

This electrostatic potential is of long (“infinite”) range, going as O(1/r) for
large 7.

Fig. 7.3 Electron charge distribution en(r) surrounding the nuclear Coulomb point
source with charge Zey,. The electrostatic potential is ®(r).

1The energy level diagram in the strangeness S = —1 (C = 0) sector in Fig. 7.1, for
example, is mirrored at the higher energy with charm C = +1 (S = 0), and appropriately
modified charges.
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With a spherically symmetric electron charge distribution surrounding
that source (Fig. 7.3), the equation for the electrostatic potential inside the
charge distribution is modified to take the form in Eq. (5.41)

1 62 Ieln(r)

— o (r®) = (7.20)

This equation describes the shielded Coulomb potential. When expressed
in terms the of the electrostatic potential ®(r), the precise form of the r.h.s.
depends on the specific equation of state employed for the electrons. For a
Fermi gas, this becomes the non-linear relation in Eq. (5.42)

19% 3/2
Now suppose that one has a strong point source of strength g, which

gives rise to a meson field ¢. Assume that meson field is massive, with a
mass m and corresponding inverse Compton wavelength (inverse length)

mc

h
It will be assumed that (®,¢) satisfy analogous equations (compare
Fig. 7.4); however, one must incorporate the mass of the meson field.

L ; meson mass m (7.22)

Fig. 7.4 Meson field ¢(r) surrounding the strong nuclear point source with strength g.

One might incorporate that mass by simply using a linear term with
the correct dimensions on the r.h.s. of the field equation!?

1 92

=52 (r¢) = p2e ; meson field equation (7.23)

12This modification is justified a posteriori by the subsequent argument.
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Let us see where this leads. Look for a solution to this equation of the form
r
#(r) = 20 (7.24)

Substitution into Eq. (7.23) then gives

d2
56— u2(r) =0 (7.25)

The solution to this equation that dies out as 7 — oo is £(r) = e™#". If the
source strength g is now matched at the origin as in Eq. (7.19), one has

o(r) = Z%e““" ; meson field—point source (7.26)

Since the field has mass, it takes energy to create one of its quanta. One
might expect by an uncertainty principle argument that the meson field
cannot get very far away from the source, and, indeed, the meson field is
now localized about that source.

In the atom, if one brings in another negative charge e, there is an
interaction energy of

Eint = e®(r) = —|e|®(r) (7.27)

In analogy, if one brings in another point source g (i.e.another nucleon),
one might expect to find an interaction energy of the form!3

g2
Bing = —g¢(r) = ——e™ (7.28)

47r

The result is the celebrated Yukawa interaction, and the implied Yukawa
potential is given by

W(r) = —Z—e " ; Yukawa potential (7.29)

This potential provides a strong, short-range, attractive interaction between
two nucleons (Fig. 7.5).
The range of the Yukawa potential is related to the Compton wavelength
of the meson field by
1 h

ange ~ — = —— 30
Trange y me (73)

13Here we simply assume the minus sign; it is shown in Prob. 7.1 that this is indeed
the proper choice.
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If one takes m to be the pion mass m = m,+, then the range is rrange =
1.41F, which is an appropriate value for the strong nuclear force.

>

vV
Y

Fig. 7.5 Yukawa interaction potential Vi (r) = —gZe™#"/4nr between two strong nu-
cleon point sources of strength g.

Several comments are relevant:

e The pion was predicted by Yukawa on the basis of these arguments:

Just as there are photons (massless, long-range force) as
quanta for the E-M field, there should be pions (massive,
short-range force) as quanta for the meson field,

e The muon was discovered in cosmic rays (1937), but the muon proved
to be just a heavy electron, with only electromagnetic and weak inter-
actions;

e The strongly-interacting pion was eventually discovered by Powell
(1948) using photographic emulsions.

7.5 Leptons

Leptons are spin-1/2 fermions that have only electromagnetic and weak
interactions. They are produced in particle decays such as

n—opt+e + 7 ; B-decay

+

at - ut +u, ; m-decay

pt et +ve+v, ; p-decay (7.31)
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Leptons come in three families (e, ve), (1™, v,), and (77, v;). Each family
can be assigned a lepton number (l¢,l,,l;), which is separately additively
conserved in the weak interactions!4

L =+1 si=e, U, T

conserved lepton number (7.32)

The striking lepton spectrum is shown in Fig. 7.6. The masses of the
charged leptons and their lifetimes are given in Table 7.2.

-
: |1=+]
|u=+]
1

mcC 2 VT
(GeV)

L |e=+] —

1+ Vu
P e Q
Ve

Fig. 7.6 Energy level diagram for the leptons.

Table 7.2 Charged lepton masses and lifetimes.

Particle || e= ] u | T
mc?(MeV) [[ 0.5110 105.6 1777
T(sec) stable | 2.197 x 10=6 [ 0.291 x 10~ 12

The situation in the neutrino sector is, in fact, more complicated than
this. That situation is currently the subject of intense experimental study.
It is now known that there exists an additional contribution to the hamil-
tonian in the neutrino sector, which, for want of a better word, we shall
refer to as the “ultra-weak” hamiltonian Hyw. This piece gives rise to a

4The families of antiparticles (et,7.), (u*, ), and (r+,7,) then carry separate
lepton numbers [; = —1 (see below).
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tiny mass for the neutrinos, which allows them to mix through reactions
such as

Ve = Uy, (7.33)

and the two “flavor” mixing problem is analyzed in appendix J. Such a
mixing violates lepton conservation. The origin and detailed structure of
Hyw is unknown at this writing.!> The current status can always be de-
termined from the latest version of [Particle Data Group (2006)]. To the
best of our knowledge, Hyw is only active in the neutrino sector. When
we subsequently discuss the “weak interactions” (as, for example, in the
extremely successful standard model of electroweak interactions), we shall
assume that Hyw is absent.

7.6 Antiparticles

Particles all have antiparticles, and several comments regarding antiparti-
cles are relevant:

e The quantum numbers {Q, B, S,C,l,l,,l;} are all reflected for an-
tiparticles;'6

e The existence of an antiparticle was predicted by Dirac (1926);

e This existence is a consequence of relativistic quantum field theory;

e It follows from very general principles that antiparticles and particles
must have the same mass and lifetime;!?

e The positron e*, the antiparticle of the electron, was discovered by
Anderson (1932);

e Antiparticles can annihilate with particles in reactions such as

et +e” —» v+
p+pom+m+--- (7.34)

15The status at the time of this writing is summarized in chapter 49 of [Walecka
(2004)]. Neutrino experiments are notoriously difficult, and the present experimental
effort is a herculean one.

16They change sign. In some cases, when all these quantum numbers vanish, the
antiparticle may be identical to the particle (e.g. v, 7°).

173ee, for example, [Weyl (1950)].
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7.7 Feynman Diagrams

Feynman diagrams provide the language of particle physics, and we proceed
to describe that language though a series of steps.

7.8 S-matrix

The laboratory is taken to be a huge cubical box of volume = L? (Fig.7.7),
and periodic boundary conditions are applied so that the single-particle
wave functions are those of Eq. (4.118) for spin-zero bosons and Eq. (4.159)
for spin-1/2 fermions.

< |L—>

Fig. 7.7 The laboratory is taken to be a big box of volume 2 = L3 with periodic
boundary conditions.

Suppose one wants to describe a general scattering process where two
particles are prepared in states of definite momentum,!® they react, and n
particles come out from the reaction process (see Fig. 7.8). The S-matriz
is defined in the following manner

St = probability amplitude for process i — f to take place (7.35)

The general form of the S-matrix will be as follows
i 1

Here

e The factor Q~("*2/2 in front comes from the wave functions of the
initial and final particles;

e The factor [0k, k| expresses conservation of the total 3-momentum
in the initial and final states. Here

18Recall p = hk; one particle may, of course, be at rest.
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Ki=) ki Kp=> K} (7.37)
i f

Fig. 7.8 A scattering process describing 2 — n particles.

e The quantities (W;, Wy) are the total energies of the initial and final
states

Wi=) E ; Wr=)_ Ey (7.38)
i ' f

T is the time interval over which the interaction is on, and the expres-
sion Ar(Wy — W;) is defined as

T/2 .
AT(VVf -W;) = / dt fWs—Wit/h
—-T/2
T[] et o

The integral is done as in appendix I.
e The remaining term T¥; in Eq. (7.36) is known as the T-matrix.

7.8.1 Transition Rate

The transition rate is given by

dwy; = (probability of the transition i — f)/(time interval) (7.40)
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Since the particle states in the big box are spaced very close together
(Fig. 4.35), one is forced to make a measurement of transitions into a group
of states. The transition probability will vary smoothly about the central
values, and one thus employs

Er . )
T = transition rate into one state
dns = number of states observed in detectors (7.41)

The relevant transition rate is therefore given by

d(,() _ |Sf7'l2d . 1t
gi = —p—dng ; transition rate (7.42)

With the aid of the differential form of Eq. (4.166), it follows from the
above that

_ L |Ar(Wy - Wi 1

b3k, Qd°ky,  QdPkl,_,
Wri = 12 T on

@m)® (2r)  (2n)°

|Ts:? (7.43)

In this expression:

(1) Overall momentum conservation, expressed through the Kronecker
delta [0k, f]2 = JK;,K;, has allowed one (and only one) of the orig-
inal discrete sums over the wave numbers of the final particles to be
carried out; the term dny then contains contributions from all but one
of the particles in the final state;

(2) The contribution to the transition rate from the term |Ar|?/T follows
from Eq. (7.39) as

Ar(Wy - W) _ lsm (wT/Z)F = W= Wi
’ h

T WT/2) = ——— (7.44)

The correct prescription is now to let 7' — oo. The analysis in appendix
I, and the first of Egs. (7.39), imply that in this limit one arrives at
identical expressions in both the transition rate and the S-matrix

1|Ar(Wy — Wy)|?
R T
L AT(Wy — W) = 2w 6(Wy — W) (7.45)

— 21 6(Wy — W) ; T — o0

Here 6(Wy — W;) is the Dirac delta function (see Prob. 4.3). This
is the form in which energy conservation is actually expressed for the
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process; 19

(3) For the decay rate of a particle, where there is only one particle in the
initial state, the factor in front is replaced by Q—" — Q—(n—1) 20

In summary, if one knows the T-matrix Ty;, which is obtained directly from
the S-matrix Sy; for the process in Fig. (7.8), then one knows the physical
transition rate

Qd3k] Qd3k) Od3k!_,
(2m)3 (2m)3 (27)3
; physical transition rate  (7.46)

2
dwpi = 2 6(Wy - Wi) o lezl2

7.8.2 Cross Section

We proceed to define the cross section (see Fig. 7.9).

Fig. 7.9 Definition of the cross section.

As previously, we define the incident flux by?!

< = (probability flowing through unit area | beam) /(time interval)
; incident flux (7.47)

The cross section is then defined by

doy; = little element of transverse area such that if the particle

goes through it, an event of type f takes place (7.48)

190ne can then, in the limit © — oo, replace Q0 ; ,k; — (27)% 6®) (K — K;) in the
S-matrix (see Prob. 7.2).

20The general expression is Q=" — 02 /Q(ns+ni),

21For a single particle in a box of volume §2 moving with velocity v toward a stationary
target, the incident flux is Iinc = pv = (1/Q)v.
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It follows that

Linc doy; = (probability of transition i — f) / (time interval)
= dwyf; ; transition rate (7.49)

These are the quantities measured in an experiment where one repeats the
elementary process over and over:

e I;,c — number of incident particles per unit area per unit time;
e dwy; — number of transitions per unit time.

Thus, through Egs. (7.46) and (7.49), we have arrived at physics!

7.9 Feynman Diagrams (Continued)

We are now in a position to discuss Feynman diagrams and the correspond-
ing set of Feynman rules.2> We shall give the Feynman rules for the quantity
—iTy;/hc in various cases. Although their derivation from first principles
may require more advanced work,?® once one has them, they character-
ize any theory, and a connection with physics is immediately established
through the preceeding analysis. The procedure, then, is to :

(1) Draw all possible distinct Feynman diagrams;
(2) Associate factors with each element of the diagram;
(3) Sum the diagrams and calculate

_—thTii- from Feynman rules (7.50)

(4) Make a connection with rates and cross sections through the above;
(5) Check to make sure the artificial quantization volume 2 cancels from
any physical result.

In this manner, one can describe any theory.?4

22Gee Feynman’s two papers [Feynman, (1949)] in [Schwinger (1958)] — everyone
seriously interested in modern physics should read those papers.

23Gee, e.g. [Bjorken and Drell (1964); Bjorken and Drell (1965); Cheng and Li (1984)].

24Non-relativistic many-body theory is also most concisely formulated in terms of
Feynman diagrams and Feynman rules (see [Fetter and Walecka (2003a)]).
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7.10 Quantum Electrodynamics (QED)

We give a very brief introduction to quantum electrodynamics (QED), prob-
ably the most accurate physical theory known.

7.10.1 p-e Scattering

To lowest order in the fine-structure constant «, there is one Feynman
diagram for u-e scattering. It is shown in Fig. 7.10.

Fig. 7.10 Feynman diagram for u-e scattering. Here k = (k,ikg) represents the four-
momentum (next chapter).

To calculate —iT'¢;/fic in momentum space, the rules are as follows:

e Include a factor of

e
N Iy
for each of the two vertices. Here j, is the Dirac electromagnetic current

for each of the spin-1/2 fermions (this will be constructed later);
e Include the following factor for the virtual photon propagator

hic 1
i g2

; E-M current (7.51)

; photon propagator (7.52)

Here g2 is the four-momentum transfer given by
¢* = (ki — k)? — (B1 — E})?/(he)?
= (k2 ~ k3)? — (B2 — E3)*/(he)® (7.53)

The second line follows from the first by overall energy-momentum
conservation.
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The T-matrix is then obtained as

—iT; ie . he 1 ie .
_ hel ) (_te_ 54
hc (hc\/-e—aj')’)“ (Z q2) (hc\/e_OJ’Y)e (75 )

This expression is exact to order o = e2/4mephc. It contains the following
physics:

e The Coulomb interaction between the two charges;
e The magnetic interaction between the two currents;
e The Lorentz invariance of special relativity (see later).

7.10.2 Anomalous Magnetic Moment of Electron

There is a correction to the scattering amplitude for an electron in an
external E-M field coming from the emission and absorption of a virtual
photon, as illustrated in Fig. 7.11. This leads to a small modification of
the g-factor for an electron. This effect was first calculated by Schwinger
(1948).25 The result for the electron magnetic moment in units of the Bohr
magneton is

#iB =14 227; + - ; Schwinger(1948)
= 1.001,16--- theory
= 1.001,16--- experiment (7.55)

> X
external
E-M field

Fig. 7.11 Feynman diagrams for the anomalous magnetic moment of the electron.

A major effort in modern theoretical (and experimental) physics has
gone into pushing this comparison as far as possible by including higher-

25Gee [Schwinger (1958)].
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order diagrams. The present agreement between theory and experiment is
one of the most accurate in physics.

e+

e

Fig. 7.12 Feynman diagram insertion for vacuum polarization.

One particularly interesting higher-order correction is that coming from
vacuum polarization. Here the virtual photon creates a virtual (e, e%)
pair, that then annihilates back into a virtual photon (Fig. 7.12).

7.11 Quarks

So far, with quantum mechanics as the foundation, we have seen that

e The system of many electrons moving in the average, shielded nuclear
Coulomb potential provides a predictive basis for understanding the
periodic system of the elements; v

e The many-nucleon shell model based on nucleons moving in an average
hadronic nuclear potential provides a predictive basis for understanding
the main features of nuclear structure.

Hadrons come in multiplets, and quantities such as the nucleon’s charge
distribution and anomalous magnetic moment indicate that hadrons them-
selves have internal structure. The question arises, is there an underlying
basis that allows one to understand the structure of the hadrons? The
answer, due to Gell-Mann (1963) and Zweig (1963), is yes there is. The
hadrons appear to be composed of quarks.26

Quarks are spin-1/2 fermions that have strong, electromagnetic, and
weak interactions. They have baryon number 1/3

B = —;; ; quarks (7.56)

26Gee [Halzen and Martin (1984); Martin (2006)].
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The observed baryons with B = 1 are composed of triplets of quarks (gqq).
Mesons, with B = 0, are composed of quark-antiquark pairs (¢g). Thus

Baryons are (gqq)
Mesons are (qq) (7.57)

Quarks are assigned additional quantum numbers (T, m;, S, C) for (isospin,
third component of isospin, strangeness, charm) that make the quantum
numbers for the composite hadrons come out correctly.?’” Quarks, with
additional quantum numbers (B, 7), then describe all known hadrons. The
electric charge is now given by the extended Gell-Mann—Nishijima relation

1
Q=m+ —Z-Y ; electric charge
Y=B+S8S+C+B+T ; hypercharge (7.58)

The quantum numbers of the six quarks (u,d, s, ¢, b, t), referred to as (up,
down, strange, charm, bottom, top), are presented in Table 7.3.

Table 7.3 Quarks.
Domain [[Quark | B | T | m¢ | S [C| B | T ]| Q

Nuclear u 1/3 1 1/2 | 1/2 0 [0] O 0 2/3
d |1/3|1/2] -1/2| 0 |o] o0 |o0]|-1/3
Extended s 1/3 0 0 -1]|0] O 0| -1/3
c /3| 0 0 0 |10 o] 2/3
Full b 1/3 0 0 0 o|-1]01|-1/3
n i3] 0 0 0 lo0] o0 |1] 2/3

It is important to note that

(1) The quantum numbers (Q, B) are additively conserved in all interac-
tions;

(2) The quantum numbers (S,C,B,7T) are additively conserved in the
strong and electromagnetic interactions;

(3) The conservation of (S,C,B,7T) may be violated in the weak interac-
tions.

The quark picture is very unusual in that, to the best of our knowledge,
free, isolated quarks do not exist in nature. It is now believed that the
underlying strong “color” charge responsible for the interaction between
quarks (see later) is completely shielded by strong vacuum polarization,

27Henceforth, for consistency, use the symbols (S, C) for strangeness and charm.
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so that only “colorless” composite states can exist asymptotically in the
laboratory. Since free quarks do not exist, their masses can only be inferred
from other measurements. The masses of the (u,d, s, c,b) quarks inferred
by [Gasser and Leutwyler (1982)] are plotted in Fig. 7.13.

5_

m02 4 b
(GeV) 3 -
2 |—

c
]_

0 Ud

Fig. 7.13 Inferred quark spectrum from [Gasser and Leutwyler (1982)]. Note the change
in scale for the subsequently discovered top quark!

The top quark (t), required by compelling theoretical arguments, was
discovered at Fermilab (1995) at a mass

Myopc® = 174 £ 5 GeV ; top quark (7.59)

The spectrum in Fig. (7.13) is bizarre. To the best of the author’s knowl-
edge, there is no convincing theoretical argument that gives rise to this
spectrum.?® With this spectrum as a basis, one can focus on various do-
mains of physics characterized by the energy scale of interest:

e Nuclear Domain. Here one focuses on that subspace of the full theory
built on (u,d) quarks. The hadrons built from these quarks describe
almost all of nuclear physics. The fact that the hamiltonian describ-
ing the strong interaction between these quarks is invariant under “ro-
tations” among them, then leads to the isospin symmetry of nuclear
interactions.2°

28There’s a challenge for bright, young minds!

29 As pointed out previously, the symmetry group of angular momentum in quantum
mechanics [Edmonds (1974)] is not the group O(3) of real rotations in space, but is
actually SU(2).
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e Ezxtended Domain. By enlarging the subspace to include the (s,c)
quarks, one has a basis for understanding the strange and charmed
hadrons produced at higher laboratory energies;

e Fuyll Domain. The extension to the full space with (b,t) quarks is
required for many theoretical reasons, and the (bb) system has now been
extensively studied in (e*,e™) colliders. While the (b,t) quarks play
no apparent role at nuclear energies, their effects become important at
very high energies. So far, no additional quarks have been called for.

7.11.1 Nuclear Domain

With the empirical observation that quarks are confined to the interior of
hadrons, we can appeal to the simplest confining model in quantum mechan-
ics, that of the three-dimensional simple harmonic oscillator (Fig. 7.14).
From the last chapter, we know the lowest-lying single-particle state in the
oscillator will be (1s).

:UW%M{

proton neutron

Fig. 7.14 Three-dimensional simple harmonic oscillator as model confining potential,
and three-quark (1s)2 ground state in the nuclear domain with (J*,T) = (1/2%,1/2).

There are two spin states for each quark (T,]),3° and, with the sec-

ond observation that the observed hadrons correspond to the multiplets
in Egs. (7.57), one can try building a simple quark shell model from
(uT,u l,d T,d ). The proton, with the correct quantum numbers (B, Q),
is immediately obtained by placing the non-identical quarks (u T,u |,d 1)
into the (1s) state, yielding a (1s)3 spatial configuration. The neutron
follows analogously by interchanging one (u < d) to get (v 1,d |,d 1).
Since the total angular momentum of the system can now be taken to
be the spin of the last quark, and similarly for the isospin, one obtains
(J™,T) = (1/2%,1/2) for the nucleon (Fig. 7.14).3! So far, so good.

30More generally, these are helicity states.
31For clarity, we now use the notation (J”,T) for the quantum numbers of the com-
posite system, and the quark isospin will be denoted by t.
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An obvious excited state of the nucleon is obtained by simply flipping
the odd quark spin leading to a state with all the spins aligned, and J™ =
3/2%. This indeed corresponds to the first excited state of the nucleon,
the A(1238), shown in Fig. 7.1. Furthermore, the A(1238)** component,
and then the whole T' = 3/2 multiplet, are readily obtained from the quark
configuration (u T,u T,u 1) (Fig. 7.15).

3+
N N

Fig. 7.15 First excited state of the nucleon in the nuclear domain in the (1s)3 configu-
ration in the simple harmonic oscillator potential. Illustrated is that component of the
(J™,T) = (3/2%, 3/2) multiplet with (M, Mt) = (3/2,3/2).

But now one is faced with a seemingly insurmountable problem. Quarks
are spin-1/2 fermions, and we know such particles should obey the Pauli
exclusion principle. It should not be possible to build a (1s)3 configuration
from three identical (u 1) quarks. Indeed, with a (1s)® configuration, the
state in Fig. 7.15 is totally symmetric under the interchange of any two
quarks! A great deal of time and energy was expended attempting to resolve
this issue. The eventual resolution was remarkably simple, and has had the
most profound implications for modern physics:

Quarks are given an additional, internal degree of freedom that
takes three values, say (R, G, B).

Thus, as with isospin, the quark wave function should actually be written

(u e ;a=R,G,B
color (7.60)

This additional degree of freedom is referred to, with some whimsy, as
color. The quarks in Fig. 7.15 then simply have different colors. The
symmetry of the state illustrated in Fig. (7.15) can then be understood if
one demands that the color wave function factor be totally antisymmetric
under the interchange of any two quarks (i.e. a color singlet).

A problem here is that one does not see this additional degree of freedom
in observed particles, which are colorless. The color degree of freedom, like
the quarks, is confined to the interior of hadrons.
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7.11.2 Some Applications

Q™ Particle. If either of the (u,d) quarks is replaced with an s quark, the
new hadron carries strangeness and lies at a mass ~ m, above the nucleon,
where my is the mass of the strange quark in Fig. (7.13). This quark picture
can then explain the hadrons in the § = —1 sector in Fig. (7.1).32 With
two strange quarks, one has an explanation of the S = —2 sector lying at
a mass ~ 2m, in Fig. (7.1).

The quark picture then predicts that there should be a hadron composed
entirely of three strange quarks (sss), a partner to the one in Fig. 7.15
(see Fig. 7.16), with quantum numbers (Q,T,S) = (-1,0,-3) at ~ 3m,
above the A. This striking prediction was subsequently verified by the
experimental discovery of the {2~ particle at Brookhaven (1964), providing
firm support for the underlying quark structure.

| 3+
Fig. 7.16 A predicted low-lying state of three strange quarks, a partner to the one

in Fig. 7.15, in the extended domain in the simple harmonic oscillator potential. This
prediction was subsequently verified by the experimental discovery of the 2~ particle.

Mesons. Mesons are composed of (¢g) in this picture, and since the
additive quantum numbers are simply reversed in the antiquark, one can
just read off the quantum numbers of the composites from Table 7.3. Some
examples are given in Fig. 7.17.

The spins of the quark and antiquark in the meson can be combined us-
ing our previous results from the theory of angular momentum in quantum
mechanics33

S =s;1 +s2
S?=5(S+1) ;' §=0,1 (7.61)

An exactly analogous argument can be made for isospin

T=1t;+t
T? = T(T +1) ; T=0,1 (7.62)

328ee Prob. 7.5.
33Recall that [s1 — s2| < S < s1 + s2 in integer steps; here s; = sp = 1/2.



Particle Physics 207

M a0 R
Tt p*

Fig. 7.17 Some low-lying (¢g) meson states in the nuclear domain in the simple har-
monic oscillator potential with a (1s)? spatial configuration.

Thus in the nuclear domain, this quark picture predicts the low-lying
mesons shown in Table 7.4.

Table 7.4 Spin and isospin of the low-lying (qq)
states in the nuclear domain.

S i 0 0 1 1
T 0 0 1
particles || w1, 7%, 7~ [ n° | w® | p™,0°, 0~

It is a consequence of relativistic quantum field theory that, just as
with all the other quantum numbers, the intrinsic parity of the antiquark
is opposite to that of the quark, and thus the parity of a bound state with
given [ for the quark-antiquark system is

I = (—1)!*! ; parity of (qq) (7.63)

This accords precisely with the parities of the observed mesons in Table
7.4, all of which are odd with { = 0.

In fact, since the quantum numbers reverse for antiparticles, one gets
the same predictions for the quantum numbers of the mesons in a picture
of mesons where they are composed of nucleons and antinucleons (N N).
This is the celebrated Fermi-Yang model of mesons, which appeared long
before the quark model.

dPsd- o
K+

Fig. 7.18 Predicted meson state with one strange antiquark in the extended domain,
based on Fig. 7.17.
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Again, replacing a (u, d) quark with an s quark gives a strange meson at
a higher mass. One example of a predicted meson, which appears in nature
with all the correct quantum numbers, is shown in Fig. 7.18.

Wave Functions The detailed construction of the wave functions for the
(gqq) baryons and the (¢g) mesons is more complicated, and depends on
the dynamical model of the hadrons. One can work at various levels here:

e In the non-relativistic quark model, the quarks are assumed to have ef-
fective masses m; =~ m,/3 where m,, is the nucleon mass, and to move
non-relativistically in a confining potential such as the simple harmonic
oscillator. The spatial ground state of the nucleon is the totally sym-
metric (1s)3 state. One then constructs totally symmetric products of
spin and isospin wave functions with given (S,T’) for the three quarks.
Various properties of the nucleon now follow from quantum mechanics.
The model is readily extended to the excited states of the nucleon, and
to strange and charmed hadrons. This model has had striking success
(see [Bhaduri (1988)]);

e A more realistic dynamical model is provided by the “M.I.T. Bag”,
where the (u, d) quarks are light and move relativistically inside a con-
fining bubble hollowed out in the vacuum. This model, too, has had
many successes ([Bhaduri (1988)]);

e At the deepest level, one now solves the relativistic quantum field the-
ory QCD (see next section) with a computer on a finite space-time
lattice [Wilson (1974)], and then proceeds to calculate hadronic prop-
erties directly from the underlying theory. Enough evidence has now
accumulated that this is the correct way to go, and this lattice gauge
theory will form the basis for modern hadronic particle theory for the
foreseeable future. Convincing evidence already exists from such cal-
culations, for example, that quarks are indeed confined to the interior
of hadrons.

7.12 Quantum Chromodynamics (QCD)

We previously briefly discussed quantum electrodynamics (QED), the the-
ory of the electromagnetic interactions. Figure (7.10) shows the Feynman
diagram for (e, u) scattering, and the accompanying Feynman rules are
given in the text. The scattering takes place through the exchange of a
virtual photon with a propagator (fic/ig?) where ¢? is the four-momentum
transfer. The photon couples to the electromagnetic current j, through a
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factor (iej/hc\/€o) at each vertex.

The theory of the strong interactions binding quarks into the observed
hadrons is quantum chromodynamics (QCD). In this theory, virtual gluons
are exchanged, which couple to the color current of the quark. The lowest-

order Feynman diagram for quark-quark scattering in QCD is given in
Fig. (7.19).

Fig. 7.19 Feynman diagram for quark-quark scattering through one-gluon exchange.

The accompanying Feynman rules for (—iT;/hc) are:

e Include a factor of
%_gé jo ; color current (7.64)

for each of the two vertices. Here j¢ is the Dirac color current for each
of the spin-1/2 fermions (constructed later), and g is the strong color

charge;
e Include the following factor for the virtual gluon propagator
he 1
—ig p ; gluon propagator (7.65)

Here ¢? is the four-momentum transfer given by
¢ = (ki — k)? — (E1 — E7)?/(he)?
= (k2 — k) — (B2 — E3)?/(he)? (7.66)

The second line again follows from the first by overall energy-
momentum conservation.

QCD has additional, non-linear, self-couplings of the gluons that are
not present for photons in QED. There are both three-gluon and four-gluon
vertices as shown in Fig. (7.20).
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Fig. 7.20 Three and four gluon self-couplings in QCD.

As consequences of the non-linear gluon couplings of QCD:

(1) Color is confined to the interior of hadrons:

e The interaction is strong at large distances;

e There is complete shielding of the strong color charge at large
distances due to strong vacuum polarization;

e Lattice gauge theory indicates that confinement is indeed a dy-
namical consequence of QCD.

(2) At small distances, the interaction gets weak. As a statement on the
strong coupling constant measured at various ¢? in Fig. 7.19, as modi-
fied by higher-order corrections to the process, one has

9(¢®) = 0 ; ¢° — 00
asymptotic freedom (7.67)

This most remarkable property of QCD, known as asymptotic freedom,
was discovered by [Gross and Wilczek (1973); Politzer (1973)]. It al-
lows one to test the theory by doing perturbation theory in g at high
momentum transfer. It also makes lattice gauge theory possible, in
that it allows one to obtain the true continuum theory in the limit as
the lattice spacing goes to zero.

In QED, the polarization of the vacuum illustrated in Fig. 7.12 shields
a bare point charge, so that e(q?) grows as q> — oo, which probes shorter
and shorter distances. The vacuum acts like a dielectric medium in QED.
In contrast, a small color charge surrounds itself with color charge so that
the opposite situation holds in QCD, as seen in Eq. (7.67). In QCD, the
vacuum acts like a paramagnetic medium, where a small magnetic moment
can induce a large magnetization.

Dynamic evidence for a point-like substructure in the nucleon was first
obtained from deep inelastic (e,e’) experiments at SLAC. As the four-
momentum transfer g2 and energy loss in the laboratory frame v both
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become large, the observed response surfaces become functions of only the
ratio of these two quantities z = ¢2/2Mv [Friedman and Kendall (1972)].
This is directly interpreted in terms of the quark-parton model of Feynman
and Bjorken and Paschos [Bjorken and Paschos (1969)] (see Prob. 9.14).34

7.13 Standard Model of Electroweak Interactions

The unified theory of electroweak interactions developed by [Salam and
Ward (1964); Weinberg (1967); Glashow, Iliopoulos, and Maiani (1970)]
represents one of the great achievements of modern physics. Its phenomeno-
logical consequences for most of the weak interactions can be summarized
by the Feynman diagram in Fig. 7.21.

lepton, quark lepton, quark

Fig. 7.21 Exchange of virtual massive weak vector bosons (W*, Z°) in the standard
model of the electroweak interactions.

Leptons and quarks exchange virtual heavy, weak vector bosons, and the
Feynman rules for (—iT;/hic) that accompany this diagram are:

e Include a factor of
% Jw ; weak current (7.68)
for each of the two vertices. Here jw is the appropriate Dirac weak
charged or neutral current for each of the spin-1/2 fermions (see later),
and gw is the weak charge;
¢ Include the following factor for the virtual vector boson propagator

e L ; vector boson propagator (see later)
T a2+ M2, ’
i ¢+ My,
(7.69)

34Introductions to QCD and lattice gauge theory, as well as to electron scattering and
the standard model of electroweak interactions, can be found in [Walecka (2004)].
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Here Mw = mwc/h is the appropriate vector boson inverse Compton
wavelength, and ¢ is the four-momentum transfer given by

¢ = (k1 — K})? — (E1 — E})?/(he)?
= (ko — k3)? — (B2 — E3)*/(he)? (7.70)

The weak coupling constant gy is related to the Fermi constant Gg of
Eq. (7.3) by

2
Iw Gr
—_— 7. 1
M = V2 (7
The Heisenberg uncertainty principle states that
ApAzx ~ h (7.72)

If a virtual particle of mass m is emitted, then one can estimate Ap ~ mec,
and hence

Az ~ LA ; if Ap ~mec (7.73)
mc

Hence the interaction is of very short range if the virtual quantum trans-
mitting that interaction is very heavy.3°

After years of searching, the weak vector bosons (W=, Z%) were discov-
ered at CERN (1983) with masses

mwc® = 80.42 GeV
mzc? = 91.19 GeV (7.74)

The Large Hadron Collider (LHC) under construction at CERN will
study the collisions of p + p, as well as various heavy ions, in the C-M
system.36 It is the world’s highest energy particle accelerator, and it is
designed to explore the frontiers of particle physics [LHC (2008)]. The
LHC is scheduled to begin operation in 2008.

35We have already seen one example of this relationship in the range of the nuclear
force arising from the exchange of a massive meson.
36See next chapter.



Chapter 8

Special Relativity

In addition to quantum mechanics, the second pillar of modern physics is
the theory of special relativity due to Einstein (1905). Although now veri-
fied by countless experiments, the original foundation lay in the experiment
of Michelson and Morley (1881).

8.1 Michelson-Morley Experiment

Consider a fluid at rest. Suppose a sound signal is sent out from the origin
O and moves with velocity csound along the z-axis (Fig. 8.1).

(®) T - > Ssound

Fig. 8.1 Sound signal sent out in a fluid at rest and viewed from a frame moving with
a velocity v along the x-axis relative to the stationary fluid.

If the sound wave is viewed from a frame whose origin O’ moves with
a velocity v along the z-axis relative to the stationary fluid, then classical
physics tells us that in the moving frame the sound wave appears to have
a velocity

Ceff = Csound — ¥ (81)

213
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Quite generally, these velocities simply add as classical vectors

Ceff = Csound — V (82)

Consider Maxwell’s equations for light in vacuum (chapter 2). As we
have seen, there is a solution describing a plane wave traveling in the z-
direction (Fig. 8.2).

Y propagation
—>

DN ~
AP

Fig. 8.2 Field configuration in Eqs. (2.94) describing an electromagnetic plane wave
traveling to the right along the z-axis with velocity c.

The fields (Ey, cB,) in this plane wave satisfy the one-dimensional wave
equation

02 1 0%
a —@om 0= Eweh)
c= ; velocity of light (8.3)

v Ho€o

Now one can ask the question, is there an “ether”, in which light has a
velocity ¢, corresponding to a “fluid at rest” for light? If so, then on
classical grounds, one would expect to measure a light velocity ceg = c—Vv
when moving with velocity v with respect to that ether.

To search for such an effect, Michelson and Morley employed a Michelson
interferometer. In this instrument, a light beam from a source is split into
two beams that then travel down two perpendicular arms. The beams are
reflected from mirrors and then recombined to form an interference pattern
on a screen, which depends on the difference in optical pathlength down
the two arms (Fig. 8.3).
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Fig. 8.3 Schematic of Michelson-Morley experiment. A light beam from a source is split,
travels to two mirrors (M3, M2), and is then recombined to form an interference pattern.
The apparatus travels with various velocities v relative to an assumed background ether
where light has a velocity ¢, and one searches for shifts in the fringes of the interference
pattern as the apparatus is rotated with respect to v.

Let us analyze the situation, assuming the presence of the ether and the
classical addition of velocities. The difference in optical pathlength can be
written as

N L) ”

Here ¢/ = v is the frequency of the light, and (¢7,trr) are the times that
the light signal takes to traverse the two arms of the interferometer.

The Lh.s. of Fig. 8.4 shows the configuration in arm I where the velocity
v of the mirror M; is parallel to the arm. If L is the length of the arms,
then the time ¢; to go down and back in arm I is given by

L L
tr = + (8.5)

c—v c+v

In arm II, which is perpendicular to v, the light must travel with the velocity
vectors shown on the r.h.s of Fig. 8.4 in order that it be reflected back into
the interferometer from mirror Ms. Thus, with the classical addition of
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velocities, the time t; is given by

L
trr = 2—0-5-_-_—1)2 (8.6)

-
C
—> 2\ i?
— >
v

-
%
I I
Fig. 8.4 Orientation of the two arms of the interferometer with respect to v, and clas-
sical addition of velocities. Here I denotes the configuration of (v, c) in the first arm
where the mirror M; moves with velocity v parallel to the arm, while II then denotes the

corresponding configuration of the velocities (v, ¢) in the second arm, where the velocity
v is perpendicular to the arm.

The difference in optical pathlength is thus given by

A=27rLl 1, 2 }

A |1-v/c 1+v/c—\/1——v2/_57
_ 2k (oy? 0 0[(2)] 7

The second line is obtained through an expansion in v/c (Prob. 8.1).

The whole apparatus is assumed to be moving with velocity v with
respect to the ether, and there is an interference pattern produced because
the optical pathlength from M; is a little longer. Suppose the apparatus
is now rotated with respect to v so that Ms occupies the position formerly
occupied by M1. During that rotation, the interference pattern should go
through a cycle of reversals.! In their experiment, Michelson and Morley:

e Varied the velocity v with which their interferometer moved with re-
spect to the assumed ether;

e Made use of the fact that the earth’s rotation can be used to reverse
that velocity every 12 hours to give them a periodic signal;

e Counted the number of interference fringes moving past a fixed point
as the apparatus was rotated.

1For example, suppose the difference in optical pathlength is w. Then the center spot
should go from dark to light to dark under 1/4 turn.
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No effect was seen! It was a conclusion of the Michelson-Morley experiment
that

There is no underlying ether with respect to which the velocity of
light is c.

It was the eventual conclusion of the Michelson-Morley experiment that

The velocity of light takes the same value in any inertial frame.?

The reader should really let this result sink in, because it is in complete
variance with how one adds velocities in classical physics in going from one
inertial frame to another.

8.2 Lorentz Transformation

Lorentz observed that there is a mathematical transformation that leaves
the form of the wave equation for light in Eq. (8.3) unchanged (leaves it
“invariant”). That transformation is
' +Vt
T = —L——l_—)-— : Lorentz transformation
V1-V2/c?

‘o (t' +Vz'/c?)

IV

where V is simply some constant. Equations (8.8) are readily inverted, and
the result is obtained by merely changing the sign of Ve -V

(8.8)

) (x — Vi)

J1-VZ/2

o (t—Vz/c?)

V1-V2/c?

It is readily verified that this transformation leaves the following quadratic
form invariant3

; Lorentz transformation

(8.9)

e L ; invariant (8.10)

2 Just go to the rest frame of the interferometer—there is no effect.
3The demonstration of Eqs. (8.9) and (8.10) is left as an exercise (Prob. 8.1).
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Let us verify Lorentz’s result. Write ¢[z(z’,t’),t(z’,t')] and use the
chain rule for differentiation of an implicit function twice. This gives

9 _ 0800 080t _ 1 [3p, Vs
0z’ =~ Oz dx' ' Ot dx' V1-V2/c2 |Ox c? Ot

Py 1 8¢V o¢ 8¢V o¢
8m’2_1~V2/02{ [8m+c2 at]+_2§[a Tz Bt]} (8.11)

In a similar fashion, one obtains

2 2600 D00t _ __ 1[0, 00
ot 0x ot ' Ot | /1-V2/c2 /c2 ot

0%¢ 1 o9 9¢ o¢  0¢
a2 1-V2?/c2 {V [Vax + atJ 5 [Va_ + Bt]} (8.12)

Now take Eq. (8.11) and subtract (1/c?) times Eq. (8.12) to arrive at

o 10% _ 0% 10%
0x'?2  c20ot?  9x2 2 Ot2

This is the result of Lorentz.

; Lorentz (8.13)

8.3 Einstein’s Theory

The Michelson-Morley experiment, and the Lorentz transformation, provide
the basis for Einstein’s theory of special relativity [Einstein (1905)]. Recall
our definition of the primary inertial frame as one that is at rest with
respect to the fixed stars. We observed that any frame moving with constant
velocity relative to the fixed stars is again inertial. Einstein assumed that

e The laws of physics are the same in any inertial frame;
e The speed of light, which provides a limiting velocity on the propagation
of signals, is the same in any inertial frame.

As a consequence, there is no experiment that can be done in a closed
inertial frame that tells how fast one is moving with respect to the fixed
stars. Einstein further assumed, and this was his real stroke of genius, that

e The Lorentz transformation is a physical transformation that relates
the coordinates (z,t) measured in one inertial frame to those (z’,t)
measured in a second inertial frame moving with velocity v = V relative
to the first.
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Time is no longer absolute, as it is in newtonian physics, but is now relative,
and varies from frame to frame. This revolutionizes our notion of space-
time.

Let us see how this works. The Lorentz transformation now provides the
physical relation between the spatial coordinates and the time in two iner-
tial frames moving with a constant relative velocity v = V. Let an “event”
denote a process that occurs at a given point in space-time (a particle decay,
the emission of a light signal, the coincidence of two points, etc.). Suppose
there are two observers, one in an inertial “unprimed” frame, and a second
in another inertial “primed” frame moving with velocity v along the z-axis
relative to the first. Suppose the observers agree to start their clocks at
a first event that occurs when the origins of the two coordinate systems
coincide (Fig. 8.5).

OI x.D
I X

Doz first <}, second
N\ -0

/1 event 71N event
————>V

o’ 1)

Fig. 8.5 Two events in special relativity as viewed in two different inertial frames. The
primed frame is moving with constant velocity v along the z-axis relative to the un-
primed frame. The clocks in the two frames start with the first event, which occurs
when the origins coincide. The second event appears to occur at (z’,t’) in the primed
frame and (z,t) in the unprimed frame.

Let a second event occur along the z-axis. The first observer says the
second event occurs at (z,t) and the second observer says it occurs at (z',t').
According to Einstein, these coordinates are related by the following Lorentz
transformation
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T — vt
= (—)— ; Lorentz transformation

V1—v2/c?
Y (t — vz/c?)

V1=

Note that in the first frame, all observers agree on the time ¢ as in a usual
laboratory experiment, and in the second frame, all observers agree on the
time t/, but now the time is relative between the frames. This is a major
break with newtonian mechanics where time is absolute between all inertial
frames.

As before, Egs. (8.14) are readily inverted, and the result is obtained
by merely changing the sign of the relative velocity v < —v

(8.14)

(' + vt')
V1—v2/c?
_ (t' + vz’ /c?)

V-

It is now a consequence of Eq. (8.10) that observers will measure the
same velocity of light c in the two inertial frames. Consider the situation in
Fig. (8.6) where the first event at the origins, which coincide, denotes the
emission of a light signal, and the second event marks its detection.

; Lorentz transformation

t (8.15)

x.D

e )))))))) I

x’ 1)

Fig. 8.6 Two events in special relativity as viewed in two different inertial frames. The
first denotes the emission of a light signal at the origins, which coincide, and the second
the detection of the light signal, which occurs at the point (z,t) in the first frame and
(z/,t’) in the second.

The first observer measures the speed of light as z2/t? = ¢2, and thus
from Eq. (8.10)

2 -t =2 - H? =0 (8.16)
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The second observer measures the speed of light as z'2/ ¢ and gets the
same value z'2/t” = c®. Hence both observers measure the same speed of
light.

It further follows from Eq. (8.13) that

P 19 0 _10%
0z2  c20t?  0x2 2 Ot?
Therefore both observers write the same wave equation for light, with the

same c. Hence the physical consequences will be identical in the two inertial
frames.*

(8.17)

8.4 Time Dilation

Consider a particle at rest at the origin O’ of a frame moving with velocity
v along the z-axis, as observed in the inertial laboratory frame. As above, it
is assumed that the clocks in the two frames start when the origins (O, O’)
coincide (Fig. 8.7)

Fig. 8.7 Particle at rest at the origin O’ of a frame moving with velocity v in the z-
direction as observed in an inertial laboratory frame. As above, it is assumed that the
clocks in the two frames start when the origins coincide.

The coordinates of the particle in its rest frame are then

=0
t=r ; proper time (8.18)

The time in the particle’s rest frame is known as the proper time. The

4They will, in fact, write the same set of Maxwell’s equations (see Prob. 8.8).
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coordinates of the particle in the laboratory frame are evidently

=7t
t=t (8.19)

The Lorentz transformation in Egs. (8.15) provides the relation between
the two sets of coordinates®

R — ; time dilation (8.20)

V1—12/c?
This remarkable relation states that the laboratory clock runs faster than
the clock in the rest frame of the particle! At complete odds with the
newtonian concept of time, this time dilation has now been confirmed in
many ways, for example:

e Cosmic-ray muons, created in the upper atmosphere, decay very quickly
in their rest frame

B — e U+,
T = 2.197 x 10 % sec (8.21)

If moving with v & ¢, however, they live long enough to be detected at
the surface of the earth;

e Muons in a storage ring with v ~ ¢ live long enough so that very
accurate measurements can be made of their magnetic moment.

8.5 Lorentz Contraction

Consider a meter stick of length d in its rest frame lying parallel to the
z-axis and moving with velocity v in the z-direction. Assume that in the
rest frame, one end of the stick lies at the origin O’ and the other at z’ = d
(Fig. 8.8). Assume again that the clocks start when the origins (O, 0’)
coincide. In the laboratory frame, the length of the stick is measured by
locating the two ends simultaneously. Thus, in the laboratory frame, the
length of the stick is measured at ¢ = 0. The coordinates thus satisfy the
relations

2 =d

t=0 (8.22)

Note that both of Eqs. (8.15) lead to the same result.
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The Lorentz transformation again provides the relation between the coor-
dinates in the two inertial frames. The first of Egs. (8.14) states that

2
x = d\/ 1- v_2 ; Lorentz contraction (8.23)
c

The meter stick appears shorter in the laboratory frame! This Lorentz
contraction has also been repeatedly verified over the years.

Fig. 8.8 Length of a meter stick lying along the z-axis and moving with velocity v in
the z direction. In its rest frame, the length of the stick is d. It is again assumed that
the clocks in the two frames start when the origins coincide.

As one interesting example, the Stanford Linear Accelerator (SLAC) is
two miles long. To the electrons moving down it with a velocity close the
speed of light, its length appears to be less than one meter.® This plays a
crucial role in the ability to steer those electrons down the accelerator pipe.

8.6 Transverse Dimension

It is easy to argue that a transverse dimension should be unchanged under
a Lorentz transformation. Consider a meter stick of length d oriented in
the transverse dimension, and a slit of exactly size d, both measured in the
inertial laboratory frame. Now let the meter stick move with velocity v
toward the slit (Fig. 8.9). Suppose the meter stick grew in the transverse
direction because of its motion. Then it would not pass though the slit. Now
reverse the roles of the slit and the meter stick. Let the slit move toward
the stationary meter stick. It will also grow, and hence pass over the meter
stick. The situations are identical since v is simply the relative velocity of
the slit and meter stick. One therefore has a logical contradiction, and the

6See Prob. 8.5.
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meter stick can neither grow nor shrink in the transverse dimension because

of its motion.

d d

T

Fig. 8.9 Behavior of a transverse dimension under a Lorentz transformation.

Thus one can simply include the unchanged transverse dimensions in
the three-dimensional Lorentz transformation (see Fig. 8.10).

t
y (D
X
> x
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ez first Nz second
71 event 1N event
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Fig. 8.10 Two events in special relativity as viewed in two different three-dimensional
inertial frames. The observers in the two frames agree to start their clocks when the
origins (O, 0’) coincide. The first observer says the second event then takes place at
(x,t) and the second observer, in the frame moving with velocity v in the z-direction,
says it takes place at (x/,t') where the space-time coordinates are related through the
Lorentz transformation in Eq. (8.24).

In three dimensions, for a second inertial “primed” frame moving with
velocity v along the z-axis relative to an inertial “unprimed” frame, and
with clocks started at the first event that marks the coincidence of the
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origins, one has

Y =y ; Lorentz transformation in 3-D
Z' =
o — (x —vt)
V1—v%/c?
£ 2
g (t—ve/c) (8.24)

V1—v2/c?

It is readily verified that the following quadratic form is left invariant
under this transformation”
2 _ 242

x? — 2?2 = x'? — *t? (8.25)

This again ensures that observers in the two frames will measure the same
velocity of light.®

8.7 Minkowski Space

A Lorentz transformation is a rule by which the coordinates (x, t) of a event
as viewed in the first inertial frame are related to the coordinates (x’,¢)
of the event as viewed in a second inertial frame moving with velocity v
relative to the first. The interval between the two events (1, 2) in space-time
is defined by the following

3%1 = [z(2) — x(l)]2 = [x(2) — x(l)]2 - c2[t(2) - t(l)]2 ; interval (8.26)

A Lorentz transformation between two inertial frames can then be char-
acterized, quite generally, as a coordinate transformation that leaves the

7See Prob. 8.1(d).

8There is an apparent contradiction in special relativity known as the “twin paradox”.
If time goes slower in a moving frame, and velocity is relative, which twin will actually
age relative to the other? The nicest resolution of this apparent paradox known to the
author was that presented by Prof. Phil Morse in a colloquium at M.I.T. more than 50
years ago. He solved the simple harmonic oscillator problem in general relativity, where
one learns how to deal with accelerated frames, and compared the ages of the two twins,
one in the inertial laboratory frame, and one going out and back. Indeed, the laboratory
twin ages more. The resolution of this apparent paradox is that one has to compare ages
for the twins at rest at the same point in space, and an accelerated frame is involved
in bringing one of the twins back to her sister. If done correctly, one obtains the same
answer in special relativity.
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interval tnvariant

st = s31 = 22y — xl(l)]2

= [x{g) — x(1)]* — Pltlz) — ty))° ; invariant  (8.27)
Consider the null interval between two events (Fig. 8.11)
52, =0 ; null interval (8.28)

These represent events that can be connected with a light signal, and in-
variance of the interval implies that observers in all inertial frames will
measure the same velocity of light c.

N
[ ]

-
.1
Fig. 8.11 Light travels on the null interval s2, = (x2 — x1)? — c2(t2 — t1)2 = 0.

To examine the implied coordinate transformations, introduce the fol-
lowing notation

T4 = ict

z, = (X,24) = (21, T2, T3, T4) (8.29)

The interval then takes the form

51 = [z@) —z))?
4 4
= [z - zolulre — @l = D _lE@ —zwl:  (8.30)

p=1 u=1

The quantity [z (2) —2(1)], forms a four-vector connecting the events (1) and
(2) in space-time. This four-vector has an imaginary fourth component and
lies in a four-dimensional Minkowski space. The interval in Eq. (8.30) is the
square of the length of the four-vector. Lorentz transformations are then
rotations and translations that keep the length of four-vectors constant in
the four-dimensional Minkowski space
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= Z au (V)T + ay ; Lorentz transformation  (8.31)

Here o, is a translation, which cancels in four-vectors. For rotations, the
coefficients a,, (v) must satisfy the following orthogonality conditions

4 4
p=1 u=1

where d,, is the Kronecker delta

dvp =1 s V=P
=0 s VED (8.33)

One can now explicitly verify that the transformation in Eq. (8.31) leaves
the interval in Eq. (8.30) invariant

321 = Z Z Zauvaup[x(z) - x(l)] [x(z) - x(l)]p

p,——l v=1 p=1
= lem — smllee — 2l = s (8.34)
v=1

At this point, it is convenient to introduce the convention that repeated
Greek indices are summed from one to four, thus®

4
- — 22 . i
VU = E VU = U, ; convention (8.35)
pu=1

With this shorthand, the interval in Eq. (8.30) is written as
s3 = [z — 2 = Be) — t@lulre — 2ol = [F@ — s, (8.36)
and the Lorentz transformation in Eq. (8.31) takes the form

:1:; = au, (V)T, + ay ; Lorentz transformation
or; ' =az+a (8.37)

9Readers should spend a little time familiarizing themselves with this (standard)
convention, since it will henceforth be employed without comment.



228 Introduction to Modern Physics: Theoretical Foundations

Here the second line is simply a rewriting of the first in matrix notation
(see below). The conditions that the Lorentz transformation coefficients
form an orthogonal matrix in Egs. (8.32) can be written in matrix notation
as

a’a=ad" =1 (8.38)

where the transpose is defined by [aT],, = au,.1° It is evident from

Eqgs. (8.38) that the transpose of a provides the inverse of that matrix

T

af =gt

; orthogonal matrix (8.39)

Hence g is an orthogonal matrix.
As an example, we explicitly construct the Lorentz transformation ma-
trix for the configuration illustrated in Fig. 8.12.

A

X WD
-¢?\_ (?lf)
N @
— vV
o’ z/
0L *» <>
o z”
y I.\
v/ D

Fig. 8.12 Configuration for a Lorentz transformation along the z-axis. Here it is as-
sumed there is a first event that occurs when the origins (O, O’) coincide. The second
event is then located at (x,t) in the first inertial frame and (x’,t’) in the second inertial
frame moving with velocity v in the z-direction with respect to the first. The position
four-vector in space-time is now defined by x, = (x,ict) and ), = (x’,ict’).

The observers in the two inertial frames agree to start their clocks at
the first event that occurs when the origins (O, O’) coincide. This implies
that the first space-time point is the origin in both frames x(;) = 33/(1) =0,
and hence all intervals are now with respect to the origin.

We may write the position four-vector z, = [z(2) — (1)}, of the second
event in the two frames as column matrices, where the designation (2) is

10The transpose of matrix is obtained by interchanging its rows and columns.
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now suppressed

xr X
Yy , Yy’

z 9 z o (8.40)
ict ict/

Under the Lorentz transformation in Eq. (8.37), the four-vector z,, trans-
forms according to

!
Ty

~

Qv Ty ; four-vector
azx (8.41)

or;

One says that this four-vector transforms homogeneously under the Lorentz
transformation.!?
It follows from Eqs. (8.14) that for the Lorentz transformation in the

z-direction, the matrix g is given by

10 0 0
01 0 0
— 1 iv/c 8.42
& 00 V1-v?/c? \/1-v2/c? ( )
0 0 —iv/c 1
i \/1—1)2/c2 \/1—112/02 i
Here the individual elements of the matrix are obtained as au, = [a],,

where u denotes the row and v denotes the column. It is now readily
verified by matrix multiplication that the second relation in Egs. (8.41)
generates the correct Lorentz transformation for the configuration shown in
Fig. 8.12. It is also readily verified by matrix multiplication that Egs. (8.38)
are satisfied.!?

The relation in Eq. (8.41) can be inverted though the use of the orthog-
onality relations in Egs. (8.32) to give

or; z=a"2 (8.43)

11 The translation o, cancels in the four-vector, which is defined as the difference in
position z,, = [z(2) — T(1)]u-
12See Prob. 8.3.
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8.8 Four-Vectors

A four-vector is defined in general by how it transforms under a Lorentz
transformation. '

If u), = au(v)uy, then u, is a four-vector.
This transformation property has two important applications:

e It allows one to relate components of the four-vector u, in one inertial
frame to those in another inertial frame;

o It allows one to construct invariants that are unchanged from frame to
frame, for if u, and w, are two four-vectors, then their scalar product
u - w = u,w, is unchanged under a Lorentz transformation’3

R Y B A — . .3 :
u' v = ww, =uwy =u-v ; invariant (8.44)

We proceed to give some examples of four-vectors:

(1) It is clear from the above that the position with respect to the origin,
the event (1) in the previous discussion, is a four-vector.

z, = (x,1ict) ; position w.r.t. origin  (8.45)

(2) The differential displacement is similarly a four-vector, since from
Eq. (8.37)

dz, = a,,dz, ; differential (8.46)
This relation can be inverted exactly as in Eq. (8.43)
dz, = au,dz, (8.47)

(3) The gradient with respect to z, is a four-vector.4
0 10
— = —— ; ient 8.4
3z, (V, - Bt) ; gradien (8.48)
The proof of this statement follows from the chain rule of differentiation

_ 0¢ Oz, 0o

/ = —_—
¢ [xV(x[l,)] - 8517,/ ax:l’ - a’ﬁ'l/ amu (8'49)

!
ox I

13This follows directly from the previous discussion—see Prob. 8.4.
14Note carefully where the i appears in this relation.
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The last equality follows from Eq. (8.47)

oz,
63:&

= Gy (8.50)

If 7 denotes the time in the rest frame of a particle (the “proper time”),
and z, denotes the position of the particle in an inertial frame, then
the four-velocity of a particle is defined by

; four-velocity

T = proper time (8.51)

The four-velocity forms a four-vector. To establish this result, recall
that the invariant interval between the position of the origin O’ at two
different space-time points, expressed in the particle’s rest frame, is
given by

s =[xy = xy]” = i — t)” = ~Cli) — )’

= —c?7? ; proper time (8.52)

Thus the proper time is an invariant. Equation (8.46) establishes that
dx, is a four-vector. The four-velocity defined in Eq. (8.51) is therefore
also a four-vector.

The relation between an infinitesimal element of time in the inertial
laboratory frame and in the particle’s rest frame follows from Eq. (8.20)

dt= 9T (8.53)

Vi-j2

With a second use of the chain rule, the four-velocity can thus be
rewritten in terms of laboratory quantities according to

dx, dt , 1 .
= —— = ——_— y - . 4
Up = o= (v,ic) oy ; four-velocity (8.54)
Note that
ul = —c (8.55)

If my denotes the constant rest mass of a particle, then the four-
momentum defined by mou,, is evidently also a four-vector
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Pu = Mol ; four-momentum (8.56)

With the aid of Eq. (8.54), the four-momentum can be written in terms
of laboratory quantities as

_ moVv 3 moc?
Pu 1—v2/c2’ ¢\/1—v2/c?
= (p, %E) (8.57)

The relativistic momentum p and relativistic energy E of a particle are
then identified as

moVv

p= —==mv ; relativistic momentum
V1—v2/c? ’
moc? 2 L
F=——=mc ; relativistic energy (8.58)

V1—1v2%/c? -

These quantities are evidently related by

E\2
5 (B) = e

or; E? = p2c? + mict ; particle (8.59)
Note the following important limits of Eq. (8.59):

e Particle at rest, where p =0
E = moc? ;p=0 (8.60)

This is Einstein’s celebrated relation between mass and energy;
e Non-relativistic limit (NRL), where p/moc — 0

2
E = moc® + 2p_ ; P (8.61)
mo mocC

e Extreme relativistic limit (ERL), where mo — 0
E = pc ; mog— 0 (8.62)

All of these relations have been previously employed in this book.
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8.9 Some Applications

It was observed in Eq. (8.44) that the scalar product of two four-vectors is
invariant under Lorentz transformations

N Y _
u' v = Uy, = Uy = U (8.63)

We have seen several examples of this

u? = uyu, = —c? ; four-velocity
p% = pupu = —(moc)? ; four-momentum
o 0 1 02
Bz, O, =V? - T ; wave operator (8.64)

In going from one inertial frame to another, one can either relate compo-
nents by explicitly carrying out the appropriate Lorentz transformation, or
one can construct invariants, which can then be expressed in either frame.
The latter procedure provides a very simple and convenient method for
relating quantities in the two inertial frames. We give some examples.

8.9.1 Relativistic Kinematics

Suppose one has a reaction involving a particle 1, with mass m; and energy
Ep, incident on a target particle 2, with mass mao, initially at rest in the
laboratory frame. In order to determine what masses are accessible in the
reaction, it is most convenient to go to the center-of-momentum (C-M)
frame, where the total energy is available to produce the new state at rest.
This involves a Lorentz transformation along the incident direction from
the inertial laboratory frame to the inertial C-M frame.

We label the kinematic variables in the two frames as shown in Fig. 8.13.
In the laboratory frame, the incident and target four-momenta are given

by

p= (pL, %EL) . laboratory frame

p2 = (0, %m2c2) (8.65)
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In the C-M frame, these four-momenta take the form

P= (P, %EI) ; C-M frame
)
p2 = (—P, EEZ) (8.66)
The total energy in the C-M frame will be denoted by
W =E; + E; ; total energy in C-M frame (8.67)
Lab oM
7
Py Py
Py g N <
Py _ 7 i P2
P2 p2/
5> Ly
_8 i =P iE
p2—(0 ,lcmzc ) p2=(-p o 2)

Fig. 8.13 Kinematic variables in the laboratory and center-of-momentum (C-M) inertial
frames. Here p denotes the four-momentum, and the same symbols are used for these
in the two different frames. They are then expressed in terms of the appropriate three-
momenta and energies in the two frames.

Now construct the following Lorentz invariant from the four-vectors
(p1,p2)

s=—(p1 +p2)° ; Lorentz invariant (8.68)

If s is evaluated in the C-M frame using Eqgs. (8.66), one has
2 1.9 1.2
s=—|0"-ZW* ) =5W ; C-M frame (8.69)
c c

Thus sc? is just the square of the total energy in the C-M frame.
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If s is evaluated in the laboratory frame using Egs. (8.65), one finds

1
8§ = — I:sz — c—z- (EL + mgcz)z]

2

2E1moc B (mac

c2 c?

=— [—(mlc)2 - 2)2] ; lab frame (8.70)

Here Eq. (8.59) has been used for the incident particle 1 in the second line.
The two expressions for s can now equated since it is a Lorentz invariant

2E 2 2)\2 1

c2 c2
This expression can be solved for E;, to give

_ 1
 2mgc?

ErL [W2 — (myc?)? — (m2c2)2] ; lab energy (8.72)

The magnitude of the momentum p in the C-M frame follows from W

)1/2

W = (p202 + m2ct + (pzc2 + m%c“)l/2 (8.73)

The threshold laboratory energy E%™esh required to just create a state
of mass M in the C-M system is therefore!s

1 2
thresh _ 2 22 2\2| .
Ethresh _ S [(M ¢®)” — (m1c?) —‘(mgc ) ] ; threshold
W = Mc* (8.74)
As an example, consider the reaction
et +e st 47 (8.75)

The threshold energy for a laboratory positron beam on electrons at rest
(say in an atom) is

1
thresh .6MeV)? — 2(0.511 MeV)?
E} 5% 0511 MV [(2><1396Me ) (0.5 e )]

= 7.627 x 10 MeV (8.76)

In contrast, if one had colliding positron-electron beams, where the labo-
ratory frame is also the C-M system, then the corresponding threshold is

151n this case the created state is at rest, and there is no excess kinetic energy in the
C-M system, as there must be in the laboratory frame in order to conserve momentum.
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just
thresh __
Ethresh _ 139 6 MeV (8.77)

This shows the great advantage of constructing storage rings for colliding-
beam experiments in the search for interesting higher mass states.!®

As a second example, consider the relation between the scattering angle
Ocr in the C-M system and that in the laboratory frame 8, for an arbitrary
elastic scattering process (see Fig. 8.14).

Lob c-M

-> _ = iE
s LA =

Fig. 8.14 Kinematic variables in the laboratory and center-of-momentum (C-M) in the
case of elastic scattering. Here 6, is the laboratory scattering angle and O¢cas is the
corresponding angle in the C-M system. The notation is the same as in Fig. 8.13. For
elastic scattering in the C-M system, |p’| = |p| and E' = E.

Write the four-momenta of the incident particle in the laboratory frame
before and after the scattering as

P1 = (PL, %EL) : lab frame

(
i = (P25 (8.78)

16 The first convincing evidence for the existence of the c-quark came from the creation
of the 1) bound state of a (c€) pair in the colliding et + e~ experiments carried out at
SLAC by Burt Richter and collaborators (1974).
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In the same fashion, write these four-vectors in the C-M frame as
pL= (p, %E) ; C-M frame
’ / (
= (v 2E) 8.79)

Note the energy of the particle is unchanged in the C-M system for elastic
scattering, and |p’| = |p|.
Now introduce the invariant momentum transfer as

t=(p] — )’ ; invariant (8.80)

It follows from Egs. (8.79) that in the C-M sytem this expression takes the
form

t=(p' —p)’ = 2p*(1 — cosfcum) (8.81)

When evaluated in the laboratory frame using Egs. (8.78), the invariant
momentum transfer becomes

1
t= (P}, —pr)’ ~ (B — Ep)°

2ELE}

e 2pLp}, cosfr, — 2(myc)? (8.82)

The two expressions for ¢t can now be equated since it is a Lorentz invariant,
and one finds

ELE; — (myc®)? — prphc® cosfr, = p?c?(1 —cosfcm)  (8.83)

To be of use, one must find another relation that determines E7. This can
be done with the aid of overall energy-momentum conservation, which can
be written as a relation between four-vectors as

p1 + p2 = py + Db ; energy-momentum conservation
four-vectors (8.84)

This allows Eq. (8.80) to be re-expressed as

t = (p} —p1)” = (p2 — ph)’ (8.85)
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Since the initial four-momentum of the target in the laboratory frame is
p2 = (0,imac), the last expression is evaluated in that frame as

2
t = —2(mac)? — 2py - ph = —2(mac)? + c—2(m2c2)E§

2 2
= Egmzcz (Ej — mac®) = c—2mgc2 (EL — E7) (8.86)
Here Ej is the final energy of the target in the laboratory frame. Energy
conservation has been used once more in obtaining the final expression.

Hence, from Eq. (8.81), one has
mac® (Er, — E}) = p2c®(1 — cosfcu) (8.87)
We now note:

e If the Lh.s. of Egs. (8.83) and (8.87) are equated, one obtains a relation
that determines the final laboratory energy of the scattered particle £}
in terms of its initial energy and the scattering angle (Fr,cosfr);

e Equations (8.73) and (8.72) provide the C-M momentum p? in terms
of the laboratory energy (EL); .

e Then either of Egs. (8.83) or (8.87) determines the C-M scattering angle
cos 0c in terms of the incident energy and laboratory scattering angle
(Er,cosfyr);

As one application of these results, consider the non-relativistic limit
(NRL) for the elastic scattering of equal-mass particles. In this case these
relations give [see Prob. 8.12(a)]

4p® = p} ; NRL
pL = prcosdy my = my
cosfcar = cos (20r) (8.88)

As a second application, consider the extreme-relativistic limit (ERL)
for the elastic scattering of equal-mass particles. In this case these relations
yield [see Prob. 8.12(b)]

2p? = (me)py ; ERL
1 1 1
— — — = —(1 —cosfL) mp =ma=m
by PL mc
in (0, /2 1/2
.sm( L/2) _ ﬂic_ (8.89)
sin (Bcnr /2) 2p]
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8.9.2 White Dwarf Stars

The topic of white dwarf stars presents a nice extension of the previous
discussions of quantum statistics and Thomas-Fermi theory.!” As prepara-
tion, we need the equation of state of a relativistic degenerate Fermi gas.
The extreme relativistic limit (ERL) of the relation between a particle’s
energy and momentum is that given in Eq. (8.62) |

E = pc = hkc ; ERL (8.90)

This expression is exactly the same as for the photon [see Eq. (3.50)]. The
ground state of the relativistic, non-interacting Fermi gas is obtained by
filling the single-particle levels with energy £ = hkc up to a maximum
wavenumber kr (Fig. 8.15). The spin degeneracy is g, and for electrons
g=2.

With a big box of volume V' and:periodic boundary conditions, the total
number of filled levels follows from Eq. (4.167) as

A gV .3
A7 ¢

Fig. 8.15 Ground state of a relativistic, non-interacting Fermi gas. The single-particle
levels with energy E = hkc are filled to a maximum wavenumber kr. The spin degeneracy
is g, and for electrons g = 2.

The total energy follows in a similar fashion as

kp
E= (29;3 / (Fkc) d3k = 6%% (%hkpc) k3 (8.92)
0

Hence
67m3n
g

3 3 1/3
=1 hkgpc = th ( ) ; relativistic F-G (8.93)

£
N

17See, for example, [Lifshitz and Landau (1984)].
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Here n is the particle density

N
n=y ; particle density (8.94)
The pressure is then given by Eq. (4.173)
OF
P=—-{(— 8.95
(&%), (699
Therefore
o\ 1/3
P = ihc (6—;—) n?/3 ; relativistic F-G

T=0 (8.96)
A white dwarf star has the following properties:

e Totally ionized helium atoms “He™* (a-particles) provide an inert, pos-
itive, uniformly-charged background in which the electrons move;

e The mass of the star comes from the 4Het™;

e The electrons provide the repulsive pressure that keeps the star from
collapsing under the gravitational attraction.

Since the entire medium is neutral, the a-particle number density n,, is
related to the electron density n. by

Ng = —;—ne : neutrality (8.97)

Since the mass comes from the a-particles, the mass density p is given by
P = MHeNg = 4Mpng = 2Mpn, ; mass density (8.98)

We denote the gravitational force per unit mass (the gravitational field)
" in the medium by Fgray.!® Then, in a local-density approximation, the
condition of hydrostatic equilibrium is that the gravitational attraction to-
ward the center of the star should just be compensated by the repulsive
pressure force arising from the degenerate electron gas (see Fig. 8.16)

1
Ferav = ;VP ; hydrostatic equilibrium (8.99)

18 Analogous to the electric field € in electrodynamics.
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n e(r)
re < >— L ?P
Fgrctv p
> 1

Fig. 8.16 In analogy to the Thomas-Fermi theory of atoms, in white dwarf stars the
attractive (gravitational force)/(unit mass) is balanced by the repulsive pressure force
arising from the relativistic, degenerate Fermi gas of electrons.

The gravitational force points in the radial direction, and exactly as in
Thomas-Fermi theory, Gauss’ theorem allows one to calculate the gravita-
tional field at a radius r arising from a spherically symmetric mass distri-
bution [compare Eq. (5.39)]

4nG ("

(fgrav),,. = —_r_?_ A p('r')r'2 dr’ (8100)

Here G is Newton’s gravitational constant

G = 6.673 x 1071 m3 /kg-s? ; Newton’s constant  (8.101)

Thus the condition of hydrostatic equilibrium in the star becomes

1dP arG [T o

- =7 102

S z . p(r')r's dr (8.102)
There are some boundary conditions that go along with this equation:

o The mass density clearly vanishes at the surface of the star, which lies
at a radius R

p(R) =0 ; surface (8.103)

e At the origin, the gravitational force will vanish, while the mass density
will be finite. Hence, from Eq. (8.102), the slope of the pressure will
vanish there!®

dP(0)

— =0 ; p(0) #0 (8.104)

19There is no cusp in the pressure at the origin.
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The equation of state to be employed follows from Egs. (8.96) and (8.98),
and it takes the form

P = np*/3 ; equation of state

he (6m2\® 1
=5(5) mm 1)

Insertion into Eq. (8.102) gives

n 1 dp_ 4 13 _ __4_;@ p(r')r'? dr’ (8.106)

3 p2/3dr Tar?

Introduce the definitions

= % ; R = star radius
< 47rGR?
2 _
¥ == (8.107)
Equation (8.106) then takes the form
d _ €
e =% [ plee? ag (8.108)
e’ 0

This can now be converted into dimensionless form with the introduction

of?0
Xp= g3 ; dimensionless (8.109)

Differentiation with respect to £ then recasts the condition of hydrostatic
equilibrium in Eq. (8.108) into the following

1d
e2d¢
This dimensionless, non-linear differential equation for the density is to be

solved with the two boundary conditions in Egs. (8.103) and (8.104), which
can be written as?!

(52 T3 f) —f3 : N-L diff eqn (8.110)

fy=0 ; f(O)=0 : B.C. (8.111)

20The dimensions of 1/hc are [M ~%/3], of G/hc are [M 2], and of A3 are [M ~1L3].
21Gee Prob. 8.15.
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The total mass of the star is obtained by integrating the mass density
out to the star’s radius

R 1
M =4 2 dr = A7 R® 2d
x /0 p(lr)r r = dn /0 p(€)E2 dé
3
_ Ank / 32 de (8.112)
0

23
The differential expression on the Lh.s. of Eq. (8.110) can now be substi-
tuted for f3 in the integral to give

1 1 d d
3¢2 —_ — —_— 2— = — /
/0 foE8dE = /0 P (€ dgf) d¢ = —f'(1) (8.113)

Hence

7R3 3/2
M= r o= enr | S @) ey

Note that the radius of the star R cancels in this expression,?? and it

becomes
he \3/2 /6n2 1/2 1 /

The problem has thus been reduced to integrating the nonlinear differential
Eq. (8.110) subject to the two boundary conditions in Egs. (8.111), and
determining the resulting f’(1), which then provides the mass of the star
through Eq. (8.115).

The results obtained from numerical integration of Eq. (8.110) using
Mathcadll and the Runge-Kutta algorithm are shown in Fig. 8.17. The
differential equation was integrated in from £ = 1, and the initial slope was
adjusted until the curve became flat at the origin. The values obtained
(rounded to three decimal places) are

f'(1) = -2.018 ; numerical integration
£(0) = 6.897 (8.116)

The total mass of the white dwarf can now be calculated from
Eq. (8.115), using g = 2 and the following numerical values

G = 6.67 x 107! Nm? /kg? ; ¢=3.00 x 103m/s
my = 1.67 x 107" kg s Bh=1.05x107%4Js  (8.117)

22Gee Prob. 8.16.
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The result is

M = 2.85 x 103%kg (8.118)

White Dwarf Mass Density

L L 1 |

0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

g

Fig. 8.17 Dimensionless white dwarf mass density f(£) = A3p versus £ = r/R. Equa-
tions (8.107) and (8.105) give A3 = (2mp)2(47G/hc)3/2(g/6m2) /2 R3.

It is instructive to write the total mass in terms of the mass of the sun

Mg = 1.99 x 103%kg ; solar mass (8.119)
Then from Eq. (8.118)
M .
— =1.43 ; Chandrasekhar limit (8.120)
Mo

This is known as the Chandrasekhar limit for the mass of a white dwarf.
This is the largest mass that can be supported against the gravitational
attraction by the Fermi pressure of a cold, fully-relativistic, electron gas.

If the star has a larger mass than the Chandrasekhar limit, it collapses
down to densities where the nuclear force comes into play, with resulting
supernovae and neutron stars. Eventually, if the mass is large enough, black
holes are formed (see later).?

23The corresponding calculation of the properties of a white dwarf star in the NRL,
appropriate to small mass stars, and the interpolation between the NRL and ERL are
discussed in Probs. 8.16 and 8.18.



Chapter 9

Relativistic Quantum Mechanics

The Schrodinger equation, when written in terms of local relativistic quan-
tum fields, and allowing for the creation and destruction of particles (see
later), provides a successful description of the microscopic world. The
Schrédinger equation for a single non-relativistic particle, however, is inher-
ently non-relativistic. It is based on the non-relativistic dispersion relation
[see Eq. (4.20)]

h2k?

2m0

—hK2V?
2mo

hw, =

; N-R dispersion relation

—

(9.1)
The use of the relativistic relation between energy and momentum as a
starting point

hwi, = (mac* + h202k2)1/2

— (mgc4 - hzc2V2)

; relativistic

12 (9.2)

immediately gets one into serious difficulties with defining the square-root
operator, or equivalently, with an infinite power series in V2.

The first successful union of quantum mechanics and special relativity
for a single-particle was achieved by Dirac, and here we give the lovely
historical argument [Dirac (1926)].

9.1 The Dirac Equation

One wants the theory to possess the following features:

245
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(1) A positive-definite probability density
p=T"V >0 ; probability density (9.3)

(2) A Schrodinger equation that is first-order in the time derivative

ihaa—\f- =HU ; Schrodinger equation (9.4)

(3) A continuity equation

%}tg +V-s=0 ; continuity equation (9.5)

As before, this will provide a basis for the interpretation of the theory
and ensure that, for a localized particle,

-c—ld? p(x,t)d3z =0 (9.6)

(4) The correct relativistic relation between energy and momentum

E? = p2c? + m2ct ; relativistic relation (9.7)

Now we do know of a theory that is Lorentz covariant and involves only
first-order time derivatives, and that is the set of Maxwell’s equations in
electrodynamics [Egs. (2.90) and Prob. 8.8]. Here one has a set of eight
coupled equations for the components of the electric and magnetic fields
(E,B). Dirac argued by analogy. He introduced a wave function ¥ that
had a set of n components

’l\bo' ;0’:1,2,...,n
components of ¥ (9.8)

with a corresponding positive-definite probability density defined by
n
pP=_Vithe (9.9)
o=1

To satisfy Lorentz covariance, one expects to have to treat space and
time on an equal footing, and to satisfy the second requirement above, they
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must then occur linearly. Thus Dirac assumed an equation of motion of the
form

n

3
6(6:) ? Z Z P + moC Z ﬁapwp ; Dirac eqn
k=

=1
o=1,---,n (9.10)

Here (ozfjp, B5,) are simply constants that couple the various components
of the wave function. One now has a set of n coupled, linear, partial
differential equations. In order to satisfy the third requirement above, we
need to investigate dp/dt. To this end, consider

: L _ & B,
gy S Vit = L% | ;; 3 ax:+m0c;ﬂal,¢p}+
0 *

> Yo ? %) ai: "mOCZﬂ;plb;} (9.11)
i p

k=1 p

where the second line is obtained from the complex conjugate of Eq. (9.10).
Now interchange dummy summation indices o = p in the second term on
the r.h.s., and add it to the first term. The result can be written as

o

A Y (5E) - ey

k=1 o

+moc Z Z Vi (Bop — Bio) Yo (9.12)

.0 . Ao~ O .
gy S = o (L L et

To have a continuity equation, the r.h.s. should be the divergence of some
quantity. It will be a divergence if the last two terms are absent. They will
disappear if the numerical coefficients in Eq. (9.10) are required to satisfy
the relations

160' = ﬁ;a
ok, = ok (9.13)
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These requirements can be rewritten in matriz notation as!
g =pt
oF=aof k=123 (9.14)

Here we have used the fact that the complex conjugate transpose of a matrix
is the hermitian adjoint

il

[_mT]ap My ; hermitian adjoint (9.15)

If one defines the “vector” a = (a1, a2, a3), then Egs. (9.14) take the form
g =pt ; hermitian
a=al a = (a1, a2, 03) (9.16)

Such matrices are said to be hermitian.
The previous results can also be rewritten in matrix notation as follows.
Introduce the column vector

¥
P2
U= ; Dirac wave function (9.17)

Yn
Then the probability density in Eq. (9.9) takes the form (see Prob. B.6)
p=Ulw ; probability density (9.18)

The Dirac Eq. (9.10) becomes

ih%—‘f = HV ; Dirac equation
H = ca - p + fmoc? s p= ’—,iV (9.19)

]

It follows from Egs. (9.12) and (9.13) that the continuity equation can be
written in matrix notation as

% 4+V.s= ; continuity equation
p=0Tw ; probability density
s=cUlal ; probability current (9.20)

1We forgo the underlining of (c, 8), and later, of ¥; furthermore a* = oy.
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It remains to satisfy point (4) and obtain the correct relativistic relation
between energy and momentum. As with the Schrédinger equation, one
looks for stationary-state solutions to the Dirac equation and converts it to
time-independent form

U = ’l/’)(X) e—iEt/h
= (ca - p + Bmoc?)y = Ep (9.21)

If H is applied to both sides once again, one obtains
H%*p = E* = (*p? + mict)y (9.22)

The r.h.s. is the required result. The quantity H? on the lLh.s. is now
obtained through matrix multiplication?

H? = (ca - p + fmoc?) (ca - p + Bmoc?) (9.23)
Since matrices do not commute, one must keep careful track of the order

of the factors in this expression. Thus

3 3 3

H? = Z > aFalpip + moc® Z (a*B + Ba*) pr + mic* B (9.24)

k=11=1 =1

Since the components of py do commute with each other, a change of
dummy summation variables allows the first term on the r.h.s. to be rewrit-
ten as

c? Z Z o*alpep = 2 Z Z ool + dla )pkpl (9.25)
PR

The required expression for H? in Eq. (9.22) is then reproduced, provided
the following relations are imposed on the Dirac matrices (a, )

Ba* +akp=0 ; anti-commute
ool + ola = 26y (e, 8) n X n matrices
g2 =1 (9.26)

Thus (o, ) must be hermitian, anti-commuting, nxn matrices that satisfy
the last two conditions.3

2Note that one has effectively taken |/ c2p? + mgc* through the clever use of matrices!
3The unit matrix is again suppressed on the r.h.s. of the last two relations.
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The smallest dimension with which one can satisfy the relations in
Egs. (9.26) is n = 4. The standard representation of the Dirac matrices
can then be exhibited in 2 x 2 form as (see appendix B)

0o 10 .
o= (a 0 ) s B = ( 0_ 1) ; standard representation
2 x 2 form (9.27)

Here o = (04,0y,0) are the Pauli matrices given by*

o1 0—i 10 N
9z = (1 0) 1 Oy = (z 0 ) ;03 = (0 _1) ; Pauli matrices (9.28)

The properties of the Pauli matrices are summarized in Eqgs. (B.13).

For a free particle in a cubical box of volume Q with periodic boundary
conditions, one can again look for solutions to the Dirac equation of the
form in Eq. (4.159)

1

Y= ﬁe“"xu(k)
p = hk ; eigenvalue (9.29)
Equation (9.22) then becomes®
E? = (hkc)? + m3ct ; eigenvalue (9.30)

9.1.1 Non-Relativistic Reduction

In order to relate this discussion to that of the one-particle Schrédinger
equation, consider a non-relativistic reduction of the Dirac Equation. Write
the Dirac wave function in the following two-component form

P = (i) ; two-component form (9.31)

Now use the standard representation of the Dirac matrices in Egs. (9.27),
and substitute Eq. (9.31) into the last of Egs. (9.21). The stationary-state
Dirac equation then takes the form

() rme G (2)=2(2) o

“Note that in this discussion, k = (1,2, 3) is the same as k = (z, y, 2).
®See Prob. 9.6 for the construction of the Dirac spinor u(k) for a free particle.
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The upper and lower components of this matrix relation are

co - px +moc’d = E¢
co - pp —moc’x = Ex (9.33)

We remind the reader that each of these equations is itself a two-component
relation, the o are the Pauli matrices, p = (/i) V, and E is the eigenvalue.
Equations (9.33) are still exact.

Consider the positive energy eigenvalue with [compare Eq. (9.30)]

E = ++/(moc?)2 + - - ; positive-energy solution  (9.34)
The second of Egs. (9.33) can be written as
_ co-p
"~ E +mgc?

This term is now of O(p/mgc), and hence it is small in the NRL. Substi-
tution of Eq. (9.35) into the first of Eqgs. (9.33) gives

X ¢ (9.35)

2
%‘rﬁ% 6 = (E —moc)é (9.36)

Write out the numerator on the Lh.s.
3 3 3.3 4
(@-p)?=)_> oiospp; =) ). 5 (0i0j +ojo0) pip;  (937)
i=1 j=1 i=1 j=1

The last equality comes from a change of dummy indices ¢ = j and the fact
that the p; commute. The properties of the Pauli matrices in Eq. (B.13)
reduce this expression to

(o-p)* =p* (9.38)
Now in the NRL
E—mot=c¢ ; NRL -eigenvalue
E + moc® = 2moc? + € = 2moc? (9.39)

Thus in the NRL, the positive-energy, stationary-state Dirac Eq. (9.33) for
the upper components ¢ of the Dirac wave function reduces to the free-
particle Schrédinger equation®

h2V?

2
P ¢ =— o=c¢€¢ : Schrédinger equation  (9.40)
0

2mo 2m,

6The lower components are then given in the NRL by x = (o - p/2moc)¢.
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9.1.2 Electromagnetic Current

The continuity equation in the Dirac case is given by Eq. (9.20)

% +V:s=0 ; continuity equation
p=Ulw ; probability density
s=cUlal ; probability current (9.41)

The electromagnetic current four-vector for a Dirac particle is obtained
from these quantities as [see Probs. 8.4(c) and 8.8]

1
eju =€ (Zs,ip) ; electromagnetic current (9.42)

where the dependence on the electromagnetic charge e is now made explicit.
At this point, it is convenient to define a new set of Dirac matrices

v =iaf = —ifa

and a new adjoint wave function defined by (see Prob. B.6)

U = Uy, (9.44)
Then
eju = ie (TI!_'y\I', Wy \If) ; electromagnetic current
eju = ie ¥y, ¥ s Y = (,74) (9.45)

9.1.3 Covariant Form

The Dirac equation can be written in Lorentz covariant form as follows.
Start from

(ca-p+ Bmec®) ¥ = ih%%’- (9.46)

with p = (h/7)V. Now multiply this relation on the left by the matrix 3,
then by 1/hc, and then use the definitions in Egs. (9.43)

(‘7'V+M)‘I’=—7452—4\I’ s T4 = ict
= % (9.47)
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Then, taking the last term to the Lh.s.,

(%_8_ +M ) v=0 ; covariant form
oz,

M = mgc/h (9.48)

This expression now looks covariant, as the first term appears to be the
scalar product of two four-vectors vy, and 8/0z,. In addition, the current
in the second of Egs. (9.45) now looks like a four-vector.

9.1.4 Dirac Hole Theory

We have to face the problem of the negative-energy solutions to the
Dirac equation, for example, those with eigenvalue —/(fike)? + (moc?)?
in Eq. (9.30). Within the principles of quantum mechanics, under some
perturbation, an isolated particle can simply keep falling down into these
levels without end. There is no ground state for a free particle!

Fig. 9.1 Particle promoted to a positive-energy state, leaving a hole in the filled
negative-energy Dirac sea.

Dirac came up with an extremely clever solution to this problem by
invoking the Pauli exclusion principle. We shall see below that the Dirac
equation describes a particle of spin-1/2, which is then a fermion. Dirac
assumed that all the negative-energy states are already filled with identical
fermions. Thus they are unavailable to the particle in a positive-energy
state. Everything is then measured with respect to this filled negative-
energy sea, the new vacuum.
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This picture has some immediate consequences, for example:

e Within this picture, one of the negative-energy fermions can be pro-
moted to a positive-energy state leaving a hole in the negative-energy
sea (Fig. 9.1). The hole must have just the opposite properties of the
particle, since if it is filled with a particle, one returns to the vacuum.
The hole is thus just an antiparticle. Based on this picture, Dirac pre-
dicted the existence of antiparticles before they were discovered!

e Within this picture, the vacuum has dynamics. For example, the charge
in the vacuum can be rearranged by the presence of another charge, and
the vacuum is polarizable.

Both of these observations imply that, from the outset, one is faced with a
many-body problem in relativistic quantum mechanics.

9.1.5 Electromagnetic Interactions

Consider a Dirac particle in an electromagnetic field. Such fields can be
described in terms of potentials (A, ®) according to (see Prob. 8.9)

B=VxA ; electromagnetic potentials

oA
E=-Vé- — (9.49)

In quantum mechanics, as well as in classical mechanics, these fields can be
incorporated by making the following replacements

p—p—eA ; incorporate E-M field
H — H+ed (9.50)

Thus the Dirac equation in the presence of an electromagnetic field be-
7
comes

[ca - (p — eA) + Bmoc? + e®| ¥ = ih%—f ; Dirac eqn (9.51)

If the arguments in Eqgs. (9.31)—(9.40) are repeated in the presence of
such fields, the Dirac equation leads to the following remarkable results:

(1) When applied to an electron in a static magnetic field described by
A(x), one finds a magnetic moment of (see Prob. 9.2)

__eh
,""el - 2m

28 ; S = %a (9.52)

(4

7See Prob. 9.4.
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Thus

e Since S is a spin angular momentum [see Eqgs. (B.14)], one con-
cludes that the Dirac equation describes a particle of spin-1/2;

e The electron is predicted to have a g-factor of g = 2, in accord
with observation (see Table 4.1).

(2) In a static, central, electric field described by ®(r), the electron expe-
rience a spin-orbit interaction given by (see Prob. 9.3)

R o\°1 (d®
VSO =€ (2mec) ; (a‘) 2S -1 (953)

This is again in accord with the experimental observation (see
Prob. 5.1).

9.2 Quantum Electrodynamics (QED)

In chapter 7 we gave a brief introduction to quantum electrodynamics
(QED). Let us review those arguments. In lowest order, there is one Feyn-
man diagram for u~ + e~ — u~ + e~ scattering. It is shown in Fig. 9.2.

Fig. 9.2 Feynman diagram for u~ + e~ — u~ + e~ scattering.

To calculate —iT’f;/Fc in momentum space, the rules are as follows:

e Include a factor of
e
ﬁC\ /€0
for each of the two vertices. Here 57 is the Dirac electromagnetic current
for each of the spin-1/2 fermions;

g7 ; E-M current (9.54)
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e Include the following factor for the virtual photon propagator

he 1
—zEEE ; photon propagator (9.55)

Here g2 is the four-momentum transfer given by

¢* = (k1 —k})? — (BEy — E})?/(hc)?
= (k2 — k3)? — (B2 — E3)?/(he)? (9.56)

The second line follows from the first by overall energy-momentum

conservation.

We are now in a position to explicitly construct the current j7. The
Dirac electromagnetic current four-vector is given by Eq. (9.45)

ejy = ie Uy, ¥ (9.57)

The space-time behavior of the Dirac wave functions has been used in gen-
erating the form of the S-matrix in Eq. (7.36), and what is left in the
T-matrix is the Dirac spinor u(k) in Eq. (9.29). Thus the current 57 to be
used in the T-matrix for the Feynman diagram in Fig. 9.2 for (u=,e™) is

ej” = iet(k’)y,u(k) (9.58)

Hence, combining these results, the T-matrix for the process in Fig. 9.2 is

e he 1 e
e = Rt 5 -ttt 05
The free-particle spinors are constructed in Prob. 9.6, and this expression
is now completely explicit.® It is exact to order a = e2/4meghc. Through
Egs. (7.49) and (7.46), it gives a cross section for the process that is exact
to order o?.
Consider next the following process, in lowest order,

—iTyi _

e”+et - pu +put (9.60)
There is again just the one Feynman diagram shown in Fig. 9.3, and all the
factors are the same as above! The only modifications are:
(1) The statement of energy-momentum conservation is now

ki+ko=q= k)i + ké (9.61)

8 Additional gauge-dependent terms in the photon propagator do not contribute here
due to the conservation of the Dirac current [i.e. g, @(k’)y,u(k) = 0].



Relativistic Quantum Mechanics 257

(2) One needs to use the negative-energy solutions of Prob. 9.6(b) for the
antiparticles et and pt, and hence®

—iTyi e .., | hel e _
he - hc\/é_O_U( 1)'7#'”( k2)]u i q2 hc\/'s—ov( kz)’YHu(kl) .
(9.62)
o ut
Ky /k§
a A\
k] \<<2
e et

Fig. 9.3 Feynman diagram for e~ + et — u= +put.

This again provides a cross section that is exact to order a? for the process
in Eq. (9.60).
Consider the production of a quark pair through the same process

e +et - q+q (9.63)

The analysis is exactly the same, provided one uses the correct charge e,
for the quark in the first factor in Eq. (9.62).1° |

There are now higher-order virtual processes that can be analyzed with
a systematic application of Feynman diagrams and Feynman rules (see
[Bjorken and Drell (1964); Bjorken and Drell (1965)]). We give some ex-
amples in Fig. 9.4.

e The vacuum polarization illustrated in Fig. 9.4(a) has already been
touched on. It arises from virtual pair production and shields the charge
in QED. There is a modification of Coulomb’s law at short distances
arising from vacuum polarization. The graph in Fig. 9.4(a) gives a
correction of O(a) to the cross section for y-e scattering;

9Recall Dirac hole theory.
10See Table 7.3 for Q = eq/ep.
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e The vertex insertion illustrated in Fig. 9.4(b) arises from the emission
and absorption of virtual photons during the scattering process. It
provides a correction of O(a) to the cross section for u-e scattering.
This vertex correction is also responsible for the leading contribution
to the anomalous magnetic moment of the electron (see chapter 7);

e The insertion illustrated in Fig. 9.4(c) represents the proper relativistic,
quantum mechanical, electromagnetic self-energy. This also provides a
correction of O(a) to the cross section for u-e scattering;

: e+ :
e~
Q) (b)

¥ N

o T,
©) @

Fig. 9.4 Some virtual processes in QED: (a) vacuum polarization; (b) vertex correction
(on each vertex); (c) self-energy insertion (on each leg); (d) scattering of light by light.

N

\ 4

Each of the above virtual contributions involves an infinite integral over
intermediate four-momenta. If one identifies, and inputs, the experimental
values of the mass and charge (Mexp, €exp), then the resulting expressions
for other experimental quantities, such as cross sections, are finite with
measurable higher-order corrections. It is an amazing result that this renor-
malization theory, due to Feynman, Schwinger, Tomonaga, Dyson, Ward
and others (1948), can be systematically carried out to all orders in o in
QED.!! The demonstration of this result, and the initiation of the calcu-
lation of the higher-order corrections, which have all now been accurately
verified by experiment, is one of the great achievements of modern physics.

e The diagram in Fig. 9.4(d), arising from virtual pair production, gives

11See the papers in [Schwinger (1958)].
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rise to the scattering of light by light. The net contribution from this
and related diagrams is finite in QED.

9.3 Weak Interactions

Consider the following weak process
vyt+eT o ve+p” (9.64)

To lowest order, there is only the one Feynman diagram shown in Fig. 9.5;
it involves the exchange of a heavy, charged, weak vector boson W .

Fig. 9.5 Lowest-order Feynman diagram for the process vy, + e~ — ve + u~ through
the exchange of a massive, charged, weak vector boson.

The modifications of the above analysis of u-e scattering are as follows:

(1) One must use the proper weak interaction vertex, and we are now in
a position to again ezplicitly construct that vertex. In the standard
model, it is given by

2ggij — — %a(k’)'yu(l + v5)u(k) ; weak vertex (9.65)

Here the matrix 75 is defined and discussed below;
(2) The correct propagator must be employed for the massive vector boson

hc 1 qu9 hc 1
Tm (5,“, + 7\-’/“[-3;’1) ~ —{--q—z_{_—Mgvdﬂ,, ; vector meson (9.66)

The last expression neglects g,,q, /M2, applied to the lepton vertices.

We proceed to discuss these expressions:
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(1) In the effective low-energy theory where g2 < Mg, one has a point
four-fermion coupling with the Fermi coupling constant of Egs. (7.71) and
(7.3)12

2 2
Iw Gr M, Gr -5
fneed . - 1. 2 ]. .
MT = 75 ; —— =1.027x 10 (9.67)

(2) We claim that

If the Dirac particles are massless, then these weak interactions
involve only the left-handed particles and right-handed antiparticles.

Let us establish this result. The matrix 5 appearing in Eq. (9.65) is defined
by

_ ({0 -1
Ve=ENNVI=_
=1 (9.68)
where the last expression in the first line is the standard representation for

vs in 2 X 2 form (see Prob. 9.8). The standard representation for a is given
in Egs. (9.27). It follows that

—o 0
s = QY5 = ( 0 —0') =-X (9.69)
Here (1/2)X is a 4 x 4 matrix satisfying the angular momentum commuta-
tion relations. of Eqgs. (B.14), and thus the full Dirac spin operator is (note
Prob. 9.7)

1
S = -2—2 ; Dirac spin (9.70)

Now a free, massless Dirac particle satisfies the following stationary-
state Dirac equation

ca-pyY =+EyY
or; a-kiyy=ky ; eigenvalue p = hk (9.71)

Multiply this equation on the left by (1 + 5)/2, and use the fact that ~ys
and a commute [see Eq. (9.69)]. Thus

a-ko=Fk¢ ;o= s(1+)Y (9.72)

[\CRE

12Compare Probs. 7.7 and 7.8.
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Multiply this equation on the left by 75, use Eq. (9.69), and use 42 = 1.
This gives

X -kp=ko (9.73)

Hence

Il

S .k¢=—¢ - k

k
- (9.74)

The component of (twice) the spin along the direction of motion is X - k,
and thus the state ¢ = (1/2)(1 + 5)% appearing in the weak-interaction
vertex has negative helicity as advertised. This is illustrated in Fig. 9.6.13

—> -
fi k

Fig. 9.6 Particles couple through ¢ = [(1 + v5)/2]¢ and, if massless, have negative
helicity in the weak interactions. Here k = k/k is a unit vector in the direction of k.

It is also true that while the <, in the vertex in Eq. (9.65) represents
an ordinary polar vector, the <y,vs represents an azial vector, and hence
the current has a mixed behavior under spatial reflections (see Prob. 9.10).
Thus the weak interactions do not conserve parity, as first proposed by Lee
and Yang [Lee and Yang (1956)].

(3) For the quarks the weak vertex is somewhat more involved, as the
weak (ud) vertex gets multiplied by cosfc and the weak (us) vertex by
sin fc, where O¢ is the Cabibbo angle (see Fig. 9.7)

Oc = 0.23 ; Cabibbo angle (9.75)

The weak coupling is the same for all colors of quarks.
(4) The coupling of the leptons and quarks to the heavy weak neutral
boson in the standard model is more complicated.4

13Since Py, (14+75)¢ = 2¢7. ¢ (see Prob. 9.9), this analysis holds for both the final and
initial particles. We leave the corresponding demonstration of the helicity of massless
antiparticles as an exercise for the reader.

14These couplings are given, for example, in [Walecka (2004)].
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Fig. 9.7 Modification of the weak vertex for the quarks by the Cabibbo angle.
9.4 Quantum Chromodynamics (QCD)

We previously introduced quantum chromodynamics (QCD), and the
lowest-order Feynman diagram for quark-quark scattering is repeated here
in Fig. 9.8. The vertices involve the strong color current jc, and we are
now in a position to explicity construct that current. The Dirac wave func-
tions now have three additional components denoting the color of the Dirac
quarks

YR
Y=\ Yo ; quark color components (9.76)

YB

We write the strong vertex out for all the possible processes. Any in-
dividual process is then governed by the appropriate term in the following
expression for jo. The strong vertex is given by

igs. _  g9s: l.,
hodo =~ T YNz (9.77)

The X are the 3 x 3 hermitian, traceless, Gell-Mann matrices, the analogues
of the 2 x 2 Pauli matrices (see appendix B). The matrices (A%);; for a =
1,---,8 are given in order by!®

1 —i 1 1 —i
1 i -1
1 i
1/V/3
1 —i 1/V3 (9.78)
1 i —2/v3

15We again suppress the underlining of these matrices.
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The vertex then involves the coupling to eight corresponding gluons G(%)
witha=1,---,8.

Fig. 9.8 Feynman diagram for quark-quark scattering through one-gluon exchange.

This notation in Eq. (9.77) is very compact, for each of the ¢ in 9
contains all the flavors of quarks (u,d, s,c,---)c, for example

Yr=| SR ; flavors for each color (9.79)

Each of these, in turn, is a Dirac wave function for that flavor of quark, for
example

U
u . .

UR = 2 ; Dirac wave function (9.80)
us

’LL4R

The matrix v, in Eq. (9.77) then sits between the various Dirac wave func-
tions. Everything in Eq. (9.77) is the unit matrix with respect to flavor;
the flavor of the quarks does not change in the strong interactions.

To be concrete, let us explicitly exhibit all the indices on the quark wave
functions

Vil ; t=R,G,B ; color
l=u,d,s,c,--- ; flavor
a=1,---,4 ; Dirac (9.81)
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The strong color vertex in Eq. (9.77) then has the form

ﬁ'ru%/\“w = Y > )

(iyj)=RaG’B (l,m)=u,d,s,c,--- (aaﬁ)=1,"'4

Bita (V) ag (%A) (Wi Yiimis (9.82)

ij
The basic process of the quark coupling to a gluon is illustrated in Fig. 9.9.

Fig. 9.9 Basic quark-quark-gluon vertex in QCD, involving, for example, A1), The
color of the quark changes, and the gluon G(1) then effectively carries off the two colors
(the gluons are “dichromatic”). The interaction is the same for all flavors of quarks.

Everything is now explicit, and one can proceed to the cross section for
any one of the lowest-order processes in QED, QCD, or the standard model
of the weak interactions.'6

In summary:

e The electroweak interactions couple to the quarks. That coupling in-
volves the flavor of the quarks. The electroweak couplings are indepen-
dent of the color of the quarks; they are color-blind. The gluons are
absolutely neutral in the electroweak interactions;

e The strong interactions couple to color. They are the same for all
flavors of quarks, and thus are independent of flavor. The gluons carry
color and have the elementary, strong, non-linear couplings illustrated
in Fig. 7.20. It is these strong non-linear gluon couplings that give
QCD its unusual properties of confinement and asymptotic freedom.

16The cross section, as a little element of transverse area do | , must be invariant under
Lorentz transformations along the incident direction. The results in Probs. 9.11-9.13 can
be used to explicitly exhibit the Lorentz invariance of the cross section in Eqgs. (7.49)
and (7.46).



Chapter 10

General Relativity

Eleven years after his theory of special relativity revolutionized our no-
tion of space-time [Einstein (1905)], Einstein’s theory of general relativity
completely changed our concept of how mass and energy determine the
structure of that space-time [Einstein (1916)]. These works form two of the
most influential papers in the history of physics.

We introduce general relativity by considering the motion of a point
particle of mass m constrained to move without friction on a surface of
arbitrary shape.!

10.1 Motion on a Two-Dimensional Surface

Consider a two-dimensional surface of arbitrary shape (Fig. 10.1). Intro-
duce a coordinate grid (g', ¢?) on that surface that defines the position of
the particle. This can evidently be done in a wide variety of ways. All we
ask of the coordinates is that they be linearly independent.

We will assume that at the point (q!,¢?) the surface has a unique tan-
gent plane (Fig. 10.2). To first order in the infinitesimals (dg',dq?), the
corresponding physical displacement in the surface ds is identical to that
in the tangent plane, and it can be written as

ds = erdq + exdq? ; line element (10.1)

The vectors (e, e2), which generate the physical displacements correspond-
ing the coordinate changes (dq!,dq?), are known as the basis vectors, and
Eq. (10.1) defines the line element. It gives a physical displacement in the
tangent plane, which to first order in infinitesimals is identical to that in

1For an introduction to general relativity, see [Walecka (2007)].
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the surface.
The square of this physical displacement (ds)? = ds - ds is known as the
interval. It is given by

2 2
(ds)2 = Z Z 9ij (q)dqidqj ; interval
i=1 j=1
9ij(q) = ei-e; ; metric (10.2)

The second line defines the metric g;;(g), which depends both on the choice
of coordinates and location on the surface.

>
S

Fig. 10.1 Particle of mass m constrained to move without friction on a two-dimensional
surface of arbitrary shape. Generalized coordinates (g!,q?) locate the position of the
particle on the surface. Here ds is the line element.

S5dq?

Fig. 10.2 Tangent plane to the surface in Fig. 10.1 at the point (g1, ¢2). Here (e1, e2)
are the basis vectors.

It is convenient at this point to introduce the convention that repeated
upper and lower indices are summed over the dimension of the problem,
here from 1 to 2. With this convention, Eq. (10.2) takes the form

(ds)? = gi;j(q)dg*dg’ ; summation convention (10.3)
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Although the coordinate system is arbitrary, the displacements in space
represented by the line element and interval are physical quantities.?

Consider the path of a particle with mass m moving without friction
between two points (1) and (2) on this surface (Fig.10.3). Imagine confining
a string to the surface and pulling it tight to minimize the distance between
the two points. The string then defines a curve in the surface known as the
geodesic. It follows from Newton’s laws that

The trajectory of the particle between the two points on the surface
forms a geodesic.

Fig. 10.3 Particle trajectory between points (1) and (2) on the surface. Here t is the
time, which parameterizes the distance along the path. Since the energy E = T = mv?2/2
is conserved, the magnitude of the velocity along the path is constant, and the particle
covers equal distances in equal times.

Thus the trajectory is such that it minimizes the distance between the
two points®

2
minimize / v/ (ds)? = path ; geodesic (10.4)
1

There are no forces in the surface, and thus we know from elementary
physics that the energy of the particle is conserved

E:T:lmv2

5 = constant ; energy (10.5)

2With another choice of coordinates such that dg® = af;d¢7, one has (ds)? =
gijdgidg’ = g;;d¢*d¢I. Here gi; is the metric with the new coordinates. This relation
defines the tensor transformation law.

3The definition of a geodesic is actually more general than this. It is a curve that
minimizes, or mazimizes this integral (or, more generally, makes it stationary under
variations about the actual path).
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This implies that the magnitude of the velocity v = v/v2 is constant along
the path, and thus the particle covers equal distances in equal times. One
can then use the time ¢ along the actual path to parameterize the distance
along the path, and the integral in Eq. (10.4) can be rewritten as

/lzmgz":/:dt,/(%)z (106)

It turns out that minimizing this express is the same as minimizing

m [t ds\? t2
5 (d—t) - /t Tdt (10.7)

1

Thus the path can equally well be determined from the relation

12
minimize / T dt = path ; Hamilton’s principle (10.8)
ty

where T is the kinetic energy. This is Hamilton’s principle. 1t is fully
equivalent to Newton’s laws, and can be considered to be the basic principle
of classical mechanics.* The great advantage of Hamilton’s principle is that
it can be implemented with any choice of underlying coordinate system.
With our previous choice of coordinates (g',¢?), and with the definition
g = dq(t)/dt, the kinetic energy T appearing in Hamilton’s principle takes
the form

2 . -
1 2. 1 oy _m(ds\"_ 1 . dgdg’
T(qg,q% ¢ ,4°) = 5 (dt> = 2m9w(CI) o (10.9)

10.2 Equivalence Principle

Consider a particle of mass m moving in the central gravitational field of a
heavy mass M (Fig. 10.4).

4The proof that the trajectory is a geodesic lies in first developing lagrangian me-
chanics from Hamilton’s principle (see Probs. 10.4-10.5), and then carrying out the
argument in the opposite direction. The step from Eq. (10.7) to (10.6) rests on the fact
that (ds/dt)?2 = v2 is constant along the actual path.

In the presence of an additional potential, Hamilton’s equations read (see Prob. 10.4)

t2
minimize / Ldt = path ; Hamilton’s principle
t1

L=T-V ; lagrangian
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T
e
M m

Fig. 10.4 Particle of mass m in central gravitational field of heavy mass M.

Newton’s second law, together with his law of gravitation, give the equa-
tion of motion of the particle as

d?r

r

Here we are careful to distinguish the inertial mass m; of the particle, the
one entering into the second law and governing the acceleration with respect
to the fixed stars, from the gravitational mass mg, the one entering into his
universal law of gravitation. The equivalence principle says that these two
masses are, in fact, identical

m; = myg ; equivalence principle (10.11)

The particle mass then cancels in Eq. (10.10),° and it becomes

d’r r
g = MG~ (10.12)
This result implies that all particles move the same way in this gravita-
tional field, a fact confirmed long ago by Galileo in his famous experiment
dropping various objects from the leaning tower of Pisa. The path of the
particles is determined solely by the geometry of the gravitational field
arising from the source mass M. It was Einstein’s genius to realize the full
implications of this result.
At the surface of the earth, which for a short time can be assumed to
form an inertial frame, Eq. (10.12) becomes

d?r
dt?
where g = 9.80m/s? is the familiar acceleration of gravity. Now consider a

second primed frame at the surface of the earth that is accelerating down-
ward with respect to the inertial frame as illustrated in Fig. 10.5. Here

=g ; surface of earth (10.13)

2 =z-1 (10.14)

5A cancelation that is usually just blithely carried out in freshman physics.



270 Introduction to Modern Physics: Theoretical Foundations
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Fig. 10.5 Primed frame at the surface of the earth accelerating downward with respect
to the inertial frame. Here 1 is the downward displacement of the origin O’.

Two differentiations with respect to time now give

/
dQ—Z=ﬁ—-d—2lzf—z——a (10.15)
dt? dt?2  dt2 " dt?
where a = d?1/dt? is the acceleration of the origin O’ as observed in the
inertial frame. With the invocation of the equivalence principle m; = my =
m, Newton’s second law in the inertial frame, in the presence of the earth’s
gravitational field, reads

2

m—s = mg+ OF app ; Newton's second law ~ (10.16)

Here 0 F ,pp is any additional applied force. Substitution of Eq. (10.15) gives

the corresponding equation of motion in the primed, accelerating frame

d2 z/

dt?
The effect of the gravitational field is ezactly canceled if®

m =m(g — a) + dF app (10.17)

a=g ; cancels gravity (10.18)

The equation of motion in the accelerated frame is then exactly the same
as Newton’s law in an inertial frame, only the effect of gravity has been
removed completely. "

How does one achieve the condition in Eq. (10.18)? Just let the primed
frame fall freely in the gravitational field!

6Note this cancelation can only take place locally, since g varies from point to point.
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10.3 Local Freely Falling Frame (LF?3)

We thus introduce the concept of the local freely falling frame (LF3). It
is a frame that is just held and let go at a given point in a gravitational
field. In the inertial system the (LF3) has no velocity v, rather it has an
acceleration a, and gravity is absent in the (LF3).

Two basic concepts of special and general relativity, which we now state

relative to the primary inertial frame, can then be summarized as follows
(see Fig. 10.6):

(1) No experiment that we can do in a closed laboratory will tell us whether
or not we are moving with constant velocity v with respect to the fixed
stars;

(2) No experiment that we can do in a small closed laboratory will distin-
guish between

e An acceleration a with respect to the fixed stars;
e A local gravitational field with g = —a.

fixed stars

K KK KK KK K

(@) Lab

Special Relativity

(b) Lab

General Relativity

K KK KK KK XK

Fig. 10.6 (a) A global closed lab moving with constant velocity v with respect to the
fixed stars in special relativity; (b) A local closed lab moving with acceleration a with
respect to the fixed stars in general relativity.
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10.4 Special Relativity

Let us return to special relativity and rewrite the previous results in a
different form. We live in a four-dimensional space-time with coordinates

z* = (x,ct) ; No “/" now (10.19)
Physics lies in the interval given by
(ds)? = g dxtdz” ; physical interval (10.20)

Here we use the convention that repeated upper and lower Greek indices are
summed from 1 to 4.

The space we live in is a Minkowski space. This fact is incorporated by
introducing a metric in a cartesian basis of the form”

I = (9]
100 0
0100 . . .
9=1001 0 ; metric in cartesian basis (10.21)
000-1

Again, as discussed in chapter 8, it was Einstein’s genius to give a phys-
ical interpretation to the Lorentz transformations between inertial frames
moving with a relative velocity v (see Fig. 8.5).8

10.5 Einstein’s Theory of General Relativity

The Minkowski space of special relativity is not a nice, simple euclidian
space, but rather a space with the metric of Eq. (10.21). Einstein asked
the question, could this space be even more complicated? Could it also be
curved? Could the presence of mass and energy determine a curved space
such that the geodesics in this space are just the newtonian orbits? If so,
one would have a unified description of both Newton’s second law and his

"Note that the nature of the Minkowski space is now entirely contained in the metric,
and no longer in the complexity of the coordinates. Just where one now puts the minus
signs in the metric is a matter of convention.

8In special relativity, we could talk globally about the coordmate transformation be-
tween inertial frames.
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universal law of gravitation, two cornerstones of physics. It is just this
problem that is solved by Einstein’s theory of general relativity.
We present Einstein’s theory through a set of three assumptions:

(1) We live in a four-dimensional riemannian space (see Fig. 10.7).® The
physical interval in this space is given by

(ds)? = g, dz*dx” ; physical interval (10.22)
Here g,,,, is the metric, which in free space in cartesian coordinates has
the form in Eq. (10.21).

e In the local freely falling frame (LF?3) there is no gravity, and one
has just special relativity with the metric in cartesian coordinates
of Eq. (10.21).

Fig. 10.7 Sketch of the four-dimensional riemannian space in which we live. The surface
suppresses the two dimensions (q!, ¢?), and the set of basis vectors suppresses ej.

(2) Particles move along the geodesics in this space. The geodesics are
determined by!®

2 2
d
minimize / dr (d—j> = path ; geodesics (10.23)
1
Here dr is an element of proper time along the actual path (Fig. 10.8)
1
(d7)? = —c—z(ds)2 ; along actual path
proper time (10.24)

9The previous two-dimensional surface of arbitrary shape forms a two-dimensional
riemannian space — a most useful analogy.
10More generally, the geodesics are determined by making this integral stationary.
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(3) The structure of the space is given by the Einstein field equations
GH* = kTH¥ ; field equations (10.25)

In this expression:

e G* is the Einstein field tensor. It is a second-order, non-linear,
differential form in the metric;

e TH is the energy-momentum tensor for the matter fields present;

e k= 8mG/c* is the constant of proportionality.

// 7
o %/

Fig. 10.8 Particle trajectory in the space. Here 7 is the proper time.

10.6 Schwarzschild Solution

Schwarzschild found a solution to the Einstein field equations outside of a
spherically symmetric source of mass M [Schwarzschild (1916)]. Although
the details of his solution go beyond the scope of this book,!! several prop-
erties of that solution are of interest to us here. The Schwarzschild solution
for the interval in spherical coordinates is given by

(dr)?
(1-2MG/c?r)

+ r2(d8)? + 2 sin® 6 (d¢)? — (1 - 2£§f> (cdt)?

; Schwarzschild solution (10.26)

(ds)* =

The Schwarzschild metric is immediately identified from this interval.

10.6.1 Interpretation

For the interpretation of the Schwarzschild solution, we introduce three
different frames of reference (see Fig. 10.9):

I. Global Inertial Laboratory Frame. In the global laboratory system, the
coordinates are (r, 6, @, ct). All observers in this frame agree on the values

11 They can be found in [Walecka (2007)].
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of these coordinates. The physical interval in terms of these coordinates is
given by the Schwarzschild metric;

I1. Far-Away Frame. This system is sufficiently far away from the source
so that 2MG/c?r — 0. In this case, one has just free flat space with the
metric (in a cartesian basis) of Eq. (10.21) and interval (ds)? = (dZ)? —
c2(dt)2. The coordinate t is the time in this frame.

>

M
%5
¢

Fig. 10.9 Three reference frames introduced to obtain a physical interpretation of the
implications of the Schwarzschild metric. Frame I is the global inertial laboratory system
with coordinates (7,0, ¢, ct). Frame II is one very far away from the source, and frame
III is the local freely falling frame (LF3).

II1. Local Freely Falling Frame (LF3). This is a system that is just held
and let go in the gravitational field. The LF3 has no velocity in the global
laboratory frame, but it does have a finite acceleration. In this system, an
observer sees just free flat space and special relativity, with a metric given
in cartesian coordinates by Eq. (10.21); there is no gravity in the LF3. In
this frame, we define (see Fig. 10.10):

e di is an element of time in the LF3;
e dl is an element of length in the radial direction &, in the LF3.

The interval corresponding to the displacements (dl, df) in the LF?3 is then

(ds)? = (dl)? — c?(dt)? ; interval in LF? (10.27)
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A

er
5./

Fig. 10.10 Reference frame III, the local freely falling frame LF3.

10.6.2 Some Applications

Suppose an observer sits at the origin O in the LF3. The physical interval
for this observer is given by

(ds)? = —c?(df)? ; interval in frame I1I (10.28)

Here dt is an element of proper time. What does an observer in the global
laboratory frame see for this same physical interval? Since the LF3 has no
velocity in frame 1, (dr,df,d¢) = (7,9, $)dt all vanish. Thus the observer
in frame I says the physical interval is given by

(ds)? = — (1 - 2£24TG) c2(dt)? ; interval in frame I  (10.29)

Since it is the same physical interval, these expressions can be equated,
with the result that
dt
dt =
V1-2MG/c?r

There is a time dilation in the global laboratory frame depending on the
radial position in the gravitational field. Here the time dilation comes from
the relative acceleration of the LF3, rather than the relative velocity of
special relativity.

Evidently the relevant gravitational parameter is the Schwarzschild ra-
dius given by

; time dilation (10.30)

2M
Rs = CZG ; Schwarzschild radius ~ (10.31)
Equation (10.30) then reads
dt . N
dt = —— ; time dilation (10.32)

v1—Rg/r
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As a second application, consider a measurement in the LF3 of the
length dl of a standard meter stick oriented in the radial direction é.
Since the length measurement is carried out at a given time in that frame
dt = 0, and the physical interval becomes

(ds)? = (dl )? ; interval in frame III (10.33)

The corresponding length dl in the global laboratory frame is also measured
in one time in that frame so that dt = 0. The physical interval frame I is
thus given by

2
(ds)* = (—lﬁg—m ; interval in frame I (10.34)
— hig

Since it is the same physical interval, thére is a radial length contraction
given by
1-Rs/r . radial length contraction  (10.35)

Once again, this arises from the relative acceleration of the LF3, rather
than from the relative velocity of special relativity.

10.6.3 Schwarzschild Radius

The Schwarzschild solution is singular at the Schwarzschild radius defined
in Eq. (10.31). Let us put in some numbers for this quantity. We use

¢ =3.00 x 10°m/s ; Mo =1.99 x 10%%kg
G = 6.67 x 1071 m3/kg-s? . M, =5.98 x 10** kg (10.36)

This gives for the sun and the earth, together with the observed radii,

sun;  R3 =2.95x10°m ; Rp =6.96 x 10°m
earth; RS =886x10"m . R, =6.38 x 10°m (10.37)

Even for the largest mass object in our solar system, the sun, the
Schwarzschild radius is a tiny fraction of the actual radius.

We note that one can actually get to the singularity if all the mass
M of an object lies inside of the Schwarzschild radius Rs. Such objects
do exist in our universe as black holes. At radial distances beyond the
Schwarzschild radius, the gravitational field of a black hole is described
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by the Schwarzschild metric; however, light emitted at the Schwarzschild
radius is trapped by gravity and can never get out — hence the name.!?
Take the following values of the coordinates in the Schwarzschild metric

t = constant

0 = constant = /2 (10.38)
The Schwarzschild interval in Eq. (10.26) then reduces to the following
2 _ (dr)? 2 2
(ds)* = 1= 2MG/r + 7 (do) (10.39)

This interval describes a two-dimensional surface, and for visualization, we
can return to our paradigm of a point particle moving without friction on
such a surface. This surface is plotted as a function of (r, ¢) in Fig. 10.11.

tangent space
P N
N1
z
s
R. ¥
S r

¢

Fig. 10.11 The two-dimensional riemannian surface defined by the Schwarzschild metric
with the two coordinates in Eq. (10.38) held constant, as viewed in three-dimensional
euclidian space. The generalized coordinates used to locate a point on the surface are
(r, ¢). The tangent space at the point (r, ¢) is indicated, as well as the basis vectors and
line element at that point. The surface is actually described by z = 2[Rs(r — Rg)]/2.

If one is confined to the surface, there is no ambiguity about the angu-
lar coordinate ¢, and the radial coordinate can be measured by making a
complete tour about the z-axis and taking r = (circumference)/2.

Suppose we introduce someone we will call the “record keeper”. He
or she simply records and plots the coordinates as they are reported. All

12What happens inside of the Schwarzschild radius for a black hole is anybody’s guess.
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the record keeper sees is a point in the space of the coordinates (7, ¢) as
indicated in Fig. 10.12.

Fig. 10.12 Location on the surface as reported to, and plotted by, the “record keeper”
in the space of the coordinates (r, ¢).

It is the metric that allows the record keeper to go from these coordi-
nates to what is actually happening as the particle moves along the surface.
For example, as the particle moves in radially toward the Schwarzschild ra-
dius, a very small change in the coordinate r corresponds to a very large
physical displacement on the surface.

10.6.4 Motion of a Point Mass

A point mass moves along a geodesic in general relativity.

2 ds\ 2
minimize mop / dr (—) = path
1 dr

(dr)?

—212—(ds)2 ; along actual path
proper time (10.40)

Suppose that instead of parameterizing the geodesic curve with the proper
time along the actual path, one parameterizes it with the coordinate ¢ ap-
pearing in the Schwarzschild metric, which is the time in the global inertial
laboratory frame. Everything else in the integrand is then allowed to vary
about the actual path in order to find the minimum of the integral. In this
case

(dr)? = —61—2(ds)2 ; everywhere now (10.41)
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A simple change of variables in the integral in Eq. (10.40) then gives

2
d
minimize (—mqc?) / d_:; dt = path ; geodesic
1

1
(dr)? = —-c--z-(ds)2 ; everywhere (10.42)
This result can be rewritten as

2
minimize / L(r,0,¢; 7,0,¢)dt = path ; geodesic
1

L(T, 0, ¢, 'f'a éa (»b) = —moczi—; (1043)

This is now in the form of Hamilton’s principle in classical mechanics,!3
and with the Schwarzschild interval of Eq. (10.26), the lagrangian is given
by

L(r,0,6; 7,0,) =
Rs 1 1 : . : 5\ 12
— 2 2 - 2 292 25020 A2
moc [(1 - ) > (1 Rs/'rr + %0 + r“sin“ 0 ¢ )] (10.44)

The problem is now reduced to one in ordinary classical mechanics.

To make a connection with something familiar, one can go to the new-
tonian limit by letting ¢ — oco. In this case, an expansion of Eq. (10.44)
gives!4

L= —moc® + %mov2 -~ (— moi\/IG) +0 (-—1—)

= constant+ 7T -V + O (%2) (10.45)

The first term is a constant, which does not affect the equation of motion.
The second term is the usual non-relativistic kinetic energy. The third
term is minus the newtonian gravitational potential energy, which allows
an identification of the mass M of the source and the gravitational constant
G.

13Gee Prob. 10.4. '
14Recall Rg = 2MG/c?; we identify the usual velocity as v2 = 72 41262 +r2 sin2 § ¢2.
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10.7 Cosmology

The Einstein field equations can be solved relatively easily in the case of a
uniform mass density p that extends throughout all space (see Fig. 10.13).
Rather surprisingly, this turns out to provide a good approximation to what
is actually observed in the visible universe.

Fig. 10.13 Model of a finite, uniform mass density throughout the universe. The
mass density is a function of time, and the value required at the present time is
~ (10 H-atoms)/m3.

The mass density is a function of time, and at the present time the
required mass density is approximately

p~2x1072 gm/cm® ; at present time

mp = 1.67 X 10" gm ; proton mass (10.46)

The second line reminds the reader of the proton mass. A good way to
remember the required mass density is that it is approximately ten H-atoms
per cubic meter.

10.7.1 Robertson- Walker Metric (k = 0)

The solution to the Einstein field equations that we shall focus on for this
uniform mass cosmology is known as the Robertson-Walker metric with
k = 0. This is just one of the possible solutions with a uniform mass
density — the simplest one. The situation is illustrated in Fig. 10.14. The
coordinates are (q!, ¢, ¢3, ct), and it is assumed that the spatial coordinates
form an orthogonal system. The physical interval and corresponding metric



282 Introduction to Modern Physics: Theoretical Foundations

Guv = [ g)uv are given by
(ds)® = A%(t)(dq)® - c*(dt)? ; physical interval
At) 0 0 O
0 A%t) 0 o0
0 0 A2%(¢) 0
0 0 0 -1

; Robertson-Walker (k =0)  (10.47)

5]
I

Fig. 10.14 Tllustration of physical spatial displacements in the Robertson-Walker metric
with k = 0 for the cosmology where there is a uniform mass density throughout all space.
The fourth coordinate displacement e4 d(ct) is suppressed.

The Einstein field equations in this case reduce to the following!®

_ 1 dA@®) 2
MO =0 &~ 3a—)
2 R e
t—to= 3h(t) - [67rp(t)G'] (1048)

Here ty is simply an 1ntegratlon constant, and t—1o is given the grand name
of “age of the universe”
Let us put in some numbers for the present time ¢ = ¢,, using

G = 6.67 x 107 m3 /kg-s? ; 1yr =3.16 x 107 s
c=3.00x 103m/s ; 1light-yr = 9.46 x 10'%m
p(tp) =2 x 10~ 26 kg /m3 ; 1 pc = 3.26 light-yr

; 1Mpc =3.08 x 10"%km  (10.49)

15The details can again be found in [Walecka (2007)].
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The last two relations on the right define useful units of length known as
the “parsec” (pc) and “megaparsec” (Mpc) where 1 Mpc = 108 pc. these
numbers give :

tp —to = 0.63 x 10'%yr
h(t,) = 3.34 x 10718571 = 103 (km/s)/Mpc (10.50)

We shall see shortly why the last, rather convoluted, way of writing s™!

provides a useful expression.

10.7.2 Interpretation

To provide an interpretation of the Robertson-Walker metric, we return to
our paradigm of motion on an arbitrary two-dimensional surface. Suppose
that now the surface is a flat rubber sheet that stretches uniformly in all
directions as a function of time (see Fig. 10.15).

Fig. 10.15 Two-dimensional rubber sheet analogy for the Robertson-Walker metric with
k = 0. Shown is the configuration at two times, the bottom one later than the top. The
stars mark two events that occur at a fixed coordinate position (¢, ¢%).

At a given time ¢, the physical interval on the sheet is given by
(ds)? = [A(tl)]2 (dq)? ; interval at ¢ (10.51)

Where dq is the coordinate displacement. Suppose that the coordinates
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q = (¢!, ¢?) do not change with time. In this case, the two points stay fixed
on the record keeper’s screen, and only the clock moves; nothing appears to
be happening (Fig. 10.16). On the contrary, the physical distance between
the two events marked on the record keeper’s screen is changing, and it is
the metric that describes how the physical separation between the events
increases with time.

q2

t /[\ (a'.a®
Y=

o T,

Fig. 10.16 Record keeper’s screen corresponding to the situation in Fig. 10.15. Only
the clock moves. It is the metric that describes how the physical separation between the
events increases with time.

Since the Robertson-Walker metric is the same everywhere in space,6
one can talk about a finite coordinate separation of the two points on the
record keeper’s screen, and a corresponding finite coordinate displacement
(q?)'/2. The physical distances I between the two events at the time t; and
at the later time ¢2 are therefore given by

I =1(t1) = A(t1)(q®)"/?
Iy = I(t2) = A(t2)(q?)*/? (10.52)

Now form the ratio (I — l1)/(t2 — t1), and then substitute the first of
Egs. (10.52), to obtain

o=l _ [A(tz) — A(tl)] ()2

ta — 11 ty — 11
B [A(tii - ﬁ(tl)} [ Az;)] (10.53)

We may define a relative velocity v, of the two events by

lo =11 + ’Ur(t2 - t1) (1054)

161t is global.
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As to — t;, and with the definition I; = [, this relation becomes [recall
Eq. (10.48)]
_dAl

U=y = h(t)! ; relative velocity (10.55)

We know from freshman physics that light emitted from a source moving
away from us is Doppler shifted. That shift is given to order v/c by!7

A 142 ; Doppler shift (10.56)
)\0 C
Substitution of Eq. (10.55) then gives
A ; Ao _ -}:-h(t)l : cosmological redshift (10.57)
0

This is known as the cosmological redshift. The quantity h(tp) is known as
Hubble’s constant'®

h(tp) = Ho ; Hubble's constant (10.58)

If Hubble’s constant is determined by some means, then the cosmological
redshift in Eq. (10.57) allows one to measure the distance l of the emitting
star. This plays an important role in astronomy.

10.7.3 Horizon

Since the time coordinate is not modified in the metric in Eq. (10.47), and
since light always follows the null interval (ds)? = 0, it follows that the
physical velocity of light in the global inertial laboratory frame is still ¢
in this cosmology. Thus there is a finite physical distance c(t, — to) that
light traveling for the current age of the universe can have traveled. This
distance marks the location of our horizon (see Fig. 10.17).

Dy = c(tp — to) ; distance to horizon (10.59)

We make several comments:

17The full expression for the Doppler shift in special relativity is derived in Prob. 10.1.
The present derivation of the cosmological redshift is correct through O(v/c); note that
there are other sources of the redshift of light (for example, the gravitational redshift of
light propagating away from a massive object).

18The best current measured value of the Hubble constant is Ho = 7248 (km/s)/Mpc
(see [Walecka (2007)]). This gives Hy ' = 13.5 x 10° yr, a number which readers will
often see quoted.
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This is as far as we can see at the present time;1°

This light was radiated at the birth of the universe — it is “old light”;
This light will be strongly redshifted when it gets to us;

The value of Hubble’s constant in Eq. (10.50) gives a distance to the
horizon of

Dy = 1.94 x 10® Mpc (10.60)

It is clear from the rubber sheet analogy that the universe looks the
same to all observers in this cosmology.

e

7

Fig. 10.17 Our horizon lies at a physical spatial distance Dy = c(tp — to). This is the
distance that light that was emitted at the birth of the universe has traveled to get to
us. It is as far as we can see at the present time. Here Dy ~ 2000 Mpc.

o

19The instantaneous velocity of the horizon in this cosmology is vr/c = 2/3 for all
times (see Prob. 10.7).



Chapter 11

Quantum Fluids

Quantum fluids refers to macroscopic many-body systems whose behavior
reflects the underlying quantum mechanics. We focus here on two such
systems — superfluid 4He and the electron fluid in a superconducting metal.
We start the discussion with 4He.!

11.1 Superfluid ‘He

The phase diagram in (P,T) for “He is sketched in Fig. 11.1.

solid
___/1/

20 — Tx=2.17'K

P(atm)
He-ll He-l
10 |—

1
2T}“ 4 T°

Fig. 11.1 Sketch of phase diagram for liquid “He.

K

This has several interesting features:

e At high enough pressure, He forms a solid. At low enough pressure, He

1Most of the material in this chapter is taken from [Fetter and Walecka (2003a)].
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is a gas. There is an ordinary gas-liquid phase transition, and a critical
point. Below ~ 20 atm, He remains a liquid down to T = 0;

e There is a phase transition from the ordinary liquid He-I to a second
phase He-II, which exhibits many fascinating properties. At zero pres-
sure, this phase transition takes place at a temperature T\ = 2.17°K;

e He-II exhibits superfluid flow with vanishing viscosity. It behaves as a
mixture of two interpenetrating, incompressible fluids of constant total
density, one which is a normal fluid and one the superfluid. There is a
smooth transition from all normal fluid to essentially all superfluid as
the temperature is decreased from T'= T to T = 0;

e The heat capacity exhibits a logarithmic singularity at T, (Fig. 11.2).

~ InIT-T, |

Nk g

|
T T

A

Fig. 11.2 Sketch of heat capacity for liquid 4He.
Atomic “He consists of a (1s)? electronic configuration about a §He

nucleus. The nucleus, in the shell model, consists of (n Tn | pTpl)ina
(1s)* configuration (see Fig. 11.3).

4He

$e0¢0

nnpp

Fig. 11.3 Electron and nucleon configuration of 4He.

Since it consists of six fermions, a “He atom behaves as a boson, and
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since all spins are paired, it forms a spin-zero boson with J™ = 0. With
two tightly-bound 1s electrons, the atom is very small and the interatomic
forces are very weak outside that core. 4He is indeed chemically inactive; it
forms an inert gas (chapter 5). It is the lightest of the inert gases, and it is
in liquid He that one expects quantum effects to become most important.?

As a first approximation, one can consider “He to be a collection of non-
interacting point bosons with the quantum statistics discussed at the end
of chapter 4. At low temperature, the particles will be condensed into the
single-particle ground state (the “Bose condensate” ), while a certain frac-
tion of the particles will be thermally excited into single-particle excited
states. At T' = 0 they will all be in the condensate, which forms the super-
fluid. The excitations at T' # 0 can then be identified with the normal fluid.
As previously discussed, there is a phase transition in the non-interacting
Bose system which is not dissimilar to that discussed above.

11.1.1 Hartree Approzxzimation

The many-particle ground-state wave function for a collection of N non-
interacting spin-zero bosons is of the form (see appendix H)

®(x1,Xz,+ ,XN) = ¢o(X1)Po(x2) - - - do(xXN) (11.1)

Here ¢o(x) is the lowest-energy single-particle state for the problem at hand
[see, for example, Egs. (4.115) or (4.118)]. The wave function in Eq. (11.1) is
totally symmetric under the interchange of any two particles. Suppose the
particles now interact through a two-particle potential of the form V(x; —
x;). The effects of this potential can be most simply included by appealing
to the Hartree approximation discussed in chapter 5 and Probs. H.3-H.7.
Here the form of the wave function in Eq. (11.1) is maintained, while the
effect on a particle of the mean field created by all the other particles is
taken into account.

Since all the particles occupy the same single-particle state in Eq. (11.1),
the particle density n(x) and corresponding particle current n(x)v(x) for
the many-body system are just N times the probability density and prob-
ability current for one particle. Hence

n(x) = N|¢po(x)|? ; particle density
n(x)v(x) = NQ% [06Vdo — (Vdo)*¢o] ; particle current  (11.2)

2Recall Prob. 4.12.
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The Hartree potential is the direct analogue of that given in Eq. (5.74)
Vi (x) = / By V(x - y)n(y) ; Hartree potential (11.3)

The Hartree equation is then that of Eq. (5.76)
[ h2V?

2m

+Vu (x)] do(x) = €odo(x) ; Hartree equation (11.4)

Here ¢ is the lowest single-particle eigenvalue for the problem at hand.
We note that this equation is applicable to both uniform and non-uniform
systems.

It is convenient at this point to define a new single-particle wave function
that scales out the factor of N

Yo(x) = \/Nfﬁo(x) (11.5)

The Hartree equation then takes the form

[ h2V?

2m

+ [@yvix- y)lwo(y)lz] Yo(x) = eotho(x) ; Hartree (11.6)

This is a non-linear, integro-differential equation that can be solved by
iteration in the general case, or analytically in the case of a uniform system
(Prob. H.6). The corresponding particle density and particle current are

n(x) = |io(x)|? ; particle density
n(x)v(x) = 2—;% [¥5 Vo — (Vbo) o) ; particle current (11.7)

11.1.2 Velocity Field

The single-particle wave function in Eq. (11.5) can be parameterized in
terms of its modulus and phase as

Yo(x) = |9ho(x)[e ™) (11.8)

A simple calculation then shows that the particle density and current in
Egs. (11.7) take the form

n(x) = [¢o(x)|*
v(x) = %ch)(x) (11.9)



Quantum Fluids 291

The second equation is particularly interesting. The velocity field comes
from the gradient of the phase of the single-particle wave function. It follows

immediately that the velocity field is irrotational with vanishing curl [see
Prob. F.3(a)].

Vxv(x)=0 ; irrotational flow (11.10)

Stokes theorem (appendix F) then implies that the circulation around any
closed curve C in a plane lying entirely within the fluid [Fig. 11.4(a)] van-
ishes

f v-dl=0 ; circulation in fluid (11.11)
c

Note the remarkable fact that we have obtained properties of the macro-
scopic fluid flow of the condensed Bose system from the single-particle wave
function!

11.1.3 Quantized Circulation

While the circulation vanishes in the bulk fluid, it is possible to set super-
fluid He into rotation and create a vortezr where the superfluid component
vanishes at its center. This creates a hole in the superfluid. Suppose one
has a rectilinear vortex and the integration contour in Eq. (11.11) lies com-
pletely in the fluid, but now goes around the vortex. In this case, one can
obtain a finite circulation, and we are in a position to say something about
the allowed values of this circulation. The current in Eq. (11.9) comes from
the phase of the single-particle wave function, and it will be assumed that
for a Bose system this wave function is single-valued throughout the fluid.
Suppose the integration contour in Eq. (11.11) is a circle that lies in a plane
transverse to the vortex and centered on it as illustrated in Fig. 11.4(b).
The integral then just gives the difference in phase between the initial and
final points on the circle?

h h h
fcv.dlzf;n-w- dl = Efd¢=a[¢(27r)—¢(0)] (11.12)

Since we come back where we started when we go around the circle, and
since the wave function must be single-valued, the difference in phase must

3For the second step, see Prob. F.3(b).



292 Introduction to Modern Physics: Theoretical Foundations

be an integral number of 27
fv-dl=—}}-(27rl/)=£u ;v=0,1,2,--.
C m m
quantized cirulation  (11.13)

The circulation around the vortex must be quantized in units of h/m. For
“He the unit of circulation has the value

h
= 0.997 x 1073 cm?/s (11.14)

MHe

N -

\% \%

< L—~
C C 0

() (b)

Fig. 11.4 Circulation of superfluid in 4He: (a) Bulk fluid; (b) Around a vortex which
is transverse to page.

11.1.4 Gross-Pitaevskii Equation

Consider the following modifications of the Hartree equation:

(1) First, model the force between the Bose particles by a repulsive delta-
function potential?

V(x-y)=g5®x-y) ;9> 0 (11.15)

(2) Now note that for a uniform system with particle density n, it follows
from Prob. H.5 that the total ground-state energy density is given by

E 1

E_1 1oz
= = gneo=n* [EyVy) (11.16)

4This models the repulsive van der Waals force between the atoms in liquid He.



Quantum Fluids 293

The chemical potential is then given by®

M= (6_N) sv =£&o (1117)

The Hartree equation will be generalized by replacing ¢ by u, an ex-
perimental observable, on the r.h.s. As with finite temperature, the
interactions take some of the particles out of the Hartree condensate
and distribute them over the other Hartree single-particle states. The
number of particles in the condensate is not a conserved quantity, and
the use of the chemical potential allows one to take this into account.
Correspondingly, the particle density n will be replaced by the conden-
sate density ng.

These steps lead to the Gross-Pitaevskii equation

h2V?
[_ 2m

+ gl (%)% | Yo(x) = po(x) . Gross-Pitaevskii

[vo(x)| = v/10(x) (11.18)

This is now a local non-linear differential equation that is readily integrated
with existing numerical programs.®

11.1.5 Vortex

Consider the solution to the Gross-Pitaevskii equation in the case of a
rectilinear vortex as illustrated in Fig. 11.4(b). Look for a solution of the
form of

Po(r,0) = v/ng f(r)e® (11.19)

where ng is the condensate density in the bulk fluid, and f(r) is real. Then
from the second of Egs. (11.9) [see Prob. F.3(c) for the second step]

v(r,6) = %ve - %ég (11.20)

The quantities involved here are illustrated in Fig. 11.5.

>The system is in the volume V and in its ground state (S = 0).

6The Gross-Pitaevskii equation is derived with more sophistication in [Fetter and
Walecka (2003a)]. For the present purposes, it will be assumed that any excitations out
of the condensate are small, so that T' — 0 and ng — n.
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Fig. 11.5 Vortex velocity field in Eq. (11.20).

Since dl = &g rdf, the circulation about the origin is immediately eval-

uated as
2
f v-dl= / i»rde _mh_h (11.21)

m m

The velocity field in Eq. (11.20) represents a vortex with one unit of circu-
lation. Note the magnitude of the velocity falls off as 1/r.

With the assumed form of the solution in Eq. (11.19), and the laplacian
in polar coordinates of Prob. 4.26(a),” the Gross-Pitaevskii Eq. (11.18)
becomes

h2 (l-d— i—i)f+,uf-nogf3=0 (11.22)

rdr dr 72

where an overall factor of \/ng e® has been canceled.
Far away from the vortex, one should have |19|? — no, and hence there
is a boundary condition that goes with this equation

f(r) —1 ; T — 00 (11.23)
It follows from Eq. (11.22) that the chemical potential is thus given by

L= gno (11.24)

This is the energy required to insert one boson into the medium. Division
by this factor reduces Eq. (11.22) to
h? (1 d d

1 3
Smgne \rdr” z;‘:z‘)f t-r= (11.25)

"Here (p, ¢) — (r,0).
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This equation is reduced to dimensionless form with the introduction of the

new variable
r h? 1/2
(= £ €= (2mgno> (11.26)

Thus the Gross-Pitaevskii equation in this case is reduced to the following
non-linear differential equation and boundary condition

ﬁ+lﬁ_lf+f_f3=

d¢2 -~ ¢d¢ (2
fQ)—1 (-0 (11.27)

We make the following observations:

(1) As ¢ — 0, the angular momentum barrier, given by the third term in
this equation, dominates. It is readily verified that the regular solution
takes the following form at the origin

f=0C¢ 1 (—0 (11.28)

where C is a constant.
(2) As { — o0, a power series solution in 1/¢2 gives
1
f=1—@+"' ;C—)OO (11.29)
(3) Numerical integration is readily carried out for all values of ¢, and the
result obtained using the Runge-Kutta algorithm in Mathcadll are
shown in Fig. 11.6.

We observe that the superfluid is excluded from the vortex core, as adver-
tised, and the size of the core is ( ~ 1, or

Tcore ~ & ; core size (11.30)

The observed core size in He-II is ~ 1 A.8

This solves the Gross-Pitaevskii equation in the case of one particu-
lar non-uniform system — a vortex. That equation is also applicable to
cold, isolated, laser-trapped Bose systems, whose experimental study pro-
vides one of the more fascinating aspects of modern physics (see [Colorado

(2007)]).

8Note Prob. 11.2.



296 Introduction to Modern Physics: Theoretical Foundations

GROSS-PITAEVSKII VORTEX
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Fig. 11.6 Numerical integration of the Gross-Pitaevskii Egs. (11.27) and (11.28) for a
vortex with unit circulation.

11.1.6 Superfluidity
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Fig. 11.7 Experimental low-temperature quasiparticle spectrum ex(k)/kp in He-IL
From [Fetter and Walecka (2003a)].

There are various types of excitations in He-II. They have a dispersion
relation (k) that is experimentally accessible through specific heat mea-
surements,? or more directly, through inelastic neutron scattering where
the response of the fluid to a specified amount of momentum and energy

9Recall the Debye theory of the heat capacity.



Quantum Fluids 297

transfer (hk,ey) is examined. Landau called the quanta of these excitations
“quasiparticles” [Landau (1941)]. The measured low-temperature quasipar-
ticle spectrum in He-II is shown in Fig. 11.7. At long wavelength, one sees
phonons, the quanta of the sound waves in the fluid,'? with ex = Akcsound-
At higher k, the spectrum is more complicated, exhibiting a dip (corre-
sponding to “rotons”); e then continues to grow with k.

Landau gave a simple argument based on conservation of energy and mo-
mentum that greatly helps one understand superfluidity [Landau (1941)].
Suppose one has a heavy object of mass M moving with velocity v through
the uniform Bose fluid. Consider a collision process that creates an excita-
tion in the fluid as illustrated in Fig. 11.8.

-~
hk, &

Fig. 11.8 Creation of an excitation in the Bose fluid by a heavy object moving through
it.

Energy and momentum will be conserved in the collision, and hence

1 1
§Mv2 = EMV’2 + €k ; energy
Mv = MV’ + hk ; momentum (11.31)

Substitution of the second relation in the first gives

) 21,2
le2=1M<v2—2hk V+hk)+ek

2 2 M M?
~ M (v - = ) + £k (11.32)

where the second line neglects h?k?/M?2. A cancelation of terms then leads
to the relation

€k —hk-v =0 ; energy-momentum conservation (11.33)

10See chapter 12.
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Suppose € > hkv, then this condition cannot be satisfied. This leads to a
critical velocity given by

Vcritical = (E—k) : critical velocity (11.34)

hk / min

If the velocity v of the mass M moving through the Bose fluid is less that
this, then it cannot create ezcitations of the fluid, and hence there will be
no viscosity. For a fluid moving in a tube, just go to the rest frame of the
fluid. The wall is then the heavy moving object (Fig. 11.9). It is clear from
Fig. 11.7 that in He-II the quantity (ex/hk) has a minimum reached in the
roton part of the curve.

Fig. 11.9 Superfluid moving through a heavy tube.

For collisions with a particle in a free Fermi gas, one has an energy
transfer of
(p+hk)? p°
Ek — -
2m 2m

~ hk - vo = hkvg cos Opk (11.35)
Hence

€k .
—— pond . F 1 .
( hk)min 0 ; free Fermi gas (11.36)

Hence, by this argument, a free Fermi gas will not exhibit superfluidity.'!
For a Fermi gas to exhibit superfluidity, there must be some modification
of the excitation spectrum by the interactions, for example, by the intro-
duction of an energy gap A so that the energy transfer satisfies e > A.

11.2 Superconductivity

We next turn to the topic of superconductors, which have many remarkable
properties (see [Superconductors (2007)]).

11 Neither will a free Bose gas. It is the interactions between the bosons that give rise
to the spectrum in Fig. 11.7 (compare Prob. 11.2).
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11.2.1 Ezperimental Properties

When many metallic elements or compounds are cooled to within a few
degrees of absolute zero, they lose all traces of electrical resistivity at a
definite temperature T,. The following phenomena are then observed:

1). Infinite conductivity. Ohm’s law states that in a material the elec-
tromagnetic current is proportional to the electric field

j=0E ; Ohm's law (11.37)

where o is the electrical conductivity. In a perfect superconductor, the
vanishing resistivity implies ¢ — oo, and with an infinite conductivity,
there will be no electric field in a superconductor. It follows from the third
of Maxwell’s Egs. (2.90) that when E =0

6B
- =0 (11.38)

Hence the magnetic field B is constant in a superconductor.

2). Meissner effect. It is a remarkable fact that when a material makes
the superconducting transition in an applied magnetic field, or alternatively,
when a sufficiently weak magnetic field is applied to a superconductor, the
magnetic field is excluded from the bulk material. Hence, in fact, B = 0 in
the bulk superconductor. This is the Meissner effect. The last of Maxwell’s
Eqgs. (2.90) implies that the current also vanishes in the bulk superconductor

pj=VxB=0 (11.39)

The magnetic field can penetrate into the surface of a superconductor; just
how far it gets inside depends on the characteristic “penetration depth” of
the material. There is a corresponding surface current, which also vanishes
exponentially as one goes into the bulk superconductor.!?

3). Critical field. At strong enough applied magnetic fields, the super-
conducting material is driven normal. There is a characteristic critical field
at which this transition occurs, the critical field decreasing with tempera-
ture and vanishing at T,.

4). Fluz quantization. There are materials known as type-II supercon-
ductors where magnetic fluz tubes first penetrate the bulk superconductor,
before it is driven normal by a further increase in the applied magnetic
field. The interior metal in these flux tubes is in the normal state, and the

12See Prob. 11.4.
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field is maintained by a persistent supercurrent at their boundary. It is
observed that the magnetic flux in these tubes is quantized in units of h/2e.

5). Specific heat. The specific heat of a typical superconductor is
sketched in Fig. 11.10. It is discontinuous at T = T, with no latent heat for
the transition. In the superconducting state, the specific heat C; vanishes
exponentially as T' — 0

kgT

This dependence indicates the existence of a gap in the energy spectrum
separating the excited states from the ground state by an energy AT

Cs x exp {— Ao } (11.40)

Fig. 11.10 Schematic drawing of the specific heat Cs of a superconductor. Cp o< T is
the electronic specific heat of the normal metal, which dominates at low T'.

6). Isotope effect. The transition temperature in isotopically pure met-
als typically varies with the ionic mass according to

T. x M~1/2 (11.41)

11.2.2 Some Observations

The simplest picture of a metal is a non-interacting Fermi gas of negatively
charged electrons moving in a much heavier, uniform, positive ionic back-
ground. Although this picture does allow one to understand many metallic
properties, it provides no understanding of the remarkable properties of
superconductors.

The vanishing resistivity appears to be analogous to the vanishing vis-
cosity of a superfluid. One way of understanding the specific heat results is

13Typically, Ao is somewhat less that 2kgT.. There are also “gapless” superconduc-
tors.
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that the electrons form bound pairs in the medium, with a binding energy
of Ag. Indeed, if the electrons were to form bound pairs, then the electron
pair could be viewed as a boson and all our results on superfluidity applied
to superconductors! In particular, one could understand the vanishing re-
sistivity in terms of superfluid flow. The magnetic flux tube in a type-II
superconductor looks intriguingly like a vortex in He-II, and magnetic flux
quantization could then be understood in analogy to the quantization of
circulation in a vortex (see below).

An important clue here is given by the isotope effect. This result indi-
cates the importance of the interaction between the electrons and phonons,
the quanta of the sound waves in the underlying ionic lattice. This at-
tractive electron-phonon interaction indeed provides a mechanism for the
formation of bound Cooper pairs of electrons lying close to-the Fermi surface.
It is to this topic that we turn next.

11.2.3 Cooper Pairs

Start with the above picture of a metal as a non-interacting Fermi gas of
negatively charged electrons moving in a much heavier, uniform, positive
ionic background. It is important to realize that this system is neutral and
hence has no Coulomb energy. The negative exchange term in the electron-
electron interaction energy, discussed in appendix H, then provides the
binding energy of the metal. At this point, the many-body wave function,
at least for those electrons near the Fermi surface is well described by that
of a free Fermi gas.

Fig. 11.11 Two electrons near the Fermi surface interacting through the exchange of a
phonon.

Now there is an additional interaction between electrons arising from the
exchange of a phonon, the quantum of the sound waves in the underlying
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ionic lattice, as illustrated in Fig. 11.11. The modes of oscillation of the
lattice were discussed in the Debye theory of the specific heat in chapter
3, where it was observed that there is a cut-off to the frequency of these
modes at wp = 2TVmax.

It is shown in [Fetter and Walecka (2003a)] that for electron energies
€ within a band of thickness iwp about the Fermi surface, the equivalent
potential arising from the phonon exchange in Fig. 11.11 is attractive and
takes the form

Vig(x) = —726®(x) ; phonon-exchange
Iek — €kp| < Fwp (11.42)

The Pauli principle implies that it is only electrons with opposite spins that
can exist in relative s-states and feel the effect of this contact potential.

Let us then investigate the model quantum mechanical problem of
two particles close to the Fermi surface, with spins opposed,'* interact-
ing through a short-range, attractive interaction. To simplify the discus-
sion, assume that the center of momentum of the pair is at rest in the
laboratory system, so that the initial momenta of the pair (in units of A)
are (ko, ki) = (k,—k). The relative coordinate and relative momentum of
Prob. 6.1 are then given by

mk2 - mk1

X = X2 — X1 ; =k (11.43)

2m
The situation is illustrated in Fig. 11.12.

@

=~y

x$

N m

-k

Fig. 11.12 Two electrons near the Fermi surface, with initial momenta (in units of k)
of (k2,ki) = (k,—k) and relative coordinate x, which interact through a short-range,
attractive interaction.

14We now suppress the spin wave functions in the subsequent arguments.
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The two-body Schrédinger equation for the pair, in the relative coor-
dinate x, and with a potential V(x), is derived in Prob. 6.1. It takes the
form

(V2 4+ 6H)p(x) = ()P (x) ; Schrodinger eqn  (11.44)
Here we have defined!®
WE 2uV 1 1 1
2 _ . — e S Tl
= RUEE= =t (114)

We work in a big cubical box of volume Q = L3 with periodic boundary
conditions, where the unperturbed wave functions are

1 4. 2w
b = ﬁe’k" k= —(n1,n2,n3)
ni =0,+1,+2, - (11.46)
These wave functions are both orthonormal and complete'®
/Q 3z ¢ (X) Pk, (X) = Oicrks ; orthonormal
> )k (y) =P (x—y) ; complete  (11.47)
K

The Schrédinger Eq. (11.44) can be rewritten in the following form

b)) = 3 () /ﬂ Byt @)  (11.48)

KZ_t2

The proof lies in simply operating on this expression with (V2 + x2), which
eliminates the denominator on the r.h.s., and then using the completeness
relation in Eqs. (11.47). This is now an integral equation for 1 (x), which
is complicated by the presence of the eigenvalue k2 in the denominator on
the r.h.s.

Let us choose a somewhat different normalization of the wave function
1,17 which we now refer to as 9x,

/ 3z ¢ ()P (x) = 1 ; choice of norm (11.49)
Q

151t is convenient to explicitly include a factor of A characterizing the sign and strength
of the potential. ,

16The completeness relation is proven in the limit L — oo in Probs. 4.3 and 4.24. The
proof for finite L proceeds in exactly the same fashion.

17Recall that we are free to choose any normalization of the wave function, as long as
expectation values are computed as in Prob. 4.5.
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Equation (11.48) can then be written as a pair of equations as follows

W) = ) + S )y [ PYSEINWI)  Seam
t£k
k2 —k? = / d3z o (x) A (2) i (%) (11.50)
Q

These equations represent an exact rewriting of the Schrodinger equation,
where the wave function is normalized according to Eq. (11.49). The first
is now an inhomogeneous integral equation, which has the great advantage
that

Yk (x) = Pr(x) ;asA— 0 (11.51)

Equations (11.50) refer to an isolated pair of particles. We now modify
those equations to take into account one crucial many-body aspect of the
problem. The pair interacts in the presence of a Fermi gas of other electrons,
and the Pauli principle states that two fermions cannot occupy the same
state. Consequently, the only states that can be admixed into the wave
function for the pair must lie outside of the Fermi sphere (Fig. 11.13).

Fig. 11.13 Two electrons start with initial momenta (in units of k) of (k2, k1) = (k, —k)
just below the Fermi surface. Since the other levels below kp are already filled with
electrons, the Pauli principle implies that only states with (t, —t) above the Fermi surface
can be admixed into the wave function of the pair.

Thus the restriction |t| > krp will be put on the sum in the first of
Egs. (11.50), and they take the form

W) = )+ Y 4 [ EYSEINEI)  B-Cean

[t|>kr L

K2 — k% = /Qd3x Or (X)) Av(x) Pk (x) _ (11.52)
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This is known as the Bethe-Goldstone equation [Bethe and Goldstone
(1957)]. It allows a pair of particles in the Fermi sea, through an inter-
action between them, to be virtually excited into any of the unfilled states
above the Fermi level.

The Bethe-Goldstone equation can be solved numerically as it stands;
however, to gain insight, we introduce a particular type of two-body poten-
tial that will allow us to obtain an analytic solution. First, generalize the
notion of a potential from local to non-local, through the replacement

/d3x e~ kX y(z)y(x) — /dS:c d3y e *y(x,y)¥(y) ; non-local

(11.53)
One then recovers a local potential with the replacement
v(x,y) — v(|x)6® (x — y) ; local (11.54)
Now introduce the notion of a separable potentiall®
v(x,y) = u(x|)u(lyl) ; separable
a(k) = a(k) = / Bre ¥ *u@) (11.55)

We note that the electron-electron potential arising from phonon exchange
in Eq. (11.42) happens to be both local and separable, since the identification

v(x,y) = 6@ (x)6®(y) (11.56)

reproduces results obtained with the local potential v(z) = 6§ (x).
Substitution of Eqgs. (11.55) into the second of Egs. (11.52), together
with the identification of the wave function in Eq. (11.46), gives

A
2—k2=—ﬁk/d3 u 11.57
K 70 (k) [ dyu(y)dx(y) (11.57)
Now take [, d*z u(z) of the first of Eqs. (11.52), and then multiply by
Mii(k)/+/Q to obtain

K2 —k* = %W(k)lz + % > ()7 1_ S () (s — k) (11.58)

t>kp

18Here u(zx) is real.
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In the large volume limit one can replace Y, — Q(2m)~3 [ d3t, and the
above result is then rearranged to give
1 |a(k)|? © &t |la@®))® 1

N=s5—3 =2 ;e 11.
f(k%) SR A s Rl W eigenvalue eqn (11.59)

This is now an eigenvalue equation for k2, which gives the energy shift of
the interacting pair from the non-interacting value Eo(k) = i%k?/2u as

2
AE(k) = Z—u(nz — k%) ; energy shift  (11.60)

A graphical solution to the eigenvalue equation is sketched in Fig. 11.14.
f(K2)

2
KE

—

KZ

A

I
I
I
|
I
I ]
I
I
I
I
I
I

Fig. 11.14 Graphical solution of the eigenvalue equation f(x?) = 1/ [Eq. (11.59)] for
two different values (k2,k2) of the initial k2, and an attractive interaction with A < 0.
Both the ordinary eigenvalue in the case k2 < k%, and the extraordinary eigenvalue in
the case k2 > k%, are identified with crosses.

Let us discuss these results:
(1) For a repulsive potential with A > 0, the lowest eigenvalue is always

given by

K — k? =~ Za(k)|? ;A>0 (11.61)

Q| >

This is the lowest-order energy shift for the pair,!® and the result is
exact as A — 0. It is important to note that this shift is proportional

19See Prob. 11.6.
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to 1/Q. This factor reflects the uniform relative probability density
d3z/Q) for free particles in a large box of volume {2, with the wave
function in Eq. (11.46). As a consequence of the factor 1/, this term
only plays a role in f(k2) for k2 very, very near to k2.

(2) For A < 0, the lowest eigenvalue x? is again given by the ordinary
solution (the solution for k2 = k? in Fig. 11.14) until k2 > %, where
k% is the extraordinary eigenvalue defined by

/°° Bt |a@)) 1
k

@n) Rl — 2 = ; extraordinary eigenvalue (11.62)
F

(3) For all k% > k%, the lowest eigenvalue is still given by k%! (See the
solution for k? = k2 in Flg 11.14.)

(4) If 1/|)| is such that k% — k2, the integrand in Eq. (11.62) becomes
singular at the lower limit. A partial integration allows one to identify
the singular part of the integral,?® and retaining just this part, the

eigenvalue equation becomes
K1
kz 2 ~ By

Write the extraordinary eigenvalue as

| (kp )[211n T (11.63)

k% = ki — th (11.64)

Then the energy shift of the interacting pair for k2 > k% > £% is given
by

2
AE(k) = -A+ %(k% —k?) ; energy shift  (11.65)
Substitution of Eq. (11.64) into (11.63) gives
In (h%%) B 47
2uA ) ke|Al|d(ke)|?
R2k3 47
= A= —=expq— — 11.66
A B
(5) The energy shift of a pair at the Fermi surface is now given by

AE(kp) = —A (11.67)

Where A, given by Eq. (11.66), has the following properties:

20See Prob. 11.5.
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e It is independent of (1,

e It thus represents the binding energy of a bound-state pair;

e It goes as ~ exp{1/A---} and thus has an essential singularity
in the coupling constant A as A — 0~. One can never obtain the
result in Eq. (11.66) from a perturbation series in powers of A.

These two-body bound states arising from a weak attractive interaction
between particles at the Fermi surface of a Fermi gas were first found by
Cooper [Cooper (1956)], and they are known as Cooper pairs. With the at-
tractive electron-phonon interaction, all particles within a energy distance
of ~ hwp of the Fermi surface in a metal form such pairs. The construction
of the many-body wave function for a system with many bound fermion
pairs near the Fermi surface clearly presents a formidable problem. The so-
lution to the problem in the case of superconductors was given by Bardeen,
Cooper, and Schrieffer, whose successful theory now provides the foun-
dation for our understanding of superconductivity [Bardeen, Cooper, and
Schrieffer (1957)].2

11.2.4 Flux Quantization

Let us use the previous results to make a very simple model of superconduc-
tors. The electrical conductivity comes from the electrons near the Fermi
surface. Assume that near the Fermi surface one has N¢ Cooper pairs of
electrons, with binding energy A, which behave as spin-zero bosons. The
bosons have mass mp =~ 2m and charge e, = 2e. The previous super-
fluid analysis can now be taken over intact. The bosons condense into the
single-particle state g (x).22
Suppose one has a time-independent one-body Schrodinger equation,
probability density, and probability current of the form
2
p=cp
p= ol
s = % [*(pp) + (Pp)* ] (11.68)

where p = (%/7)V is the canonical momentum. Now add a magnetic field

21The BCS theory is developed in detail in [Fetter and Walecka (2003a)].

22If we return to the argument on superfluidity, then in this simple picture the heavy
moving object must first break up a pair at the Fermi surface, with C-M momentum
K = 0, in order to excite the system; this costs an energy e = A.
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B(x) = V x A(x). The proper way to do this is to make the following
gauge-invariant replacement in these expressions?3

p—p—€A (11.69)

The time-independent one-body Schrédinger equation in a magnetic field,
and the accompanying probability density and probability current, then
take the form?*

(p—eA)?

om p=¢Ep

p= ol
s= 5 {¢*((p — eA)g] + (D — cA)e"¢}  (ILT0)

In the many-body problem, define a new single-particle wave function
for the equivalent bosons by

$o(x) = v/Ne po(x) (11.71)

The many-body particle density and particle current then follow as in
Egs. (11.7)

n(x) = |0 (x)|*

ROOVE) = g [ V40 ~ (Vo) ol — L2 Dol (11.72)
Now parameterize 1o as in Eq. (11.8)
Yo(a) = ()] (11.73)
It follows that
n(x) = Wo(x)P
V() = - V() — L Ax) (1L.74)

Suppose that instead of a vortex in a superfluid in Fig. 11.4(b), one
has a flux tube in a type-II superconductor. The electromagnetic current
vanishes exponentially as one goes into the bulk superconductor, and hence

23See Eq. (9.50) and Prob. 9.4.
24See Prob. 11.7.
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so must the velocity field. Thus far enough away from the flux tube in
Fig. 11.5 one has

fv-dle ;T — 00 (11.75)
C
Hence, from Eq. (11.74)
hf qu-dl:ebfA-dl (11.76)
c c

The term on the Lh.s. is evaluated exactly in Egs. (11.12)—(11.13), and
Stokes’ theorem can be used to transform the term on the r.h.s. into the
magnetic flux through the surface S bounded by the curve C?°

fA»dl=/ VxA-dS=/B-dS (11.77)
C S S

A combination of these results yields

/ B-dS = il—l/ ; flux quantization
s €b
v=0,1,2,--- (11.78)

This is flux quantization. Notice that N and my have dropped out of this
result, and it only depends on fundamental constants. Note also that this
argument holds any time one has a bulk superconductor (for example a
ring) surrounding a tube of magnetic flux. The unit of quantized flux in SI
units is given by [see Egs. (2.80)]

h Js
— =9 10715 = .
3e] 2.068 x 10 C ; flux quantum
= 2.068 x 107'° Tm? (11.79)

When many flux tubes penetrate type-II superconductors, they form reg-
ular arrays, and lovely pictures exist that exhibit these arrays (see, for
example, [CNST (2007))).

As one large-scale application of quantum fluids, CEBAF (the Continu-
ous Electron Beam Accelerator Facility), constructed to study the structure
of nuclei and hadrons, has accelerating microwave cavities made of super-
conducting niobium, which are cooled in a bath of superfluid helium (see
[TINAF (2007))).

25To avoid confusion, we here denote the surface with S.



Chapter 12

Quantum Fields

We conclude with an introduction to the quantum theory of fields, which
underlies most of modern theoretical physics.

12.1 String

To introduce quantum field theory, we return to the starting point of this
book, which was the classical theory of the transverse planar motion of a
string. Let us go back and compute the total energy of the moving string.

12.1.1 Energy

Assume again that the string has a constant mass density p and tension 7,
and consider the element of string in Fig. 2.9. If the length of that element
in the horizontal equilibrium configuration is dz, then the length ds of the
stretched element is (see Prob. 10.2)

L T ey

The last expression holds for small amplitude oscillations. The potential en-
ergy stored in the element of string comes from the work done by stretching
the string against the constant tension 7

2
dW = 7(ds — dz) ~ % [Ql(a%t—)] dx (12.2)

311
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The potential energy in the string of length L is obtained by summing this
over all elements?

L 2
v=1I / _3_q(:c_,t) dz ; potential energy (12.3)
2 0 837

The kinetic energy is obtained by summing the kinetic energy of each
element of string due to its transverse motion

L 2
T=2 / [M] dz ; kinetic energy (12.4)
2 Jo ot

The total energy of the string is the sum these two contributions

E=T+V=E/OL [OQ_("J’_Q]zdx+I/OL [aq(x’t)rdx (12.5)

2 ot 2 ox

With the introduction of the wave velocity ¢? = 7/0, this expression is?

o [* 4] [22@0]°, 2 [9a0)]?
E = 5/0 dx{[T] +c [T] , energy

=1/c (12.6)

12.1.2 Normal Modes

We will consider the configuration where the string of length L circles a
cylinder and is free to move without friction in the transverse direction
(Fig. 12.1 and Prob. 2.4). In this case, one has periodic boundary conditions

g(z + L,t) = q(z,t) ; p-b.c. (12.7)

The normal-modes are given by

1 kx—wgt)
gk (z,t) = —=e' k : normal modes
VL
2
wi, = |klc ky = ? L p=0,£1,42,--- (12.8)

The wavenumber k goes over a discrete, infinite set; there is one for each
value of the integer p. For ease of notation, we henceforth suppress the
subscript p on the wavenumber k.

1We now write equalities.
2For uniformity, we again use the symbol ¢ for the velocity of wave propagation in
the string; however, this should not here be confused with the speed of light.



Quantum Fields 313

Y
N

— — ——

- ~
( qx.t)
L 0 X

~_

Fig. 12.1 String of length L stretched around a cylinder free to oscillate without friction
in a direction parallel to the axis of the cylinder. Illustration of periodic boundary
conditions.

The normal-modes satisfy the orthonormality relation
L
/ dz g (z, t)qr (x, ) = Ok ; orthonormal (12.9)
0

Let us expand the general solution to the wave equation in terms of the
normal-modes

A 1/2 . '
0= ; (2wkaL) [akez(km—wkt) + azeﬂ(km—wkt)}

. general solution (12.10)

Here the {ay} are the normal-mode amplitudes; they form an infinite set
of complex constants. It is readily verified that the general solution to the
wave equation for the string can be written in this form:

e This expression is real;
e Since each normal mode satisfies the wave equation, so does the sum
over modes
Ogq(z,t) =0 : wave equation  (12.11)

e This solution obeys periodic boundary conditions

q(z + L,t) = q(z,?) ; p-b.c. (12.12)
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e It has in it enough flexibility to match the initial conditions (see chap. 2)

1/2 .
q(z,0) = Z (2wfaL) [akeik“’ + aie—’k‘”] ; initial cond.
ot |9 i4~\20L k k '

Let us compute the energy E contained in the general solution ¢(z,t) by
substituting Eq. (12.10) into Eq. (12.6). The kinetic energy contribution is

d
=323 / g 20L(wkwk, iz
{—iwk [akei(kx—wkt) _ a’:e—i(km—wkt)]} o

{—iwk/ [ak,e“k’”—wk't) - a,‘;,e'i(kl—“’k’t)]} (12.14)

Use of the orthonormality relation in Eq. (12.9) reduces this expression to3

hw : i
T= Z Tk [aka} + afar — aga_e™ 2kt — aja’ e ] (12.15)
The potential energy contribution is evaluated in exactly the same manner
ac
= d
) B R e

{ik [akez(kx—wkt) _ au’;e—i(km—wkt)]} .

{z’k’ [ak,ei<k"”—wk'f) - a;,e-“’“'—wk't)]} (12.16)

This reduces to

hk2c? . .
V=37~ lakal + ajai + aa_ge ™" 4 aja’ e?x!] (12.17)

With the observation that k%c?> = w?, the total energy becomes

1
E=T+V= Z ﬁwkg (axay + axag) ; normal modes (12.18)
k

31t follows from Eq. (12.9) that fOL dz qi(x, t)qy/ (z,t) = b3/, e~ 2%kt ; one also has
the complex conjugate relation. Note that while (T, V) are individually time-dependent,
the total energy is a constant of the motion.
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The problem has been reduced to normal modes, where one has the follow-
ing features:

e There is an infinite, discrete set of normal-mode frequencies

2
wi = |klc = —Zﬂpl p=0,+1,42,-- (12.19)

e The energy receives an additive, uncoupled, contribution from each
normal mode; ,

e The contribution to the energy from each normal mode is just that of
a simple harmonic oscillator!

- 12.1.3 Quantization

The quantization of the simple harmonic oscillator is carried out in detail
in Prob. 4.17. It is shown there that the hamiltonian of the s.h.o. can be
recast in the form

1
H= hwi(afa + aa') (12.20)

where the operators (a,a’), which are just linear combinations of (p,q),
obey the commutation relation

[a,al] =1 (12.21)
The number operator is defined by
N =ala (12.22)

It follows that the hamiltonian can be written in terms of the number
operator as

H=hw (N + %) (12.23)

It is shown in Prob. 4.17 that the number operator and hamiltonian
have the following eigenvalues and eigenstates

Ny, = niy, ;n=0,1,2,---,00
Hip = Eptpn = hw (n+ %) Y (12.24)

This reproduces the familiar Planck spectrum of the s.h.o. (chapter 3), now
properly including the zero-point energy.
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It is shown in Prob. 4.18 that (a,a') are the destruction and creation
operators, whose effects on the eigenstates are given by

aYn =+/n Yn—1
al Yn=vVn+1yp (12.25)

The quantization of the string then proceeds through the identification
of the classical normal-mode amplitudes (ai, a}) with the operators (ay, az)
for each of the infinite set of uncoupled simple harmonic oscillators. The
operators referring to different modes commute. Thus the commutation
relations for all of the creation and destruction operators are now

lak,al,] = Skp
lak, ar] = [al,al,] =0 (12.26)

The hamiltonian becomes?

=; (Nk+ ) (12.27)

The eigenstates for the entire system are then obtained from the direct
product of the states for the individual oscillators

VYny g, Moo = YnyPny -+ Ve (12.28)

Here we have simply ordered all possible values of the wavenumber k =
2mp/L. The eigenvalues for the whole system are given by

H’(/}nlanzs"' 1Moo = Enl’nZ"" Moo ¢n19n2"" yNoo

1
Ening,ne, = E huwg (nk + -2-> (12.29)
k

The quantity nj is the number of quanta in the kth mode, and in analogy
to the quantization of light, we shall refer to these quanta of the sound
waves in a string as phonons.

4We henceforth use a hat over a quantity to indicate an operator in the many-particle
occupation number space (except for the creation and destruction operators themselves,
where this is obvious); correspondingly, unit vectors will no longer carry hats.
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12.1.4 The Quantum Field

Once the normal-mode oscillators are quantized, the general solution to the
wave equation for the string g(z,t) in Eq. (12.10) becomes an operator

P\ |
G(z,t) = Z ( ) [akez(kx—wkt) + a;rce—z(kx—wkt)]
k

2wioL
; quantum field (12.30)

This is known as a quantum field. It has the following properties:

e It is a local operator since it is defined at each (x,t). As such, it serves
as a basis for constructing local quantities such as the energy density
in Eq. (12.6);

e As an operator, it creates and destroys phonons since

— ay, destroys a phonon in the kth mode;

- a,‘; creates a phonon in the kth mode;

e As an operator, it satisfies certain canonical commutation relations.

To elaborate on the last point, we note that the kinetic momentum
n(xz, t)dz in the little element of string in Fig. 2.9 is given by

m(z,t)dr = an(azx;, D dr ; momentum
or; m(z,t) = aaqg;’ t) (12.31)

The quantity w(x,t) is known as the momentum density. It follows from
Eq. (12.30) that the momentum density field operator is

1 ke \ Y21 .
'ﬁ'(a;,t) = ; E ( 220') [akez(kx—wkt) _ a};e—z(kz—wkt)]
k

: momentum density (12.32)

A simple calculation using Egs. (12.26) then leads to the following equal-
time commutation relations (Prob. 12.9)
5 ' ,
(d(z,0), (2, )pmp = = 3 €57
L k
[4(z, 1), 4(z’, ) e=rr = [#(z,t), #(z',t')]t=¢r =0 (12.33)

5 Also the lagrangian density — see Prob. 12.11.
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As we have seen many times, in the limit L — oo the sum can be converted
to an integral with the result

[Q(xa t)> 'fr(:c’, t’)]t=t’ = Zh5($ - ZU’) ; C.C.R.
[G(z, 1), 4(z', t)]e=rr = [R(z, 1), 7(2,)]e=p = O (12.34)

Here d(z — z’) is the Dirac delta function. These are the canonical com-
mutation relations for the field. The first is the analogue for a continuous
system of the simple particle relation [g, p] = iA. The argument can now be
carried out in reverse order, and the field expansions in Egs. (12.30, 12.32)
taken as a simple representation of these canonical commutation rules.

Quantum field theory provides a framework for describing the creation
and destruction of particles. For example, suppose one attaches an addi-
tional very weak, massless spring to the string at £ = zg so that there is
an additional term in the string hamiltonian of the form

H = /de’(:c)
H'(z) = %fcqz(a:, £)8(z — o) (12.35)

When the field operator §(z, t) is inserted in this expression, the perturba-
tion creates and destroys phonons, with a rate that can be calculated using
the analysis in appendix I. (See also Prob. 12.1.)

12.2 Electromagnetic Field

The quantization of the electromagnetic field proceeds in direct analogy to
the above. We work in a big cubical box of volume Q = L3, and apply
periodic boundary conditions.

12.2.1 Normal Modes

The total energy in the free electromagnetic field in the box is obtained
through the sum of the squares of the electric and magnetic fields. In SI
units where e = egy and a = e2/4neghe, it is given by®

E = l/ d3z (50E2 + iB2) ; field energy (12.36)
2 Ja 1o

This is derived through the construction of the energy-momentum tensor Ty for
the electromagnetic field, which we leave for a future course in E&M.
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One has the freedom of choosing a gauge for the electromagnetic poten-
tials (see Prob. 8.9), and here we work in the Coulomb gauge. This gauge
has the great advantage that there is a one-to-one correspondence of the
resulting quanta with physical photons. For free fields, the Coulomb gauge
is defined by

V-A=0 ; d=0 ; Coulomb gauge (12.37)

The electric and magnetic fields are then given by (Prob. 8.9)

0A

E=-5

:B=VxA (12.38)

With periodic boundary conditions, the normal modes are given by

1 ex— 2
qk(x7 t) = 7—561(1{ wit) ; k= —L_(nxanyanz)
wk = |kle sn;=0,+1,+£2,---; i=1,¥,2 (12.39)

Once again, we have an infinite, discrete set of wavenumbers, and the nor-
mal modes are orthonormal

/ B g (%, ) (%, £) = i (12.40)
Q

Now introduce a set of orthogonal, transverse unit vectors ey, for each
k as shown in Fig. 12.2. They satisfy

exs k=0 ; §=1,2
eks ¢ eksl = (533’ (12.41)
RN
e
k
‘ —>
k
N >
e
k2

Fig. 12.2 Orthogonal, transverse unit vectors ey, for each k.
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The vector potential can now be expanded in normal modes as follows

2 1/2

h 1 * —1 X —

A(x, t) = Ek E (2wk509) [akseksez(k-x—wkt)+aksekse i(k wkt)]
s=1

(12.42)

This expansion has the following features to recommend it:

e This expression is real, giving rise to real (E, B);
Since only the transverse polarization vectors are used in the expansion,
one has ensured that

V-A=0 (12.43)

A(x,t) satisfies the wave equation, and, since the order of partial
derivatives can always be interchanged, so do the fields (E, B)

OA(x,t) =0 (12.44)

=  OE(xt)=0B(x,t) =0 (12.45)

The periodic boundary conditions are obeyed;
There is enough freedom to match the initial conditions.

The normal-mode expansion in Eq. (12.42) can now be substituted in the
expression for the energy in Eq. (12.36), making use of the definition of the
fields in Egs. (12.38). Except for some straightforward manipulations of the
polarization vectors, the calculation exactly parallels that in Eqs. (12.14)-
(12.18), and the details will be left as an exercise (Prob. 12.2). The result
is”

1
E = Z Z h/.uk§ (@) axs + axsay,) ; normal modes (12.46)
k

s=1

The problem has again been reduced to normal modes. One again has an
infinite, uncoupled set of simple harmonic oscillators, one for each value of
the wavenumber k and polarization s.

"Recall ¢ = 1/egpuo.
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12.2.2 Quantization

The quantization of the electromagnetic field proceeds exactly as in
Egs. (12.20)-(12.29). The energy, which now serves as the hamiltonian
for the free E-M field, takes the form

2
N A 1
H = E E hwy, (Nks -+ 5) ; photons (12.47)
k

The quanta are the familiar photons, and all of our results on black-body
radiation in chapter 3 are now reproduced. After quantization, the vector
potential in Eq. (12.42) becomes a local quantum field operator that creates
and destroys photons

2 1/2

A h I e

A(x,t) = ZZ (kagoﬂ> [akseksez(kx wit) alsekse i(k wkt)]
k s=1

; quantum field (12.48)

As an application, consider the interaction of a Dirac particle with the
quantized electromagnetic field, where the interaction hamiltonian obtained
from Eq. (9.51) is

Hy = —eca- A(x,t) = —iecysy - A(x, 1) ; Dirac particle (12.49)

Assume this particle is bound in some potential (see, for example,
Prob. 9.5). Suppose it makes a transition from a state with energy ¢;
and wave function v; to a state with energy €y and wave function 7y,
while emitting a photon with (k, s) and energy hwy, through A(x,t). The
transition rate is calculated from Egs. (I.35) and (1.32), where the required
matrix element is given by

h62
2wiep§

1/2 ) '
(pr|Hi|di) = —ie ( ) /Qd333 Vv - exse ™ (12.50)

The resulting expression for the transition rate is found in Prob. 12.3; it is
exact to O(a), where a = 1/137.0 is the fine-structure constant.

12.2.3 Stimulated Emission
When applied to photons, the second of Eqgs. (12.25) states that

aI(s Ve = (ks + 1)1/2 Vs +1 (12.51)
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If there are photons already present in the mode (k, s), then when another
photon is emitted into this mode, the transition amplitude is enhanced by a
factor (nks + 1)1/ 2 This is known as stimulated emission. In this manner,
with a collection of correctly prepared excited systems, huge numbers of
photons can be emitted into a given mode, giving rise to mono-frequency,
coherent, classical electromagnetic fields. This is the basis of both lasers
(“light amplification by stimulated emission of radiation”) and masers (“mi-
crowave amplification by stimulated emission of radiation”), which provide
powerful experimental tools with a myriad of applications. Indeed, lasers
are now ubiquitous in everyday life.

12.3 Dirac Field

It is evident from Eqgs. (12.24) and (12.25) that in the previous discussion
there can be any number of quanta of the fields in any given state. These
identical particles, either phonons or photons, are bosons. When we turn
to a Dirac field, we first have to consider the Pauli exclusion principle and
ensure that only one fermion can occupy any given state.

12.3.1 Anticommutation Relations

The Pauli principle for fermions is enforced by imposing anticommutation
relations, rather than commutation relations, on the creation and destruc-
tion operators. Consider one mode. Instead of the relation in Eq. (12.21),
one quantizes with the conditions®

{a,a'} = aa’ +ala=1
{af,a'} = {a,a} =0 (12.52)

Note that the second set of relations imply afal = aa = 0. To examine the
further consequences of these relations, again define the number operator
and its eigenstates by

N =ata
Ny = nipy, (12.53)

8The anticommutator of two operators is defined by {A, B} = AB + BA.
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Then, utilizing Eqs. (12.52), one has
N? =alaa’a = ala(l —aa’) =ala=N
or; N(N-1)=0 (12.54)
When acting on the eigenstate in Eqs. (12.53) this relation implies
N(N —1)¢n =n(n—1)pp =0
or; nin—1)=0 (12.55)

This implies that the eigenvalues of the number operator are n = 0 and
n = 1, as required. The action of the creation and destruction operators
on the corresponding eigenstates states is then given by (see Prob. 12.8)

alo = 9Py ; a1 = Yo (12.56)

12.3.2 Dirac Field

Once again, we assume a large cubical box with periodic boundary condi-
tions. Then, with the aid of the free-particle Dirac spinors in Probs. 9.6
and 9.7, the Dirac field is defined by

~ 1 : .
P(x,t) = 7 > [ak,\u,\(k)ez(k'x—w’“t) + bLAU,\(—k)e"(k'x‘wk”]
k X

hwr, = 1/ (Bke)? + (moc?)? ; Dirac field (12.57)

where A = (1,]) denotes the helicity. The field 9)(x,t) is a 4-component
spinor since (u,v) are; we again suppress the underlining of these column
vectors. The anticommutation relations for the particle and antiparticle
creation and destruction operators for all modes are defined by

{atx, aliy = {Brea, by} = Sracran
; all other anticommutators vanish (12.58)

Since expressions for products of operators referring to different modes now
depend on the ordering of the operators, one now has to keep careful track
of the signs of such expressions.

12.3.3 Some Applications

The total energy in the free Dirac field, which plays the role of free-field
hamiltonian, is obtained by sandwiching the one-body Dirac hamiltonian
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of Eq. (9.21) between Dirac fields and then integrating over the box
Hy = / Bzt [ca-p + Bmoc2] " (12.59)
Q

The Dirac field in Eq. (12.57) can now be substituted in this expression,
and the integration performed. The calculation is not difficult, and the
result is (Prob. 12.5)

Ho =Y 3" huok (afair + blabir — 1) (12.60)
k A

The zero-particle state now defines the vacuum. With respect to that state,
the operator aL ) creates a one-particle state with energy increased by hwg,
while the operator bLA creates an antiparticle state with positive energy
increase of fuvy — this is now hole theory done correctly.

To obtain the interaction of a Dirac field with the electromagnetic field,
one can just extend Eq. (12.59) through the use of the full one-body Dirac

hamiltonian in Eq. (9.51),
H=Hy,+ H, = / Bzt [ca- (p — eA) + Bmpc? +e<I>] ¥
Q
H = / Bzt [—eca- A+ ed] P (12.61)
Q

Consider the scattering of a Dirac electron with (k, A) into a state with
(k’, ') through the Coulomb interaction with the nuclear Coulomb field
described by the potential

Zey [ 4, pr(X)
= — 2.
o (x) Treq /d x =] (12.62)

The operator ax) in the field 1/3 destroys the initial particle, while the op-
erator a;’(, y in 1t creates the final particle. The result is that the matrix
element in Prob. I.1(a) gets replaced by

_ zZe? F(q)
(Pr|Hilg:) = 200

b, (kK ux (k) (12.63)

The calculation in Prob. 1.1 can be repeated for an electron in the ERL,
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and it is only necessary to replace mc? — hkc to obtain the answer

do .22 2
2
a T / 2
= | —a5— [k k 12.64
o= |grrgrs| 1k () (1264

One must sum over the helicity of the final electron if that is not observed,
since particles with both helicities get into the detector, and if the initial
beam is unpolarized, one must average over the initial helicities to get the
cross section. It is demonstrated in Prob. 12.6 that in the ERL

% DDl ()ua(k)? = cos’ g ; ERL (12.65)
AN

The Rutherford cross section in Prob. I.1(e) then becomes the Mott cross
section

_ a?cos?9/2
 4k2sin?6/2
The rate of photon emission arising from the interaction of a Dirac

particle with the quantized radiation field in Eq. (12.61) is calculated in
Prob. 12.3.

oM ; Mott (12.66)

12.4 Many-Particle Systems

The basis states in Eqs. (12.28) are capable of describing any number
of particles (quanta), and quantum field theory provides the most con-
cise framework for formulating the quantum many-body problem. The
non-relativistic many-body hamiltonian for a collection of identical parti-
cles, each with kinetic energy T = p?/2m = —/i?V?/2m, and interacting
through an instantaneous two-body potential of the form V(x,y), can be
written as

i~ [ @bl oie + 5 [ [yt edt 6V n)bewe
(12.67)

Here the quantum field is defined by
P(x) = aph(x) (12.68)
k
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where the 1 (x) form a complete set of solutions to a one-body Schrédinger
equation appropriate, as a starting basis, for the problem at hand; we
suppress all spin indices. This framework is then applicable to either
a collection of identical bosons or fermions, depending on whether com-
mutation relations or anticommutation relations are imposed on the cre-
ation and destruction operators (az, ax). The fields satisfy the canonical
(anti)commutation relations®

(), 9! (x)]¢ = 6 (x — x) (12.69)

The time evolution of the many-particle system is now governed by the
many-body Schrédinger equation!®

Lo .
ihs = HY (12.70)

The quantum theory of many-particle systems is developed in [Fetter
and Walecka (2003a)], where it is proven that these equations provide the
point of departure for that work.

9Here [A, B|x = AB F BA.

10T the three previous examples, the quantum fields were given the free-field time
dependence. Here, in the interacting case, the problem is formulated in the Schrédinger
picture, where the operators are time-independent and all the time dependence is in the
wave function. This is the approach to quantum mechanics employed throughout this
book.
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Problems

2.1 Write, or obtain, a computer program that iterates the finite dif-
ference Egs. (2.6) for a given set of initial conditions. It is always good
practice to first convert the problem to dimensionless variables. Examine
the following cases:

(a) A one-dimensional simple harmonic oscillator moving in the z-
direction with F' = —kz and initial conditions o = a and [dz/dt]o = 0.
Use variables ( = z/a and 7 = \/k/m t;

(b) A particle performing vertical motion in the upward z-direction in
a gravitational field with ' = —mg and initial conditions z9p = 0 and
[dz/dt]o = vo. Use variables ¢ = z2g/v2 and 7 = gt/vp;

(c) Investigate the limit as the interval h — 0 in each case.

2.2 A particle of mass m and charge e moves along the z-axis subject
to an electric field £ which points along that axis. Define x = ¢ and
mdx/dt = p. Assume that at ¢ = 0 the particle starts from the origin
(p,q)o = 0. Calculate and plot the phase orbit p(q) in phase space.

2.3 The following is a trigonometric identity

cosa + cosb = 2cos (a—l—b) cos (a—b)

2 2

Consider the superposition of two traveling waves of slightly different wave-
lengths A\; = A and Ao = A + A

2 2
q(z,t) = cos —E(x — ct) + cos —ﬂ(x —ct)
A1 A2
Use the above identity to show that the resulting disturbance oscillates with

327
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a wavelength

1 1/1 + 1)y 1

dose 2\ M A A

Show there is an amplitude modulation of the disturbance with wavelength
1 _1(1_1)_ M

damp 2 \A1 A2/ T 2A2

2.4 A string of length L is stretched around a cylinder and the ends

joined. It is free to oscillate without friction in a direction parallel to the
axis of the cylinder (Fig. 13.1).

R
N

/-—-—-_\\
4 ax.t)
L 0 “x

~N_

Fig. 13.1 String of length L stretched around a cylinder free to oscillate without friction
in a direction parallel to the axis of the cylinder. Illustration of periodic boundary
conditions.

(a) Show that the physical situation is described by periodic boundary
conditions

g(x + L) = q(x) ; periodic boundary conditions

(b) Show that the eigenfunctions and eigenvalues in this case can be
taken as

1
¢n($) = ﬁexp (anx)
kn=gL£n ;n=0,41,%2,--

(c) Show that these eigenfunctions satisfy the orthonormality relation

L
/0 ¢7(T)dm () dT = dmn
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Here ¢* is the complex conjugate, and §,,,, is the Kronecker delta.

(d) Show that if one had chosen to specify the coordinate interval by
—L/2 < z < L/2 rather than by 0 < z < L, these eigenfunctions continue
to satisfy the orthonormality relation

L/2
/ 64 (2)bm (z) i = Sy

—L/2

2.5 A uniform string under tension 7 with fixed endpoints is plucked in
the middle giving rise to an initial displacement that can be approximated
by (here h < L)

2
q(x,O)z% ;OS$S%L
2h(L — ) 1
= AE TR L ZL<z<
T ,2L_$_L

It is released from rest. Determine the Fourier coefficients in Egs. (2.49).

2.6 Consider other boundary conditions for the string in Fig. 2.9. Sup-
pose the end of the string at x = L is attached to a mass mg and also
to a massless restoring spring with force constant x. Assume that it is
constrained to move without friction along a vertical wire while under a

tension 7.
Y
sting T
Mo
l-m
N
L%

> X

Fig. 13.2 End of string at £ = L attached to a mass mo and massless spring with force
constant k, constrained to move without friction along a vertical wire while under a
tension 7.

(a) Write Newton’s second law for the mass mg. Assume small displace-
ments, and show



330 Introduction to Modern Physics: Theoretical Foundations

(b) Look for a normal mode, with angular frequency w, of the whole

system of mass mg and string. Show
1d 2 -
[__y] - Mo — R ; homogeneous B.C.
ydz|,._, T
— :;- 3y me—0

The second line follows in the limit that the mass mo becomes vanishingly
small. This is known as a homogeneous boundary condition on the end of
the string.

(c) Suppose one goes to the limit (mg,k) — 0 at finite 7. Show the

boundary condition becomes
Y'|s=L =0 : free end

Here ¢y = dy/dz. This is known as a free end.

2.7 Suppose one has a string with a fixed end at z = 0, while the end
at x = L is free [Prob. 2.6(c)].
(a) Show the eigenfunctions and eigenvalues are

2\'?  (en+1
) Sin(_’n__ﬂx_ ;n=0,1,2’...oo

an(z) = (Z 2L
_ (2n+1)mc
Wn="T9L

Sketch the first few eigenfunctions.
(b) Show the eigenfunctions are again orthonormal.

2.8 The hamiltonian for a classical, one-dimensional simple harmonic
oscillator is given by Eq. (2.12). According to classical statistics, the dif-
ferential probability in phase space at a temperature T is

e~ HP.0)/ksT gndq
dP(pS q) = (e °] d oo d —H(p,q)/kBT
[ da S5 dpe

(a) Show by explicit evaluation of the integrals that the mean value of
the energy is

(E) = (H) = kT/2 + kgT/2 = kpT

(b) Relate this result to the classical equipartition theorem.
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2.9 (a) Use Gauss’ theorem in Eq. (F.7) to derive Gauss’ law from the
first of Maxwell’s Egs. (2.90)

}4 dS-E = —l—Q ; Gauss’ law
S ]

Here @ is the total charge contained in the volume V.
(b) What is the corresponding physical content of the second of
Maxwell’s equation?

2.10 Use Stokes’ theorem in Eq. (F.10) to derive Faraday’s law of in-
duction from the third of Maxwell’s Egs. (2.90)

AV = f E.dl= —i‘bmag ; Faraday's law
c dt

Here AV is the change in voltage around the closed loop C, and ®pag is
the total magnetic flux through that loop.

2.11 (a) Neglect the last term in the last of Maxwell’s Egs. (2.90) (his
“displacement current”), and use Stokes’ theorem in Eq. (F.10) to derive
Ampere’s law

f B - dl = poi ; Ampere's law
c

Here 7 is the total current flowing through the area bounded by the curve
C.

(b) Under what conditions can that second term be neglected?

2.12 Show that the plane wave radiation field in Egs. (2.94) provides a
solution to Maxwell’s Egs. (2.90) in free space.

2.13 Show that the cavity standing wave in Eqgs. (2.96) provides a so-
lution to Maxwell’s Egs. (2.90) in free space.

2.14 A collection of particles with masses m; located at r; interact
through forces Fi;(r; — rx) and obey Newton’s laws in an inertial frame.
Consider the transformation to a new frame moving with constant velocity
V relative to the first so that r; = r; — Vt. Show that Newton’s laws
continue hold in the new frame, and hence conclude that it is again inertial.

3.1 N molecules of a diatomic gas A-B are in contact with a heat bath
at temperature T'. In addition to the motion of the molecules themselves in
the gas, they are free to perform internal one-dimensional simple harmonic
motion of frequency vg along the line joining them.
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(a) What is the additional mean vibrational energy of the molecules
according to the classical equipartition theorem?

(b) What is the additional vibrational contribution to the specific heat
of the gas?

(c) What is the additional mean vibrational energy of the molecules in
the Einstein model?

(d) What is the additional vibrational contribution to the specific heat
in the Einstein model?

3.2 (a) Derive the Debye expression for the molar heat capacity

T\3 /T y4 et dy
= 9Nprkp | — —— : Debye th
Cy = 9Nakp (9D) /0 1) ; Debye theory

[Hint: start from Eq. (3.39).]
(b) What are the high-temperature and low-temperature limits of this
result?

3.3 A Debye temperature of fp = 1890 °K is found to give an excellent
fit to the molar heat capacity of diamond (Fig. 3.8). Diamond is pure
carbon with an atomic weight of 12 (so that 12 gm = 1 mole), and the
measured mass density of diamond is approximately 3.25gm/cm3. Use
Debye’s theory to deduce the speed of sound ¢, in diamond in m/s.

3.4 The velocities of the transverse and longitudinal waves in a solid are
actually distinct. In the counting of normal modes, one should therefore
replace 3/c3 — 2/c3 +1/c}. A single Vmax is still employed.

(a) What is the corresponding modification of Eq. (3.41) and Fig. 3.87

(b) What is now the content of the second of Egs. (3.38)7

3.5 An energy spectrum u(v,T), known to be that of a black body, is
plotted against v and found to have its maximum at vg. Determine the
corresponding temperature of the distribution. [Hint: see Fig. 3.6.]

3.6 Classically, when light is scattered from a free electron, the electron
is first accelerated according to [compare Eq. (3.43)]

Py _ oo

o = . 8 (wt)

The accelerated electron then radiates. The result is the Thomson cross
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section for the scattering of light by an electron

d 1
L - ré = (1 + cos® 6) ; Thomson cross section
d§2 2
62 1 —15 . .
o = =2.819%x 107" m ; classical electron radius
4dTeg Mec?

Discuss, in qualitative terms, the dependence of the frequency shift of the
scattered light on the incident light intensity, which one might expect in
this picture. Here, there is a radiation pressure on the electron and it is
recoiling as it re-radiates. Compare with the corresponding paradox in the
classical treatment of the photoelectric effect.

3.7 Consider the Compton effect for back-scattered light. What is the
fractional shift in wavelength for light of incident wavelength 1071°m? Of
4000A?

3.8 The Balmer formula (1885) is an empirical relation for the frequen-
cies of light observed in atomic transitions. For the Lyman-a series in
hydrogen, it can be re-written in terms of a photon energy as

1
€n = —13.61eV (1 - m) ; Balmer formula
' n=23,-.

(a) Calculate the corresponding frequencies (in s~!), and wavelengths
(in m and A) of the radiation from the n = 2 and n = 3 states;
(b) Explain how the Bohr model and Bohr hypotheses yield this result.

3.9 A completely isolated hydrogen atom in space can have arbitrarily
large bound orbits. Assume the Bohr model with | = nh.

(a) How large must n be to get an orbit of radius 7 = 0.529 m?

(b) What is the binding energy of the orbit in part (a)?!

3.10 The muon is a particle just like the electron except that it has a
mass m, = 206.8 m.. What is the ratio of the radius of the first Bohr orbit
of a muon relative to that of an electron for a nucleus with charge Ze,?

3.11 An alternate method of counting the number of normal modes
with fixed boundaries is as follows: The wave number vector is defined as
k = (7/L)n with n = (ngz,ny,n;). One can uniquely assign a unit cube
in n-space to each triplet of integers (ng,ny,n;) by using, say, the point
in the most positive direction in each cube. If L — oo, then for a given

1Such huge atoms are indeed created and studied with modern laser spectroscopy.
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wavenumber volume d2k around k, one is counting a very large number
of normal modes, or equivalently, one is computing a very large volume in
n-space. Work in this limit.

(a) Show that the total volume of the first octant in n-space out to a
given n = |n| is?

3
i ()

(b) Rewrite this expression in terms of k = |k|, and then differentiate it
with respect to k£ to obtain

2
= (27T)347rk dk

v g
”

Compare with Eq. (3.16).

3.12 There exists a cosmic microwave background (CMB) that fills all of
space. It remains from the early hot era of the universe after the radiation
decoupled and adiabatically expanded with time. The CMB exhibits an
almost perfect black-body spectrum with an energy density

8mv? dv hv
dey = 3 ehw/ksT _ 1

and a current temperature T'(t,) = 2.73°K [Ohanian (1995)]. Show that
when integrated over frequencies, this gives rise to a radiation density of

__40

274

Tk

gy = —T* ; O B
c

~ 60R3c2

Here o is the Stefan-Boltzmann constant, with the value in cgs units of
o = 5.670 x 10~% erg/sec-cm?-°K*.

4.1 A particle moves in a real potential V(z). Show that the continuity
equation and probability flux are unchanged from those of a free particle
in Eq. (4.46).

4.2 This problem demonstrates that there is enough flexibility in the
Fourier transform to match an arbitrary set of initial conditions in the clas-

2Here we include the degeneracy factor g.
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sical string problem. Consider a superposition of the solutions in Eq. (4.14)

q(z,t) = Re /oo dk a(k) exp {i(kx — wit)}

—0Q

= % /_ " dk [a(k) exp {i(kz — wit)} + a* (k) exp {—i(kz — wit)}]

Here we take the frequency wy = |k|c to be positive, and this real expression
evidently satisfies the wave equation.?

(a) Show that this function and its time derivative at the initial time
t = 0 are given by

q(z,0) = / dk [a(k) + a*(—k)] e*®

Oq(x, t) l

4(z,0) = 5/_ dk (—iwg) [a(k) — a*(—k)] e™**

(b) Invert these Fourier transforms, and solve for a(k) to obtain

a(k) = 517; /00 dz [q(a:, 0) + .u%q(x, O)J o—ike

—00

This result uniquely determines the complex Fourier amplitude a(k) in
terms of the initial conditions of the string.

4.3 (a) Substitute the second of Eqs. (4.41) into the first to obtain the
following relation*

o) = [ ay|5 [ arere) g

(b) The r.h.s. must reproduce g(z) at the point z no matter what ¢(y)
does at every other point ¥y # z in the integral. Hence, conclude that the
“kernel” in this relation must have the form

1 [ ;
oy / dk e*@=Y) = §(x — y) ; Dirac delta function

3Note that the solution now contains waves propagating in both directions.
41t is assumed here that g(z) is a well-behaved function.
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where the Dirac delta function is defined to have the following properties:

o(z—-y)=0 TFY
#0 =y

i " dyaw)é@ - v) = a(a)

This is an expression of the completeness of the Fourier transform.®

(c) Use an analogous argument to show

1

o0 . ,
o dx e!*—F)= — 5k — k')

-0

(d) Use Egs. (4.41) and the result in part (c) to prove Parseval’s theorem
| dsla@P = [ dklathp
—o0 —o0

4.4 This problem concerns partial integration. Start from the identity

d(uv) dv du

dzr _UZE %v

Now integrate this expression on = between the boundaries [a, b] appropriate
to the problem at hand.

(a) Explain how the boundary contribution [uv]? vanishes under the
following boundary conditions: localized disturbance, fixed endpoints, pe-
riodic boundary conditions;

(b) Show that under the conditions in (a), the derivative can be trans-
ferred to the other term in the integrand, with a minus sign

b b
dv du
/a de (udf’?) a —/a de (dxv)

4.5 In quantum mechanics, classical quantities become operators. For

5Two additional useful properties of the Dirac delta function are

d(—z) = é(z)

é(azx) = rilcs(:c) ; a real
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example,

k0
ﬁ — ——
i Ox

2 2 42

D h* O
T(p) = om  2m 022
h? 6?2
H(p,z) =T(p)+ V(z) — ~ 9 a3 +V(x) ; ete.

Given a wave function ¥(zx,t), the ezpectation value of an operator O(p, x)
is defined as

0) = f: dz U*(z,t) O(p, z) ¥(z,1)
P dz (2, 1) ¥, t)

; expectation value

An operator is said to be hermitian if it has the following property®

b b
/ dz U* (z,1) O(p, z) U(z, ) = / dz [0(p, ) U(z, )] U(z, 1)

; hermitian

The boundaries (a,b) on x are, again, appropriate to the problem at hand.

Show that under the conditions in Prob. 4.4, the momentum p, kinetic
energy T'(p), and hamiltonian H(p,z) = T'(p) + V(x) with a real V(z), are
hermitian operators.

4.6 (a) A stationary state is an eigenstate of the hamiltonian with eigen-
value E [see Eq. (4.69)]

H(p,z)%(z) = E(z)

Show that if H(p, z) is hermitian (Prob. 4.5), then the eigenvalue E is real ;
(b) Show that the expectation value of any hermitian operator is a real
quantity.

4.7 Operators can be characterized by their commutation relations. The
commutator of two operators A and B is defined by

[A,B] = AB - BA ; commutator

6More generally, this relation must hold for any acceptable initial and final wave
functions in the integrand. -
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where this expression has meaning when applied to a wave function

[A, B]¥ = (AB — BA)¥
One does not necessarily get the same result when these operators are
applied in opposite order.

Show that the canonical commutation relation between the coordinate
z and the momentum p = (%/7)0/0z is

[p,z] = = ; canonical commutation relation

4.8 This problem generalizes the discussion of momentum space. Intro-
duce the following Fourier transform relations at a given instant in time

¥(z,t) = —\7-12_;/ dk A(k,t) e**® ; given t
A(k,t) = \/—%/ dx U(z,t) e~ k=

Furthermore, extend the assumption that appears above Eq. (4.55) to read

The quantity |A(k,t)|? dk is the probability of finding the particle
with momentum between ik and hk + d(hk).

(a) Show that for a free particle
A(k,t) = a(k) e”™x? ; free particle

Note that in the presence of a potential this relation is no longer valid.
(b) Use the completeness relations in Prob. 4.3 to prove the following:

/°° |A(k, t)|? dk = /00 U (z,t)|? dz

[ atomaena= [~ vEo;=2de

/ A*(k, )i aA(’“ D g _/oo U (z,8) 3 U(x, t) do

The first relation is the generalization of Parseval’s theorem.
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(c) Use the results in (b) to make the following identification of the
operators (p, q) in coordinate space and momentum space

(p,q) — (?%, x) : coordinate space
.0
— (hk, z—a—E) ; momentum space

(e) Show that the canonical commutation relation of Prob. 4.7 holds in
either case

h . . .
[p,q] = = ; canonical commutation relation
1

Thus, coordinate space and momentum space simply provide different rep-
resentations of these commutation relations.

4.9 Start from the definition of the expectation value in Prob. 4.5.
(a) Take the time derivative, and use the Schrédinger equation to es-
tablish Ehrenfest’s theorem [recall Eq. (4.48)]

%(O) = <—%[H ) O]> ; Ehrenfest’s theorem

(b) Use the canonical commutation relation in Prob. 4.7 to show
CHoo =P L
h[H’ 7 = m "R
where H = T'(p) + V().

(c) Conclude from the above results that a well-localized wave packet
obeys Newton’s second law, thus satisfying the correspondence principle.

[H,5) =~ -V (@)

4.107 (a) Prove Schwarz’s inequality, which for two complex functions
(f,g) states that®

[@ra- [is@raz | [ @il

"Problems 4.10 and 4.11 are more difficult, but they are also very instructive.
8 Hints: Start from

) o) LI W@y |*
[ e - s Ll as 2o

Also, in (c) use

1 1
jaf? + 162 =  [la— b +|a+b%] > Sla— bl
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(b) Define the mean-square deviations of (z,p) for a localized wave
packet as (see Prob. 4.5)

(Az)* = ((z — (x))?)
(Ap)* ={(p— (P)?)

Use Schwarz’s inequality, the hermiticity of (z,p), and the reality of

({z), (p)), to prove

2 2 1 2
(8)® (89)* > 7| (Ipy)) |

(c) Now use the canonical commutation relation in Prob. 4.7 to establish
the rigorous form of the uncertainty principle for a localized wave packet

h
Az -Ap > 3 ; uncertainty principle

4.11 In contrast to the classical string problem where a small-amplitude
pulse propagates without change in shape, a quantum wave packet satisfy-
ing the Schrodinger equation spreads with time. To illustrate this, consider
a specific form of the Fourier amplitude in Eq. (4.20)°

a(k) = exp {—a?(k — ko)2} ; minimal packet

U(z,t) = /_ " dk a(k) exp {i (kz — wit))

(a) Complete the square in the exponent in the Fourier transform, and
show that!®

2
U(zx,0) = gexp {z'kox - 4—2—5}

2
9 T z
|¥(z,0)|" = gexp{—ﬁ}

9 Although we leave the demonstration of the fact to the dedicated reader, at t = 0
this minimal packet actually achieves the lower bound in the uncertainty relation in
Prob. 4.10(c); here « is real.

10Make use of the following definite integral

ootiy 2.2 00 2. 2 T
/ dze @ * =/ dre % = £
—oo+iy —00

You will learn later in your career how to evaluate such an integral, as well as that
for complex a required in part (b), using complex variable techniques (see [Fetter and
Walecka (2003)]). For now, just accept the definite integrals, or go on to Prob. 4.12.
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(b) Now repeat the calculation for finite time in ¥(z,t), and show

¥ (z,t)]* = . exp {—M}

ooy 202
v . hko _ gg . 052 _ az n h2t2
" m  m » ot 4m2a2

4.12 (a) Sketch the behavior of the probability density for the packet
in Prob. 4.11(b) as a function of time. Notice that while it indeed moves
with the group velocity, the additional terms in the second of Egs. (4.24)
lead to a broadening of the packet as it moves along.

(b) Take a? as a measure of the width of the packet in coordinate space

h2t2
4m?202

(Az)2 ~ a2 ~a® +

Minimize this expression with respect to o and show that the best one can
do to localize the particle at the time t, if it starts off as a free particle at
t=20,is

, _ht

min —
m

(Az)

Evaluate the quantity h/m for the following masses: 1 gm, my, m.. Discuss.

4.13 Make a good plot, to scale, of the energy levels, wave functions,
and probability densities (absolute squares of the wave functions) for the
first four energy levels of a particle in a one-dimensional box of length L.

4.14 Consider the following wave function for a particle in a one-
dimensional box of length L

2 . ' 2
U(z,t) = a14/ I gt sin% + 0,2\/ % e~ w2t gin Tﬂ-

== — o = T2
V2 Y
(a) Use the general principle of linear superposition to demonstrate that
this is a solution to the time-dependent Schrodinger equation;
(b) Plot the probability density at the initial time ¢ = O;
(c) Calculate and plot the probability density at the subsequent times
(we —wyp)t =mn/2 for m=1,2,3,4.

4.15 Consider a potential which vanishes for z < 0 and is V = -V} for
x > 0, as illustrated in Fig. 13.3.
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L II
E
\Vinc Wtrons
E inc /\V/\V/\vf'\\./} /\v/\\/f\\//\\%
Yrefl 0

Fig. 13.3 Scattering state in a potential which vanishes for £ < 0 and is V = -V} for
x> 0.

A particle of mass m is prepared in an incident plane wave state, with
momentum Ak and energy Ei,. = E = h%k? /2m, far to the left of the
potential drop. In addition to the incident wave there will be both reflected
and transmitted waves

. 2mFE
Pine = €% K=
")[)reﬂ =T e——ik:c
) 2m
"ptrans =te'"* s Kzz = F(E + %)

(a) Write the boundary conditions at z = 0 in terms of (r,t, k, k);

(b) Determine r and t;

(c) Compute the transmission and reflection coefficients of Eqs. (4.84);

(d) Show 7 + R =1, and interpret this result;

(e) Show that as Vp — oo at fixed E, then 7 — 0. Hence conclude
that whereas a particle will always fall into a potential well in classical
mechanics, it will never fall into the well in quantum mechanics if only the
well is deep enough!!!

4.16 A particle of mass m is prepared in a scattering state and sent
against a potential barrier of height Vo > Fj,. as discussed in the text and
illustrated in Fig. 4.18, only now the potential is of a finite thickness d (see
Fig. 13.4). Now instead of just two distinct regions, there are three, and

1 This effect is actually observed in the scattering of low-energy neutrons from the
deep, attractive nuclear potential.
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the scattering wave function has the form

Y1 = e*® 4 re ke iz <0 s k= (2mE/h2)1/2
Yir =ae " 4+ be” 0<z<d D K= [2177,(1/0—E)/h2]1/2
Yrrr = te*” id <z
. L
I E N II 11

Winc
Einc o VaWaWaty

A 4

VAVAVAVA
Yiefi

0 d

Fig. 13.4 Particle with Ej,c < Vb in a scattering state with a potential of finite thick-
ness.

(a) Write the boundary conditions at z = 0 and z = d in terms of
(m,t,a,b,k, k). How many equations are there, and how many unknowns?12

(b) Solve for t. What is the transmission coeflicient? Discuss.

4.17 The hamiltonian for the one-dimensional simple harmonic oscilla-
tor is

et Lty
where both (p, q) are hermitian and satisfy the canonical commutation re-
lations in Prob. 4.8(e). Introduce the new operators'?
_ p . (mw\1/2
*= Gy ~ 4 (55)
al = S + 1q (@) M2
(2mhw)1/2 2h
N =ala

12Note that it is now necessary to keep solutions with both roots for k in the region
of the potential in order to satisfy the boundary conditions. There is no argument that
rules out the solution et*% within the potential.

13(qt,a) are known as the creation and destruction operators, while N is the number
operator.
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(a) Show the hamiltonian takes the form
H= hw-;-(afa + aa’)

(b) Derive the following properties of the new operators

[a,al] =1
W,a] = —a
WV, a!] = af

H = hw (N +1/2)

(c) Label the eigenstates and eigenvalues of the hermitian operator N/
(H is hermitian) by

N¢n =nin

Show from the results in part (b) that at, is an eigenstate of N with
eigenvalue lowered by 1, and afy, is an eigenstate of N with eigenvalue
raised by 1;

(d) Prove from the structure of H and the results in Prob. 4.5 that the
eigenvalues of H must be non-negative. Hence, conclude that eventually
the application of a must lead to a state where the eigenvalue n vanishes,
otherwise further application of @ would lead to an eigenstate and eigenvalue
that violates this positivity condition. Hence there must be a ground state
where

athy=0 ; ground state

(e) Since repeated application of a’ on the state 1 raises the eigen-
value of M by one, conclude that the operators (M, H) have the following
eigenvalue spectrum

N¢n2n¢n ;n=0,1,2,--~,oo
H")bn = hw(”'*’ 1/2)¢n

(f) What is it in the above derivation that leads to the discrete eigenvalue

spectrum for these operators?

4.18 One can actually construct the eigenstates of the harmonic oscil-
lator in Prob. 4.17 as follows (with an appropriate choice of phases)

1 n
Yn = W(GT) Yo
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(a) Use the hermiticity of (p, q) to show

oo o0
| da (] b = [ davinass
—o00 —o0

(b) Use the commutation relations and definition of the ground state in
Prob. 4.17 to show that the wave function 1, is correctly normalized;

(c) Prove the following

athy = \/ﬁwn—l
aT"pn =vVn+1¢Ynt1

These relations for the creation and destruction operators acting on the
eigenstates of the number operator play an important role in quantum
mechanics.

4.19 Make a good plot, to scale, of the energy levels, wave functions,
and probability densities (absolute squares of the wave functions) for the
first four energy levels of a particle in a one-dimensional simple harmonic
oscillator. The analytic form of the wave functions can be found in any
good book on quantum mechanics, for example [Schiff (1968)].

4.20 Start from the three-dimensional Schrodinger Eq. (4.109), assume
a real potential V, and follow the arguments leading to Eqs. (4.46) to derive
the three-dimensional form of the continuity Eq. (4.111).

4.21 Make good to-scale plots, by any means you find the most in-
formative (density of points, contours, etc.), of the probability densities
for the first three stationary states of a particle of mass m in a three-
dimensional box. Assume a < b < ¢ (see Fig. 4.22), and examine the states
(n1,n2,n3) = (1,1,1), (1,1,2),(1,2,1).

4.22 (a) Show that the eigenfunctions that are given in Egs. (4.115)
for a particle in the box in Fig. 4.22 satisfy the following orthonormality
relation

a b c
/0 dﬁU‘/O dy/O dz ¢;1n2n3(x)wn’ln’2n§(x) = 5n1n'15nzn’25n3ng

(b) Consider the eigenfunctions obeying periodic boundary conditions
for a free particle in a cubical box of side L centered on the origin
[Egs. (4.118)]. Show that they satisfy the orthonormality relation

L/2 pL/2 pL/2

d’x Yic(X) Pk (x) = 5711:”;: 5nun;15nzn’z
—r/2J-L/2J-L/2



346 Introduction to Modern Physics: Theoretical Foundations

Here d3z = dzdydz, and the triple integral goes over all three components.
4.23 (a) Show that the general solution to the Schrodinger equation
for a particle of mass m in the box in Fig. 4.22 is given in terms of the
normal-mode solutions in Egs. (4.115) and (4.116) as
i
\I/(X, t) = Z Anlnzna d}nln2n3(x) exp {_ﬁEnlnznst}

ninzang
(b) Use the results in Prob. 4.22 to determine the complex amplitudes
Anynans in terms of the initial conditions ¥(x, 0).

4.24 (a) Show that the appropriate generalization to three dimensions
of the completeness relation in Prob. 4.3 is

(2;)3 / PPker ) = 5O (x — y) ; Dirac delta function

where [ d3k represents a triple integral over all values of the components. 4
In this expression

Px—-y)=0 X FY
# 0 x=y

/ﬁ%ﬂwﬂmk—y%=ﬂ@

(b) Use the result in (a) to establish the three-dimensional Fourier trans-
form relations

fx) = (_27}173_/_2 / Pk e g(k)
a(k) = (27:)—3/2/ d3z e H* f(x)

4.25 It follows from the definition of the angular momentum in
Eq. (4.127) that

1 0 0 . .
L, = - (ya — Z6_y> ; and cylic permutations of (z, y, z)

(a) Prove the following commutation relations between the components
of the angular momentum (see Prob. 4.7)

[Lg, Ly] =iL, ; and cylic permutations of (z,y, 2)

14We now simply suppress the multiple integral signs.
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(b) The square of the total angular momentum is L? = L2 + L? + L.
Show

[L2,Li] =0 1= (z,y,2)

(c) Show that the components of the angular momentum are hermitian
operators (see Prob. 4.5).

(d) Use the result in Prob. 4.10(b) to deduce an uncertainty relation
between the components of the angular momentum.

4.26 (a) Make a change of variables from cartesian to polar coordinates
in two dimensions

T = pcos¢ ; Yy = psing

Use the chain rule for differentiating an implicit function f(z,y) =
Flz(p, 8),u(p, #)] = f(p,¢) to show that the laplacian in Eq. (4.108) is
expressed in polar coordinates as [compare Egs. (4.130)]

,_10 0 18
~pop’p " P2 og?
(b) Repeat part (a) for the change from cartesian to spherical coordi-
nates in three dimensions, where (see Fig. 4.26)

T =rsinfcos¢ ; y=rsinfsin¢ ;2 =rcosf

Show!®

V? =

ﬁé?r or ' r2 sin0%81n9%+sin295(p
1 92 1 [ 1 6 . ,0 1 62]

-7:_6_757‘ r2 sin95§sm95—9- + sin%’@

10,0 1[16 0 182]

(c¢) Use the fact that the spherical harmonics satisfy the following equa-
tion (see, for example, [Fetter and Walecka (2003)))

sin 8 06 00 ' sin? 6 0¢?
to derive the radial Eq. (4.142).
4.27 This problem illustrates some applications of the general boundary

conditions (1)-(2) in quantum mechanics stated above Eq. (4.66).

] Vi (8, 9) = 1L + 1) Yim(6, 8)

15The algebra here is a little more intense, but worth doing once in your life; for an
alternate derivation, see appendix B of [Fetter and Walecka (2003)].
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(a) Consider the azimuthal solutions in Eq. (4.134). Take a linear com-
bination ®(¢) = ai1Pm,(P) + a2dm,(4) of any two solutions, and demand
that the corresponding probability density |®|? be single-valued under the
transformation ¢ — ¢+ 27 (see Fig. 4.25). Show that Am = m; —mg = m,
where m = integer. Show that if one demands that ® = constant be an
acceptable solution, then all the m; must be integers.'®

(b) The radial component of the gradient in Egs. (4.111)-(4.112) is just
0/0r. Let | = 0, and consider the radial wave function R(r) in Eqgs. (4.141)
and (4.143) as 7 — 0. Suppose R(r) = a where a is some complex constant
is an acceptable solution. Now consider a linear combination of solutions
a+b/r. Show that the probability density arising from such a wave function
is finite when multiplied by the volume element 47r2dr; however, show that
the origin acts as a point source of probability when the radial probability
flux is integrated over the area 4nr2. Hence conclude that a radial solution
that goes as b/r at the origin is too singular in quantum mechanics.

4.28 (a) The analytic expressions for the radial wave functions for the
first two s-states (I = 0) in the point Coulomb potential are [Schiff (1968)]
3/2 3/2
Z
Ro)=2(Z) et R = () (2 20) o

ag 2ag ao

Here ag = h?/mq(e%/4nep) is the Bohr radius. Make an accurate to-scale
plot of the radial densities |Rao(r)|? for these states in units of Zr/aq.!7

(b) The analytic expression for the wave function for the first p-state
(I =1) in the point Coulomb potential is'®

¢21m(7'a 0, ¢) = R21(7'))/1m(0, ¢)
Z 3/2 VAS —Zr/2a0
Ralr) = (270) (aox/§> e

Make good to-scale plots, by any means you find the most informative
(density of points, contours, etc.), of the probability densities for the three
states with m = 0, +1.

6 This is a very important point, for when we start talking about half-integer angular
momenta, we will find that the wave functions themselves are double-valued under the
transformation ¢ — ¢ + 2.

!"Remember the volume element in spherical coordinates is d3z = r2dr sin 0 df dé.

18Note that whereas the newtonian orbit problem in a central potential in three di-
mensions can always be reduced to motion in a two-dimensional plane (see [Fetter
and Walecka (2003)]), this is no longer true in quantum mechanics, where the three-
dimensional problem is intrinsically different [compare Eqgs. (4.132) and (4.137)]. The
s-states with [ = 0, for example, have a uniform probability distribution in both 6 and ¢.
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4.29 Assume a collection of non-interacting fermions in their ground
state in a large cubical box, of side L, with rigid walls. Use the results
in Egs. (4.115)—(4.116). Work in the limit L — oco. Write k; = (m/L)n;
and convert the sum over states to an integral over wavenumbers. Show
one obtains the same results for (N/V, kg, E/N) as in Egs. (4.168)-(4.170)
where periodic boundary conditions are employed. Discuss.

4.30 Consider the ground state of a system of N spin-zero bosons of
mass m in a large cubical box, of side L, with rigid walls.
(a) Show the energy of the ground state is

(b) Show the corresponding pressure is

1 (R2m?\ 5
- | = /3
P= N2/3( — )n

where n = N/V is the particle density.
(c) Hence conclude that, at fixed particle density, the pressure of this
Bose gas goes to zero as the size of the box goes to infinity.

4.31 Consider a collection of N spin-zero bosons of mass m in a big
cubical box of side L satisfying p.b.c. At high temperature, the chemical
potential is negative (see Prob. E.3). As the temperature is lowered, the
chemical potential increases, and one will eventually reach a point where
the chemical potential vanishes. The chemical potential for the Bose gas
must then remain zero for T < T, or the distribution function in the second
of Egs. (4.178) will become singular at finite £,. What happens below Ty
is that a finite fraction of the bosons begin to occupy the single state with
k=0.

(a) Show the temperature Tp at which the chemical potential first van-
ishes, and hence the temperature for the phase transition in this non-
interacting Bose gas, is determined from the equation

N [ &k 1
V | (2n)3 er*R?/2mksTo — 1

(b) Go to dimensionless variables, and show this equation can be re-
written as

2,,2/3 1 0o
kT — 1 An . / Vudu
0

et —1

v2/3  2m i (2m)?
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Here n = N/V is the particle density.
(c¢) Liquid “He has a mass density p = 0.145 g/cm. Compute Tp. Com-
pare with the observed superfluid transition temperature T’ in Fig. 11.1.1°

4.32 Consider a non-interacting, non-relativistic Fermi gas of spin-1 /2
particles in its ground state at a given density n = N/V (electrons in a
metal, neutrons in a neutron star, etc.). The particles have mass m and
magnetic moment uo. A uniform magnetic field B is applied. Treat the
system as two separate Fermi gases, one with magnetic moment aligned
with the field, and one with magnetic moment opposed. Parameterize the
number of particles of each type as

N N
Ny =5 (1+3) 3 Ny=5(1-9)

(a) What is the contribution to the energy of the system coming from
the interaction of the spin magnetic moments with the magnetic field for a
given 07

(b) The kinetic energy of the system must increase to achieve a config-
uration with finite J. Let €% be the value of the Fermi energy with 6 = 0.
Show the increase in kinetic energy of the system is given to order §2 by2°

(52

(c) Construct the total change in the energy as a sum of the two contri-
butions in (a) and (b). Minimize with respect to d to find the new ground
state. Show

3uoB
5 = Noo
2en

(d) The magnetic spin susceptibility is defined in terms of the magnetic
dipole moment per unit volume M according to M = ypB. Hence derive
the expression of the Pauli paramagnetic spin susceptibility

3u3

= —=n
XP 25%

4.33 The spin wave functions for a spin-1/2 fermion in Eq. (4.160) form
a two-component column matrix (a “spinor”).

19Use myes = 4myp.
?0Use the Taylor series expansion (1+ )™ = 1+nz+n(n—1)z2/2!+- - -, which holds
for |z| < 1 and any n (integer or non-integer).
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(a) Use the results in appendix B to show that these spinors are or-
thonormal in the sense that
nin,, = P (X)) =(1,1)

(b) Consider a more general spinor of the form

(3

where (a,3) are complex numbers. Show the normalization Q‘LQ = 1 of
this spinor implies |a|? + |8|2 = 1. In this case, one can interpret |a|? as
the probability that the particle has spin up along the z-axis and |8]2 as
the probability that it has spin down. Verify that this interpretation is
consistent with the wave functions in (a).

(c) Show the most general hermitian operator in this two-dimensional
spin space must be of the form al + b - o where (1,0) are the unit and
Pauli matrices (see appendix B), and (a, b) are real.

5.1 Special relativity (see later) says that there is a magnetic field cB =
(v/c) x E associated with an electric field moving with velocity v.

(a) Show the electric field at the position of an electron in an atom
arising from the nucleus is E = (Zep/4meor®) r where r points from the
nucleus to the electron.

(a) Use the fact that the nucleus is moving with velocity —v with respect
to the electron to show that the effective magnetic field at the position of
the electron arising from the nuclear current is

1 Zey
Ber = MeC? (471’607‘3) £ (mev)

(b) Hence derive an expression for Vi, appearing in Eq. (5.24)

g5 Zé? o1\,
Veo(r) = 2 drmeohic (mecr MeC

(c) Evaluate the expectation value of this quantity [see the second of
Egs. (5.26)] using the radial wave function for the 2p-state in hydrogen
given in Prob. 4.28(b).%!

21 Note: The expression in part (b) is a factor of two larger than that obtained through
a correct relativistic treatment of the electron provided by the Dirac equation (Prob. 9.3);
this is due to the fact that the spinning electron is not moving with a uniform velocity v,
but is actually accelerating in its orbit. (There is an additional “Thomas precession”.)
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5.2 Verify Egs. (5.54).

5.3 Write or obtain a program to integrate a second-order non-linear
differential equation and reproduce the results in Fig. 5.11 and Eq. (5.70).

5.4 For an electron with s = 1/2, one has j =1+ 1/2. Assume g, = 2.
(a) Show that the Landé g-factor takes the form

1 . 1
gLandéz(li—m—]—_) 7]=li§

(b) Show that if I = 0, the answer is g; ..« = 2. Interpret this result.

5.5 If the atom is neutral in T-F theory, it must contain exactly Z
electrons. Start from Egs. (5.52) and (5.54) and prove

/d3r n(r) =2

5.5 The unphysical nature of the long-range tail on the electron dis-
tribution can be avoided if one studies an ionized atom with z electrons
removed. In this case, the shielding function will vanish at some finite
radius zg.

(a) For the ionized atom, show the T-F equation remains valid with the
electrostatic potential inside the atom given by

zep Zey

P — =
(r) dmegR  4meor

x(z) ;T<R

(b) Show the radius of the atom is determined from

Z13R
x(zr) =0 ; TR =

bao

(c) Show the degree of ionization is determined by (compare Prob. 5.5)
R TR
/ 4rr3n(r) dr = Z/ x(x)3 22 2de = Z — 2
0 0

5.6 Express the coefficients (co, c1) in the T-F density functional F(n)
in Eq. (5.69) in terms of the physical constants of the atomic system.

5.7 (a) Give the anticipated electron configurations for the following
elements: 55Cs, 70YDb, g5At, ggRn;

(b) Discuss the expected chemical properties of these elements;

(c) Go to the website in Fig. 5.18, click on the elements, and check your
answers to parts (a) and (b).
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5.8 Identify the next alkali, halogen, and inert gas in Fig. 5.17. Compare
with Fig. 5.18.

6.1 (a) The hamiltonian for two non-relativistic particles interacting
through a potential that only depends on their relative coordinate is

2
P1 +P2

om; + omg TV (Ir2 =)

H(ri,r2,p1,p2) =

Introduce the following change of variables

miry + marg
= y P=r2—I
my + ma

mip2 — mMaPpi1
my + ma

P =p; +p2 ;P =

Show the hamiltonian takes the form
P2 p2
=3 + — + V(r) ;

Here M = m; 4+ my is the total mass, and u is the reduced mass.
(b) Show that the commutation relations in quantum mechanics that

follow from the definitions in part (a) are??
h h
[pi, 5] = =635 [P, X] =~ 0y

[pi, X;] = [P, x5 =0
Hence, justify the following replacements in part (a)

) )
Ry

[Note: These relations can be checked with an explicit change of variables
in the laplacians involved. We leave this as an exercise for the dedicated
reader.]

(c) Show the solution to the stationary-state Schrodinger equation for
two particles in a large box with periodic boundary conditions then fac-
tors into ¥(ry,r2) = Yk (R)@(r) where the C-M wave function is that of
Eq. (4.118). What is the remaining Schrédinger equation for ¢(r)?

6.2 The binding energy of the deuteron is |E| = 2.22 MeV.

22Gee Prob. 4.7. Here the operators for the two particles are independent, and they
commute with each other.



354 Introduction to Modern Physics: Theoretical Foundations

(a) Given the potential in Eq. (6.21) and the second of Egs. (6.29), and
this value of the binding energy, solve the eigenvalue Eq. (6.24) numerically
to determine the new Vjp;

(b) Determine and plot the corresponding wave function u10(r);

(c) Plot the corresponding probability density. Discuss.

6.3 Determine the correct normalization for the wave function in
Fig. (6.6) for small, non-zero . Show that it reduces to Eq. (6.33) as
v — 0.

6.4 Suppose the potential in Eq. (6.21) is modified to contain an infinite
repulsion (“hard core”) at short distances so that it is augmented with the
relation V = +oo for r < ¢ < R.23

(a) How is the eigenvalue Eq. (6.24) changed?

(b) Suppose ¢ = 0.4F and R = 2F, two fairly realistic values. How
deep must V; be to produce just one bound state at zero energy?

6.5 The parity operator P in quantum mechanics is defined to reflect
the spatial coordinate P¥(r,t) = np¥(—r,t), where, for the present pur-
poses, np = +1. Suppose one has a state that at a time fo is an eigen-
state of parity so that P¥(r,tg) = ¥(-r,t9) = 7 ¥(r,%o), where 7 is the
eigenvalue. Solution to the time-dependent Schrédinger equation involves
repeated application of the hamiltonian as a function of time. Prove that if
the hamiltonian commutes with the parity operator (i.e. [P, H] = 0), then
U(r,t) remains an eigenstate of parity for all time.

6.6 Prove the following theorem: Of two isobars of given B, with Z
differing by one, at least one is unstable under the §-decay interactions in
Eqgs. (6.2)—(6.3). Assume massless neutrinos.

6.7 Suppose a radial wave function ¥(r) is of the form ¥ (r) = u(r)/r.
Show that the boundary conditions that (,%’) be continuous at finite r
are equivalent to (u,u’) being continuous.

6.8 Use the atomic mass tables [Lawrence Berkeley Laboratory (2003)],
and consider the following reactions in the center-of-mass system:

3He +12C - 0 + 4
2451 —» UN+YN
U — 1Mo +13] Sn

120*(7.6 MeV) — 3He +3 He +3 He

23The nucleon-nucleon potential exhibits such a short-range repulsion.
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Here v is a massless photon, and 12C*(7.6 MeV) represents an excited state
at the indicated energy.

Determine which of these nuclear reactions is exothermic, and, if so,
determine the energy release.

6.9 This problem examines the Coulomb interaction energy of two
charges e, uniformly distributed over a sphere (drop) of radius R. One
makes use of Gauss’ law, which states that the electric field at a radius
r arising from a uniform spherical distribution of charge comes from the
charge inside of the sphere of radius r, all of that charge acting as a point
source at the origin (see chapter 5).

(a) Show that the electric field at a radius r inside the drop coming from
the first particle is then given by

e T
T 471'50 ﬁ
(b) The field is derivable from a potential as E, = —9®/0r, and at the

radius of the drop, the potential is known to be e,/4megR. Hence show
that inside of the drop the potential is given by

e 3 172
o=——2 - - s r <
dneoR (2 2R2) TR

i r< R

(c) Show the interaction energy of that part of the second charge in the
shell 4772 dr with the first charge is given by

e2 3 /3 172
W = P 2zl ),
d 4dmeg R4 (2 2R2>T dr

(d) Show that the total interaction energy of the pair of charges is
_6.e 1
- 5 471'80 R

Hence conclude that the interaction of Z(Z — 1)/2 pairs of charges is given
by the first of Egs. (6.53).
6.10 Make use of the following relation from Egs. (6.53)%*
_3_¢
- 54 €0Toc

as

Show that the empirical value of a3 in Table 6.2 yields the value of rg. in
Eq. (6.58).

241t is assumed there that the nucleus is heavy enough so that Z(Z — 1) ~ Z2.
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6.11 (a) Use the semi-empirical mass formula (SEMF) in Eq. (6.57) and
Table 6.2 to compute the energy release in the third process in Prob. 6.8

U~ Mo+ S0
(b) Compare with the answer obtained in Prob. 6.8 from the observed
atomic masses.

6.12 Consider the SEMF in the case of an odd nucleus (A = 0).
(a) Minimize with respect to Z at fixed B and show that the (-stable
nuclei have a Z(B) of

B
= 27 (a3B*%)/2a4

This determines a “line of stability.” Write B = N + Z, solve self-
consistently for Z at fixed N, and make a plot of Z(N) with Z as the
ordinate and N as the abscissa.

(b) For a self-bound system in its ground state where the pressure and
entropy vanish, the neutron chemical potential at fixed Z is obtained from
Eq. (D.10) as 4 = dE/dN. Write B = N + Z, and compute the neutron
chemical potential u,(Z,N) at fixed Z from the SEMF. A nucleus will
be unbound with respect to neutron emission when the neutron chemical
potential first vanishes u,(Z, N) = 0. Solve this equation for Z(N), and
determine the “neutron drip line”. Plot this curve on the graph in part (a).

(c) Repeat part (b) for the “proton drip line”.

(d) Compare the results in parts (a)—(c) with the chart of the nuclides
in [National Nuclear Data Center (2007)].25

6.13 Consider a uniformly charged sphere of radius R and charge Z.
(a) Compute the form factor in Eq. (6.69) by explicitly carrying out the
angular and radial integrals. Show

F(q)=2Z [M)—} ; uniform sphere

Z(B) ; at minimum

qR

sinrz cosz

h(x) = -
.71() 72 Z

(b) Plot this result as a function of gR. Discuss.

25Note that the simple 5-parameter SEMF discussed here is designed to describe nuclei
along the line of stability and with small deviations about it. For a more accurate
description of the entire energy surface, see the discussion of effective field theory in
[Walecka (2004)].
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6.14 (a) Make use of Fig. 6.23 to predict the spins and parities of the
following nuclei

17 . 61 . 105 . 121 . 211
oF ; 20Cu ; “46Pd ; “a9In ; “grbr

Compare with experiment [National Nuclear Data Center (2007)].
(b) Compute the magnetic moments of these nuclei and compare with
the experimental results [Lawrence Berkeley Laboratory (2005)].

6.15 Repeat Prob. 6.14 for 133Xe. Discuss.

6.16 Consider the scattering of light from a single slit where the location
of the first diffraction minimum is given for small angles by Eq. (6.66).
(a) Show that this expression can be written in the more familiar form

0=2X\a ; first diffaction minimum

(b) Hence conclude that if one wants a diffraction pattern to show up on a
laboratory screen at small, but finite angles, one wants to use light whose
wavelength is comparable to the size of the slit, or A = O(a).

6.17 Assume that the neutron and proton densities in nuclear matter
are driven apart by the Coulomb interaction of the protons. Write

N=§(1+5) ;zzga—a)

It follows, as in Prob. 4.32, that the kinetic energy of nuclear matter at
fixed baryon density, to leading order in ¢, is increased by an amount

AT _ ero
B 3

Here cpg is the Fermi energy for symmetric nuclear matter.

(a) Derive this result;

(b) Show this implies a symmetry energy coefficient in the semi-empirical
mass formula of

52

€Fo0
a4 = —(——

3

(c) Use kpop = 1.42F~! from Table 6.3, and compare this result with
the observed value of a4 in Table 6.2;
(c) How would you improve this calculation?

6.18 Explicitly evaluate the magnetic moment in Egs. (6.99)-(6.100),
and derive the expression for the Schmidt lines in Eq. (6.101).
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7.1 Work through appendix A.1 of [Walecka (2004)]. Use the Feynman
rules for scalar meson exchange given there to derive the Yukawa potential
in Eq. (7.29).26

7.2 (a) When the laboratory is taken to be a very large cubical box of
volume Q = L3, and periodic boundary conditions are applied, the final
integral giving overall momentum conservation is of the form

/ d31' ei(Ki—Kf).x — QéKf,Ki
Q

where 0k, k; is a Kronecker delta. Show that in the limit {2 — oo, this
relation becomes (compare Prob. 4.24)

/ Bz 0G—KNx — (913 53 (K; — K;)

where 6 (K; — K;) is now a Dirac delta function. Hence justify the
following replacement in this limit

ok, x; — (2m)* 6 (K; — Ky) ; Q0 — 00

(b) Use the second of Egs. (7.45) and the results in part (a) to show
that in the limits T — oo, and then Q — oo, the S-matrix in Eq. (7.36)
takes the form

Spi = (2m)* 6@ (K — Ky)

1 [—iTy
QD72 | he

] ;T — o0
2 — oo
Here

(K — K;) = ¥ (Ky — Ki)6(Kf0 — Kio)
Kfo - K,;() = (Wf - W,)/ﬁc
7.3 Two particles in a large box of volume  with parallel velocities v(1)

and v(2) interact to produce a final state f. Explain why the appropriate
incident flux to be used in Eq. (7.49) is

1
Iinc = ﬁ |V(1) - V(2)|

26That the meson responsible for the long-range part of the nuclear force, the pion,
should be a pseudoscalar rather than a scalar meson was, in fact, predicted by Pauli on
the basis of observed properties of the deuteron [Pauli (1948)].



Problems 359

7.4 Reactions can proceed with decreasing rates through the strong,
electromagnetic, or weak interactions, or they can be absolutely forbidden.
This is governed by appropriate conservation laws (see text). Give the
leading interaction through which the following reactions can take place
(assume Hyw = 0):

p+tn—on+n+at
,u+—>e++1/e+uu
T 4+pont+nl 47t
E-—X4e” +7
Yy+p—on+nt
p+p—=p+p +n+n

7.5 Assume (1s) spatial states:

(a) Give the quark configurations for all the states in the S = —1 and
S = —2 sectors in Fig. 7.1;

(b) Give the quark configurations for all the mesons in the § = +1
sectors in Fig. 7.2.

7.6 What hadrons can be made from (scu) and (scd) quarks? Give all
quantum numbers.

7.7 Show that if the four-momentum transfers of interest in Eq. (7.70)
are much smaller than the inverse Compton wavelengths of the massive
weak vector bosons, then the amplitude for the process in Fig. 7.21 reduces
to

—iTy  ig% . .
he - e Mt%V JwIiw

This is the same amplitude one would get with an effective point coupling,
and a corresponding amplitude?’

—iTy =i Gp. .
Hence make the identification of the Fermi constant in Eq. (7.71).

7.8 Consider the scattering of a massless neutrino by a heavy nucleus.
Assume the point coupling of Prob. 7.7, and replace the interaction hamil-

27Compare Prob. 1.2.
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tonian of Prob. I.1 by the contact interaction

H, = —% /d3:cjw(xp)5(3)(xp —x)Jw (x)

Assume the situation is analogous to that in Prob. I.1, and repeat the
arguments given there.
(a) Show that in this case

G

Hil¢i) = ——— R ;a=k —k
(95 |H1lds) 730 w(a) q f
Fw(q) = / 3z e Jyy (%) ; form factor

(b) Assume relativistic kinematics for the scattering particle with € =
hkc, and show

1
/dkd(Ef—E,)Z—hz ;kEki=kf
(c) Show the incident flux in the laboratory frame is finc = c/S.

(d) Hence show the differential cross section is given by

do 1 GZEk? )
20, = & (a7 TV Azl

7.9 Consider a wave function with two components ¢; with ¢ = (1,2),
describing, for example, a spin-1/2 particle [see Eq. (4.160)].?® Define the
following transformation on this wave function by

2
G = r(w)ig¢
j=1

r(w) = exp {%0' : w} ; w = (w1,ws,ws)

Here o = (01,02,03) are the Pauli matrices (which we do not underline),
and w characterizes some spatial rotation.
(a) Expand the exponential, and show the 2 x 2 matrix r(w) can be
re-written as (here 1 is a unit vector)
w

w N .
z(w)zlcos-i—l—zn-asmE ;W= wn

28 Analogous arguments hold in the internal isospin space.
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(b) Show that r(w) is both unitary and unimodular (i.e. it has unit
determinant)

r(w)ir(w) =1 s detr(w) =1

(c) Show that the product r(w;)r(ws) is again a unitary, unimodular
matrix.2°

(d) Show that any unitary unimodular matrix can be written in the form
given above for some choice of w. Hence show that the transformations form
a three-parameter, continuous group3°

r(wi)r(wz2) = r(ws)

This is the group SU(2).
(e) Consider a two-particle direct product state v¥;;(1,2) = (;(1){;(2)
that transforms as

Wi (1L,2) = 33 rw)eir(w)ys i (1,2)

i=1 j=1
Consider linear combinations with symmetrized and antisymmetrized
indices

U5(1,2) = 25 [y (1D +45(1,2)
¥5(1,2) = % [¥:5(1,2) — 5:(1, 2)]

Show that these states are transformed among themselves by the above
transformation, and hence each provides a basis for an irreducible represent
ion of the group.3! How many states of each type are there? What total
spin do they correspond to?

8.1 (a) Make an expansion for small v/c, and verify the expression for
the difference in optical pathlength in the second of Egs. (8.7);

(b) Verify the expression for the inverse Lorentz transformation in
Eq. (8.9);

(c) Verify that the Lorentz transformation in Egs. (8.8) leaves the
quadratic form in Eq. (8.10) invariant.

(d) Verify that the three-dimensional Lorentz transformation in
Egs. (8.24) leaves the quadratic form in Eq. (8.25) invariant.

29 Hint: Recall Prob. B.3 and use the fact that for matrices det A B = det Adet B.
30Note that the infinitesimal rotations add here just as they should w3 = wi + wa.
31For an introduction to group theory, see [Hamermesh (1989)].
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8.2 In deriving the formula for the Lorentz contraction of a meter stick,
only the first of Eqs. (8.14) is used. Explain the corresponding physical
content of the second of Egs. (8.14).

8.3 Start from Egs. (8.40) and (8.42).

(a) Verify by matrix multiplication that 2’ = az gives the proper ex-
pressions for the Lorentz transformation in the z-direction of the four-vector
z, (see Fig. 8.12);

(b) Verify by matrix multiplication that aTa=aal =1.

8.4 (a) Prove that the scalar product of two four-vectors in Eq. (8.44)
is invariant under Lorentz transformations;
(b) Use this result to prove that the wave operator

8\ 8 18 , .
(5;;) =32 23R d ; D' Alembertian

is invariant under Lorentz transformations;
(c) The electromagnetic current in special relativity is defined by

eju=e (—j , ip) ; electromagnetic current
c

where the electric charge e is now explicity exhibited. This current trans-
forms as a four-vector under Lorentz transformations.
Establish the invariant continuity equation for the electromagnetic cur-

rent32

aj 0
Hu V.-j+ 9% -9 ; continuity equation
Oz, ot
8.5 An electron of energy 50 GeV and rest mass moc? = 0.5 MeV travels
down an accelerator pipe of length 1 km. How long does the pipe appear

to be in the rest frame of the electron (in cm)?33

8.6 A light signal, and a neutrino with energy F = 2 MeV and rest mass
moc? = 2eV, are emitted simultaneously from a supernova which is at a
distance 10* light-years from earth.

(a) What is the difference in arrival times at the earth?

32 As an example, consider an electron fluid with electron density n and velocity field v.
The charge density is ep = en and the current is ej = env. The continuity equation then
reduces to the familiar statement of electron number conservation dn/8t+ V- (nv) = 0.

33 Although not required here, we note that in doing numerical calculations when
v/c is very close to 1, it is often useful to write v/c = 1 — ¢ and then /1 —v2/c? =
VA= v/ +/d) = VZ[1 + O(e)).
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(b) How long does the trip take in the neutrino’s rest frame?
(c) What is the distance to earth as viewed in the neutrino’s rest frame?

8.7 In special relativity, a tensor of rank two, three, etc. is defined by
how it transforms under a Lorentz transformation

/
Tyy..=appayy - Tyy... ; tensor

A four-vector is then a tensor of rank one.

(a) Prove that d,, transforms as a second-rank tensor (Hint: Define it
to have its usual value in all frames, and then show that it satisfies the
tensor transformation law.)

(b) The completely antisymmetric tensor in 4-D is defined by

Eapys = 1 ; (af7d) an even (odd) permutation of (1234)
=0 : otherwise
Show that this quantity transforms as a fourth-rank tensor under Lorentz

transformations with det a=1. (Hint: Make use of the following definition
of the determinant a,,/ ../ 6pp Qo' Eprv pro’ = Epvpo det a.)

8.8 The electromagnetic field tensor is defined by

0 CBg --CBz —’l:El
—cBg 0 CBI -—iEz

F= ¢By —cB, 0 —iEs ; field tensor
tEy iEy iE; 0
Fpu = [_F_]p,u ) (/1" V) = (1,21'?”4)

(a) Show that Maxwell’s Egs. (2.90) in SI units can be written in the fol-
lowing form

0 e
Bz, T = o Ju axwell’s equation:
0
euypo-'é’;;pr =O u=1,2,3,4

Here ej, is the electromagnetic current in Prob. 8.4(c).34

(b) Show that the statement that Maxwell’s equations hold in any iner-
tial frame is equivalent to the statement that F},, transforms as a second-
rank tensor under Lorentz transformations.

34Note that if one defines a dual tensor by Guu = €pvpo Fpo, then the second set of
Maxwell’s equations can be written as 0G . /0z, = 0.
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8.9 The electromagnetic field tensor is antisymmetric in its two indices

F,, = —F,,. It can be expressed in terms of the vector potential A,
according to

1 0A, OA i

c ¥ 0z, Oz, # ( c )

(a) Show that the second set of Maxwell’s equations in Prob. 8.8(a) is
now satisfied identically;

(b) Compare with the expression for F},, in Prob. 8.8, and show that
the relation of A, to the electric and magnetic fields is given by3®

B=VxA
O0A

= _Vd— ==
E v 5

(c) Show that the electromagnetic fields are invariant under a gauge
transformation of the vector potential

oA
Ay, — A+ — ; gauge transformation

Oz,
where A is a differentiable scalar function of z,. [Note Prob. F.3(a)].

8.10 One can attempt to write a covariant equation of motion for a
charged particle in an electromagnetic field as follows

dpu _ ¢
':i':"_li:zFuuul/ ,N=172,3,4

Here 7 is the proper time, (u,,p,) are the four-velocity and four-momentum
of Egs. (8.54) and (8.57), and F),, is the electromagnetic field tensor of
Prob. 8.8.

(a) Given that F),, is a second-rank tensor, show that this is a relation
between four-vectors;36

(b) Show that the spatial parts of this relation give the relativistic form
of Newton’s second law for a particle of charge ¢q acted upon by the Lorentz

35In advanced quantum mechanics, Maxwell’s Egs. (2.90) are frequently written in
rationalized cgs [Heaviside-Lorentz (H-L)] units where g9 = 1, uo = 1/¢%, ¢B — B,
j/c — j, ep is measured in esu, and ej in emu, where 1 emu = 1 esu/c (see appendix
K). To get from SI units to H-L units in Probs. 8.4(c), 8.8, and 8.9 make the following
replacements: eg — 1, ¢cB — B, j/c — j, cA — A.

36More precisely, if u’ - v/ = u - v, then an expression is Lorentz invariant. If u), = v,
when u, = v, then the expression is Lorentz covariant — it takes the same form in any

Lorentz frame.
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force of Eq. (2.83)

%Itl =q(E+v x B) : Newton’s second law

(c) Show that with p, = (p,iEp/c), the fourth component of the above
gives the correct relativistic power equation dE,/dt = gqv - E. Derive
this result from the relativistic relation between energy and momentum
in Eq. (8.59) and the result in part (b).

8.11 The weak vector boson Z° has the mass m,c? = 91.19 GeV. It can
be produced in the reaction et + e~ — Z°. What is the threshold energy
for production of this particle in the C-M system? What is the threshold
energy for production of this particle with a positron beam incident on
electrons at rest? Discuss.

8.12 Start from Egs. (8.83) and (8.87). Use Egs. (8.72) and (8.73)
to determine the momentum p?(py) in the C-M system. Assume elastic
scattering of equal mass particles, with m; = mgo = m.

(a) Take the limit pr,/mc < 1 and derive the non-relativistic results for
p%,p}, and cosfcys as a function of (pr,cosfy) as given in Egs. (8.88);

(b) Take the limit pr, /mc > 1 and derive the extreme-relativistic results
for p%,p’, and cosfc s as a function of (pr,cosfr) as given in Egs. (8.89).

8.13 Assume the proper relativistic relation between energy and mo-
mentum, write the equations for conservation of energy and momentum in
the laboratory system, and show that the Compton formula of Eq. (3.54)
holds without approximation. Compare with the result in Prob. 8.12(b).

8.14 Consider the behavior of the four-velocity u, under a Lorentz
transformation to a new inertial frame moving with velocity V along the
z-axis relative to the first (compare Fig. 8.12). Assume the spatial velocity
v in the four-velocity u, lies in the z-direction. We know the four-velocity
transforms as a four-vector so that UL = auy(V)u,. The mixing of the z-
and fourth-components follows from Eq. (8.42).

(a) Show the transformed result can be obtained through matrix mul-
tiplication as

v’ 1 iV/e v

'Uf,z _ | V1imv2/e2 | | V1-V2 e \f1-V2/c? V1-v2/c?
’u’:l - ic - —iV/e 1 ic

V1-v'2/c? V1-V2/c? \/1-v?/c? V1i-v?/c?
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(b) Show

'U,

Vi-v?jcz | _ 1 1 [ v—=V ]
Tmm | VI VAR 1= Lie(l = Vo/?)

(c) Show that

, v—-V

v = 1-Vv/c?

This is the law for the addition of the velocities in special relativity.

(d) Show this reduces to the galilean transformation to the new inertial
frame if terms of order (velocity/c)? are neglected.

(e) Show the component relations in part (b) are individually satisfied.

8.15 Derive the second boundary condition f’(0) = 0 in Egs. (8.111)
from Eq. (8.104).

8.16 In direct analogy to the calculation in the text, carry out a cal-
culation of the properties of a white dwarf star in the non-relativistic limit

(NRL), which is appropriate for small mass stars.
(a) Show the equation of state in the NRL is

2 B2 (en2\¥? 1
P = §Ps/3 ;=< — 7o N\5/3
52me \ g (2my)5/

(b) Show the dimensionless equation for the density distribution is3”

1d (. . 3/2
ws(ﬁ d >‘ F

F(1)=0 ;F’(0)=0
Here
_ _ 887G
3 _ 3/2 A = 2
ANp=F ’A-(SC)R

(c) Show the mass and radius of the star are related by

3/242
MR? _4W<87TG) /F £2 d¢

37The use of the “cold” equation of state (T = 0) depends on the inequality kT < ep
where ef is the Fermi energy of the electrons. We leave the demonstration of the precise
region of applicability as an exercise for the dedicated reader.
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(d) Interpolate between the NRL and ERL to make a sketch of M(R)
for all M up to the Chandrasekhar limit for a white dwarf star. Discuss.3®

8.17 Write, or obtain, a program to integrate the non-linear differen-
tial Eq. (8.110) subject to the boundary conditions in Egs. (8.111), and
reproduce Fig. 8.17.

8.18 (a) Use the program from Prob. 8.17 to integrate the non-linear
differential equation in Prob. 8.16(b) subject to the boundary conditions
stated there. Make a plot of F'(€) versus £. Compare with Fig. 8.17.

(b) Show that the r.h.s of the expression for M R3 in Prob. 8.16(c) has
the correct dimensions. Calculate the required integral numerically, and
then calculate the numerical value of M R? in the NRL.

9.1 The Dirac matrices 7y, = (71, 72,73, 74) are defined in Egs. (9.43).
(a) Show that they are hermitian with 'yl = 7y, (See Prob. B.3);
(b) Show that they satisfy the following Clifford algebra

YuYo + YoYu = 20

(c) Derive the standard representation for ~y

(0 —io
T=\ic 0

9.2 Consider the Dirac Eq. (9.51) in the presence of a static magnetic
field B=V x A.

(a) Show that Egs. (9.33) are modified to read
co - (p — eA)x +moc’¢p = E¢
co - (p— eA)p —moc’x = Ex

Show that these relations imply

02

m[0°(P—eA)][C"(P—CA)]¢=5¢ ; €= E —moc?

(b) Show that the Pauli matrices satisfy

0i0j = 0;5 + 1€4K0k

38Note that the calculation in the text in the ERL, by itself, does not determine R!



368 Introduction to Modern Physics: Theoretical Foundations

where € is the completely antisymmetric tensor in three dimensions [see
Prob. 8.7(b)], and use this to prove the following relation3®

[0-(p—eA)llo-(p—eA) =p’ —e(A-p+p-A)+e’A’
—eho - (V x A)

(c) Hence conclude that when |¢|/2moc? < 1, the Dirac equation re-
duces to the following Schrodinger equation for the upper components ¢

Hep = e¢
2 2A2
P e e‘A eh
H=— - ——(A-: <A — -B
2m0 2m0( p+p )+ 2m0 2moo-

(d) Use this result to obtain Egs. (9.52).

9.3 Consider the Dirac Eq. (9.51) for a particle in a static, central,
electric field given by E = —V®(r), and repeat Prob. 9.2.
(a) Show that in this case the Dirac equation can be reduced to

1
‘P 2moc? + € — e®(r)

co ca-p—l—e@(r)]qﬁ:s(b s e = FE —moc?

(b) Show that4°
ho(d®
a-p@(r)a-p=<1>p2+(p<1>)-p+; (E;)a-(rxp)

(c) Hence conclude that if |¢]/2moc? < 1, and e® {1 + O[(p/moc)?]} =
e®, then the Dirac equation reduces to the following Schrédinger equation
for the upper components ¢

H¢ =¢¢
2 2
S ek 1 (dd
H= 2myg +ed(r) + (2moc)? r (d’r) ol

Here the spin-dependent contribution has been retained, and the angular
momentum identified asr x p = hl.
(d) Use this result to obtain Eq. (9.53).

39We here use the shorthand convention that repeated Latin indices are summed from
1 to 3; then [p;, A;] = (B/1)V;A; and €50k VA5 = o - (V X A).
40Note that V&(r) = (r/r)(d®/dr).
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9.4 (a) Consider the covariant form of the Dirac Eq. (9.48). Make the
following gauge-invariant replacement [see part (b)]

0 0 ie

1
o Bmp Ror A=A

Equation (9.48) then becomes

[fy (52— — %Au) + M] v=0 ; Dirac eqn in E-M field
"

Verify that this is equivalent to the Dirac equation written as

[ca - (p — eA) + Bmoc? + eq)] v = ih%—\f
This is Eq. (9.51).

(b) The gauge transformation of Prob. 8.9 leaves the electromagnetic
fields (E,B) unchanged, and hence it should leave physical results un-
changed. It is also true that since physics is bilinear in the wave function,
physical results should be independent of the overall phase of the wave
function. Show that the covariant form of the Dirac equation in part (a) is
unchanged under the following replacements

OA(x)
Oz,

T — exp {%A(x)}\p

Ay — Ay +

; gauge invariance

This is the statement of the gauge invariance of the theory.

9.5 A picture that has proven useful for understanding much of nuclear
structure is that of Dirac nucleons moving in effective, strong, Lorentz
vector and scalar fields (V,,,S). Here the Dirac equation reads

0  igy

E . .
[7u <337u ~ e u) + (MN ” )] U =0 ; Dirac nucleons

Here (g, 9s) are coupling constants, analogous to the electric charge e. In
the static case, in isotropic or spherically symmetric systems, the vector
field has only a fourth component

V, = i6uaVe



370 Introduction to Modern Physics: Theoretical Foundations

(a) Show that in such systems, the above is equivalent to a Dirac equa-
tion of the form

., OV
(Ho + H1)V = Zh-a—t

Hy = ca-p+ﬁmNc2
Hl = gv% - ﬂgss

(b) Show that the binding energy in the Schrédinger equation in
Prob. 9.3(c) now arises from the difference of the strong potentials g, Vo —
9sS.

(c) Show that with central potentials [g,Vo(r), gsS(r)], the spin-orbit
interaction in Prob. 9.3(c) is given by

R 1

Vso = (2mpc)? r

d
[ v+ )]0 1

It is the sum of the strong potentials g,Vy + g,S that contributes to the
spin-orbit interaction. In this way, one is able to understand the strong
spin-orbit force of the nuclear shell model.*!

9.6 (a) The positive-energy spinors u(k) in Eq. (9.29) satisfy the Dirac
equation
(hc a - k + Bmoc®)u(k) = Eru(k)
Ey = /(Fke)? + (moc?)?

Use the arguments in Egs. (9.31)-(9.38) to solve this equation. Show the
solutions, normalized to uiu,\/ = d)x, can be written as

ur(k) = (@%)1/2 ( [hco - k/(EZ/\+ moc?)] 17,\)

Here the 7, with A = (T, ]), are the two-component spinors in Egs. (4.160).

(b) Consider the negative-energy solutions v(—k) with energy eigenvalue
FE = —E}, and momentum eigenvalue p = —hk, again normalized to v;v N o=
dxxn. Show they can be written

- () (1

41Relativistic Hartree calculations in this picture were first carried out by [Horowitz
and Serot (1981)]; this approach is discussed further in [Walecka (2004)].
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9.7 (a) Suppose the 7)) is Prob. 9.6 are two-component eigenstates of
helicity so that o - kny = Any.%2 Show that the Dirac spinors in Prob. 9.6
are then corresponding eigenstates of the Dirac helicity X - k.

(b) Show that the Dirac spinors in Prob. 9.6 satisfy the following or-
thonormality relations

u, (k)u (k) = v}, (~k)v] (—k) = dxx
ul, (K)va(k) = v}, (K)ua(k) = 0

9.8 The matrix 5 is defined by v5 = 71277374 Show the following:

() 7 =5

(b) 13 =1;

(©) V57u + s =0

(d) Verify its standard representation in Eq. (9.68).

9.9 (a) The wave function ¢ is defined in terms of the Dirac wave func-
tion ¢ by ¢ = (1/2)(1 + 5)%. Use the results in Prob. 9.8, and prove the
following relation satisfied by the weak-interaction vertex [recall Eq. (9.44)]

PYu(l +95)% = 2076

(b) There are 16 linearly independent 4 x 4 matrices, and they can be
taken as 1,7s, Yu, YuYs, and 0y = (1/20)[v4,7,]. Show that when written
in terms of the ¢, the weak vertex is unique. Show*?

Q_S’Yu')’s‘?b = Q—s')’ufb
q3q§ = ‘575¢ = $0uu¢ =0

9.10 (a) Make use of the Dirac spinor in Prob. 9.6(a) and the standard
representation for the gamma matrices. Explicitly evaluate #(k’)u(k) and
u(k')ysu(k);

(b) Note that under a spatial reflection: (r,p) — (-r,—p),** and
(,6) — (1,0). Hence show that @u is a scalar under the parity trans-
formation, and @ysu is a pseudoscalar;

(c) Repeat for @y,u and @y,ysu. Show the first represents an ordinary
polar vector, and the second an azial vector.

9.11 (a) Start from the stationary-state Dirac Eq. (9.21). Multiply on
the left by ¥'3, multiply the adjoint of that equation on the right by Gy,

42The easiest way to ensure this is to let k define the z-axis.
43This is basis of the V-A theory [Feynman and Gell-Mann (1958)].
440r k — —k.
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and add. Show
moc? Y = EPip

(b) Since u'u represents a probability density (probability /volume), it is
not invariant under a Lorentz transformation. The quantity @u is Lorentz
invariant. Why is this true? Show that the Dirac spinors U (k) with invari-
ant norm are given by

1/2
U(k) = (mEo’;2) uk) — 0U=1
Here Ey = hevk? + M2,

9.12 For a free particle, the combination k2 = k? — k§ = —M? is un-
changed under a Lorentz transformation. Show that this represents a two-
sheeted hyperboloid in four-dimensional k-space (the “mass hyperboloid”).
Proper Lorentz transformations preserve the sign of kg, and are thus con-
fined to one sheet of the mass hyperboloid. Now define k2 = k2, and

(a) Demonstrate the following relation for the Dirac delta function

5—1(%4 [5 (ko — Vi 342) 45 (ko + /K2 + 2]

(b) Show that d*k = d®k dky is a Lorentz invariant.45
(c) Show the Lorentz-invariant phase space volume is

§(k* + M?) =

@k _ 1

2E,  hc

where the 6-function is (ko) = 1 if ko > 0, and 0(ko) =0 if ko < 0.

9.13 Consider a scattering process in a Lorentz frame where the incident
momentum hk; and the target momentum hk, are parallel to each other
(lab frame, C-M frame, etc.). Show the incident flux in such a frame can
be written in terms of the four-vectors (k1, k2) as [recall Prob. 7.3]

¢ (he)?
Q E\E;

9.14 Consider inelastic electron scattering from a proton where the
initial and final electron four-momenta are (ki, k2) = (k1, k1 — ¢q) (compare

5(k% + M>)0(ko) d*k ; invariant phase space

Te = [(ky - ko) — M2MZ])Y?

/ ’
45Hint: The transformation between volume elements is dk’ = %d“k, where
Ak, -kb)

m is the jacobian determinant. If this is unfamiliar, just accept part (b).
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Fig. 7.10). The response surfaces Wi 2 can be written as functions of the
two Lorentz scalars g2 and v = —q - p/mc where m = m,,.
(a) Show that in the laboratory frame, in the ERL,

- - 0 - -
q* = 4k, ky sin® 7 s v ="k — ko . lab frame

Here k = |K|.

(b) The functions W1 2(g%,v) can be calculated under any kinematic
conditions. Consider the “p — oo frame” where the electron and proton
approach each other with v — ¢. In this frame the proton is flattened
by Lorentz contraction, and any internal motion is slowed down by time
dilation. Suppose a quark in the proton now carries a fraction z of the
proton’s four-momentum p, and that the scattering takes place incoherently
from the free, point-like quark. Show from the kinematics that in the
deep-inelastic regime, where (¢2,v) — oo and all masses are negligible, the
quantity x is given by

q2

x=2Mu

; Bjorken-x

where M = mc/h. In this regime, the response surfaces become functions of
the single variable z. This is the basis of the quark-parton model [Bjorken
and Paschos (1969)].46

10.1 This problem concerns the Doppler shift in special relativity. A
light signal is sent out from a source at O moving with velocity V in the
z-direction. In its rest frame the source undergoes dN oscillations in a
proper time dr. All observers can agree on this number dN. The proper
frequency in the rest frame of the source is # = dN/dr or dN = Udr. Now
Lorentz transform to the laboratory frame where the source is moving with
velocity V.

(a) Show the corresponding time interval dt in the lab is given by the

relation
2\ 1 /2
dr = (1 - ‘2—2) dt

(b) During the time dt, the light front has traveled a distance dl = cdt
in the laboratory frame and hence arrives at an origin O a distance dl = cdt
away as shown in Fig. 13.5(a).

46For an introduction to electron scattering, see [Walecka (2001)].
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Vv dt

cdt

(@) ©

Fig. 13.5 Configuration for calculation of the Doppler shift in special relativity.

In the time dt, the source has moved to a new position a distance dl’ =
cdt + Vdt away from O. The wavelength of the radiation received at O is
thus increased as indicated in Fig. 13.5(b). Since A is the actual distance
the signal has traveled divided by the number of oscillations, show that
(e V)dt - (14+V/e)

A

AS AN AoV

Here A = ¢/ is the proper wavelength of the radiation for a source at rest.
(c) Show that in the limit V/c — 0, this reduces the familiar freshman
physics result. Note that V' = £|V| can have either sign in these arguments.

10.2 (a) Consider a curve g(x). Show that a little element of length
along the curve is given by ds = [L + (¢’)?]'/2dz where ¢’ = dq(x)/dz.
Hence show that the total length of the curve S is given by

S = / ) [1+ (q’)z] 2 4

(b) Use the result in Prob. 10.3 to prove that the shortest distance
between two points is a straight line.

10.3 You are given an integral of the following form
2
S = / F(q,q’; z)dz
1

where ¢’ = dg(x)/dxz and F(q,q’; z) is a specified function of the indicated
variables (the last one indicates any additional explicit z dependence). This
is known as a functional of g(z). It assigns to every function ¢(z) a number
S. Suppose you want to find that curve ¢(z) that minimizes S.
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(a) Let g(x) be the solution to the problem. Consider small variations
about that curve of the form q(z) — g(z)+An(z) where ) is an infinitesimal
and n(z) is arbitrary except for the condition of fixed endpoints n(x1) =

n(z2) = 0 (see Fig. 13.6).
qe) + AN ™ A

a0 a) a0p)

Y

X-I X X2

Fig. 13.6 Curve g(z) that minimizes the functional S, and small variation about that
curve g(x) 4+ An(x) where X is an infinitesimal and 7(x) is arbitrary except for the fixed
endpoints n(z1) = n(z2) =0.

It follows that ¢'(z) — ¢'(z) + A’ (x). Now make a Taylor series expan-
sion in ), and show that S takes the form

S(\) = So + A / x [n(m) (%z:) + d’;f) (g-g)] dz + 0(\?)

Here the partial derivatives indicate that all the other variables in F(q, q’; x)
are held fixed in carrying out the differentiation;

(b) If g(x) is the solution to the problem, then any other curve must
increase the value of S; hence S()\) must have a minimum at A = 0. Show
this condition becomes

()42 ()] -

Note that this condition only ensures that S(A) has an extremum at A =0
— minimum, maximum, or point of inflection; which it is can usually be
argued from the physics of the problem;

(c) Carry out a partial integration on the second term using the condi-
tion of fixed endpoints, and show that the condition in part (b) becomes

/ [(?9_5) & (Z—f)] n(z)de =0
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(d) Since n(z) is arbitrary, conclude that the curve ¢(z) that minimizes
the functional S is determined by the following second-order differential

equation
d [(OF oF
% (5(1—;) — (B_q) =0 ; Euler-Lagrange equation
Since the solution is required to pass through the two endpoints, it is deter-
mined. This differential equation is known as the Euler-Lagrange equation
for this variational problem.47 Note that the d/dx here is a total derivative.

10.4 You are given a lagrangian L(q,¢; t) = T — V for a particle with
generalized coordinate g(t) and kinetic and potential energies (T,V) re-
spectively. Here ¢ = dq(t)/dt. The lagrangian is a given function of the
indicated variables (the last denotes any additional explicit ¢ dependence).
The action is defined by

t2
S = L(q,q; t)dt ; action
t1
Hamilton’s principle states that the path the particle takes between the
points g(t1) and g(t2) is the one that minimizes the action (more generally,
makes it stationary).

(a) Use the results in Prob. 10.3 to derive Lagrange’s equation for the

subsequent motion

d (oL oL _ 0 ; Lagrange’s equation
dt \ 8¢ 0q ) JABTanges eq

(b) Show that if one has a problem with n dimensions, there will be
one Lagrange equation for each linearly independent coordinate ¢* with
i=1,2,--- 0.

10.5 You are given the lagrangian in cartesian coordinates for a non-
relativistic particle moving in a potential V'(x)

L= %m(a’cz + 92 4+ 2% - V(%)

Use Lagrange’s equations in Prob. 10.4 to derive the equations of motion.
Show they are exactly those given by Newton’s second law.

10.6 The lifetime of a free muon is 7 = 2.197 x 10~ %sec. How close
to the Schwarzschild radius, r/R; = 1 + ¢, must a muon be to have its

47See the section on “calculus of variations” in [Fetter and Walecka (2003)].
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laboratory lifetime extended to 1sec?

10.7 Prove that in the Robertson-Walker metric with k = 0, the horizon
recedes with a constant velocity (v/c)u = 2/3.

11.1 Make use of Fig. 11.7, which gives the low-temperature excitation
spectrum ex(k) in He-II, to answer the following:

(a) What is the velocity of sound csound in m/s?

(b) What is the critical velocity Vcritical in m/s?

11.2 It is shown in [Fetter and Walecka (2003a)] that with the inter-
action in Eq. (11.15), and with the same set of approximations as used in
the text, the excitation spectrum in the weakly interacting Bose gas is that
of a sound wave with a speed of sound given by Csouna = (n0g/m)*/2. Use
the results in Prob. 11.1(a), and Egs. (11.30) and (11.26), to estimate the
vortex core size in He-II. Compare with the observed value given in the
text.

11.3 Write or obtain a program to integrate the dimensionless, non-
linear Gross-Pitaevskii equation for the vortex in Egs. (11.27) and (11.28),
and reproduce Fig. 11.6.

11.4 Consider a slab of bulk superconductor with a surface in the z =0
plane and occupying the half-space z > 0. Assume there is a static magnetic
field which for x < 0 is B = Bpé,. In this case, London augmented
Maxwell’s equations with an additional relation inside the superconductor
which allows one to trace the magnetic field through the surface*®

1
PoA2

_ mc2€0

Vxj=-— A2 =

nge?

Hence, when combined with Maxwell’s equations, one has for static fields

VxB=uj ; Maxwell
V-B=0

1
VXj:_NO/\zB : London

Here j =0 for £ < 0, and E = 0 everywhere.
(2) Look for a solution to this set of equations of the form B = B(z)é,.

48Gee [Fetter and Walecka (2003a)]; here n is the density of superconducting electrons.
In the London gauge, this equation is written as j = —(1/u0A2)A where B = V x A.
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Take the curl of the first equation and show that (Hint: see Prob. F.4)

d?B(x)
iz = 0 ;<0
d’B(x) 1
= — ;T 2>
e 32 B(x) ;22>0
(b) Show the acceptable solution in (a) is
B(z) = By <0
= Bpe */* >0

Here ) is the penetration depth, with a typical value of Aexp = 510 A in
superconducting tin.
(c) Show that for x > 0

. . ~ . By —z/A
= j(x)e ; J(x) = —e
Ji=j(x)é, i(z) o

(d) Show that Maxwell’s equations given above imply
V.-B=V-j=0

and that the obtained solutions satisfy these relations.

11.5 Carry out a partial integration on the expression for the gap A
in Eq. (11.62) to isolate the singular part of the integral in Eq. (11.63).
Make use of the fact that In (¢ — k) is integrable. Assume that |4(t)|? is
well-behaved and that it vanishes sufficiently fast as t — oo.

11.6 Consider the ordinary solution to the eigenvalue Eq. (11.59) given
in Eq. (11.61).4° Show that it can be written as the expectation value of
the potential in Eqgs. (11.45) taken with the wave function in Eq. (11.46)

h2

AB() = (6~ ) = [ 26 V@a0/ [ #o61x00x)
where the potential is generalized to be non-local and separable as in
Egs. (11.53)-(11.55)

11.7 The Schrédinger equation for a particle in a magnetic field follows
from the hamiltonian in Egs. (11.68) and the gauge-invariant replacement
in Eq. (11.69)

., 0¥ 1

—_— e — — 2
ih 5 2m(p eA)“V

49We now use an equality in Eq. (11.61); note that here A can have either sign.
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Here the canonical momentum is given by p = (#/i)V and the vector
potential A(x) is real. The probability density and current then become

p=T
s= 5 {(I'(p— cA) + [(p - €A) U7}

(a) Show that the continuity equation given in Egs. (4.111) is satisfied.
(b) Make use of Egs. (9.50), and generalize this result to the case of an
arbitrary electromagnetic field.

12.1 Retain the next term in the expansion in Eq. (12.1), and treat the
resulting change in V as a perturbation. Discuss the processes it describes
when the quantum field expression in Eq. (12.30) is substituted into it.

12.2 (a) Show

/ d3:L' Qk(x, t)le (X, t) = 5k',—'k e—2iwkt
Q
[k X eks] M [k X eks/] = k2 €ks * €ks’

where qi(x,t) is the normal mode in Eq. (12.39);

(b) Now substitute the expression for the vector potential in Eq. (12.42)
into the electromagnetic field energy in Egs. (12.36) and (12.38) to obtain
the normal-mode expansion in Eq. (12.46).

12.3 Consider a Dirac particle bound in some potential making a tran-
sition from a state with wave function %; and energy €; to a state with 9y
and ¢, while emitting a photon of polarization exs and energy hwg. The
transition rate can be calculated from Egs. (I.35) and (I.32) through the
use of the matrix element developed in Eq. (12.50). Show this radiative
transition rate is
2

dwy; = 92%3 / dBre ®Xey, - hrypi| dU ; photoemission
Q

where €; = €5 + fw, and « is the fine-structure constant.

12.4 (a) The continuity equation in non-relativistic quantum mechan-
ics is given in Eq. (4.111). Use the argument in Eq. (9.42) to show the
corresponding electromagnetic current four-vector ej, is obtained from

Ej = eh [I*VT — (V)" 7] ; E-M current
c 2imoc ’
ep = e¥*V
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(b) Show the radiative transition rate in Prob. 12.3 now becomes

2

" / BBz e * ey, - 3V — (Vi) wi] | do
Q

2moc

(a7
27

dwh' =

(c) Use the result in Prob. 9.2(c) to show that this is what is obtained
with a non-relativistic reduction of the Dirac equation.

12.5 Substitute the expansion of the Dirac field in Eq. (12.57) into
Eq. (12.59) to obtain the normal-mode expression for the hamiltonian of
the free Dirac field in Eq. (12.60). Make use of the Dirac equation satisfied
by the free Dirac spinors and the orthonormality relations in Prob. 9.7.

12.6 (a) Show that in the ERL the Dirac spinor in Prob. 9.6(a) becomes

1 (/)N ) k
k)= — ; ex = —
'U,)‘() \/i(o"ekn)\ €k L

(b) Use this result to derive Eq. (12.65).

12.7 (a) Prove the completeness relation for the Dirac spinors in
Prob. 9.6%°

ZA) [ (1) s () + 25 (K) 03 (K)'] 5 = G

(b) Use this result to derive the canonical equal-time anticommutation
relation for the Dirac field

{#al ) 9} = 605 6P (x - x)

12.8 (a) Prove from Egs. (12.52)—(12.53) that a1y o 91 and aty; = 0;

(b) Prove that a); o 9y and ay = 0.

The phases of the states can then be chosen so that Egs. (12.56) are
satisfied.

12.9 Derive Egs. (12.33).

12.10 (a) Insert the field expansion in Eq. (12.68) into the hamiltonian
in Eq. (12.67), and reduce that expression to a sum over modes;
(b) Discuss the processes described by the resulting hamiltonian.

50See Prob. B.4.
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12.11 The lagrangian and action for the string are obtained as follows

! 2 2
_r_y=2 9q(z,1) 2 [04(,t) , .
L=T-V = 5 / dx { [ 5 } —c o ; lagrangian

t2 dq Oq .
S = Ldt -/tl dt/d E(Bta”) ; action

The quantity £ is known as the lagrangian density, and to avoid confusion,
we now use | for the length of the string.

(a) Use the analysis of Hamilton’s principle in Prob. 10.4, together with
fixed endpoints in time and periodic boundary conditions in space, to derive
the continuum form of Lagrange’s equation®!

0 oL 0 oL oL

ot [awq/at)] oz [a(aq/aw)] 9q
Here the partial derivatives of £ keep all the other variables in £ fixed, while
the final partial derivatives with respect to (z,t) keep the other variable in
this pair fixed;

(b) Show this reproduces the wave equation for g(z, t);

(c) With the introduction of the “two-vector” z, = (z,ict), and the
convention that repeated Greek indices are summed from 1 to 2, show the
lagrangian density and Lagrange’s equation can be rewritten in invariant

form as®?
_ 9q
b= (61‘“)
0 oL B ?ﬁ
oz, |0(0q/0z,) 0q

=0 ; Lagrange’s equation

=0

B.1 Verify the statement on block multiplication of matrices made in
this appendix at the start of the discussion of Dirac matrices.

B.2 Verify the relations in Egs. (B.18) by direct multiplication of the
Dirac matrices in Egs. (B.17).

B.3 Prove that the adjoint of a product of matrices is the product of
the adjoints in the reverse order

[AB]' = Bt Al

51Continuum mechanics is developed in [Fetter and Walecka (2003)].
52Recall that here c is the sound velocity with ¢ = /0.
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B.4 If ¢ and b are n-component column vectors, then g QT isann xn
matrix (just use the extended rule for matrix multiplication). Prove the
completeness relation for the two-component spinors in Egs. (4.160)

Z 1, ﬂ; =1 ; completeness
A

B.5 Evaluate a few of the structure constants f%*¢ in Eq. (B.20). How
many are there in total?

B.6 (a) Show that it follows from Eq. (9.17) that in matrix notation ¥
is the row vector ¥' = (y?, Y3, -+, %) and Eq. (9.9) is then just p = U1,
(b) Show that the new adjoint in Eq. (9.44) is ¥ = (], v5, =3, —¢}).

C.1 Verify Egs. (C.12).

C.2 Consider the Fourier cosine series in Egs. (C.6):

(a) Show that it defines a function in the interval —L < z < L that is
even about the origin with f(—z) = f(z);

(b) Show that the slope of this function vanishes on the boundaries;

(c) Show that this series defines an extension of this function to all
that is periodic in x with period 2L.

(d) What are the corresponding features of the Fourier sine series in
Egs. (2.45) and (2.48)?

C.3 Compute the Fourier transform F(k) in Eqgs. (C.20) for the follow-
ing functions:

(a) F(z) = e~ where 7 is a constant;

(b) F(x) = sin Az where X is a constant. [Hint: Use Eq. (A.12) to write
sing = (e*® — e™%%)/2i.]

C.3 (a) Use Eq. (A.12) and the assumption that f(z) is real and sym-
metric with f(—z) = f(z) to rewrite the Fourier cosine series in Egs. (C.6)
in the following form

2rn
e § : tknx —
f(IE) - \/an_oo ae(kn)e ’ k’n l
1 [Y2 '
ac(kn) = — dx e~ f (1) n=0,+1,42,---,4+00
Vi —-1/2

where | = 2L. This forms a complex Fourier series;
(b) Show that in this case ae(kn)* = ae(—kn) = aec(ky).
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C.4 Extend the results in Prob. C.3 to a real antisymmetric function
g9(—z) = g(z).

(a) Show the modification of the result in Prob. C.3(a) is to replace f(x)
by g(z), and a.(ky) by —ia,(kn), with a,(0) = 0;

(b) Show that in this case ao(kn)* = —ao(—kn) = ao(kn).

C.5 (a) Use the results in the previous two problems to extend the
complex Fourier series in Prob. C.3(a) to an arbitrary real function f(x)
with Fourier coefficients a(k,);

(b) Show a(k,)* = a(—ky) in this case;

(c) Show the extension of f(z) to all x is then periodic with period

(d) Take the limit [ — oo, and re-derive the Fourier integral represen-
tation in Egs. (C.20).

C.6 Use the results in Prob. 4.3 to show that the Fourier integral rep-
resentation in Egs. (C.20) can be extended to hold for an arbitrary, well-
behaved, complez function F(z).

E.1 The discussion in appendix E centers on independent localized par-
ticles. If the particles are non-localized, then a configuration that simply
corresponds to an interchange of particle labels does not give rise to a new,
distinct complexion. The number of such interchanges is N!, and thus one
should replace Q — /N! in these arguments. Show the only effect of this
change is to replace the Helmholtz free energy in Eq. (E.31) by

(p£)V
N!

l;53

A(N,V,T) = —kgT In

; non-localized particles

E.2 The classical partition function for a particle in a box of volume V
in three dimensions is given by the first of Eqs. (E.33) as

(pf.) = % / . /e—(Pf"‘P%'i‘Pg)/?kaT dp: ---dp3dqy - - - dgs

Show

3/2
M) ; classical limit

(pf) =V ( =

E.3 Use the results in Probs. E.1 and E.2, and Egs. (D.13), to show
that the classical limit of the chemical potential for an ideal gas of density

53 As in the physical string problem, we are content here to assume that f(z) is ev-
erywhere continuous with a continuous first derivative; the Fourier series is capable of
representing a broader class of functions.
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n = N/V is given by

3/2
k:—uT — _In {% (2_7T7Z_§£) } . classical limit
B

E.4 The quantum partition function for a particle in a box is given by

© o0 o0
(pf.) = Z Z Z e~ Eringng/ksT

'n1=1 n2=1 naz=1

where Ej n,n, is the eigenvalue in Eq. (4.116). Introduce the quantities
u; = hrn;/+/2mkgT with i = (1,2, 3). In the high-temperature limit where
T — oo, the sum over n; can be replaced by an integral over u;, using the
technique employed many times in this text.

(a) Show that the high-temperature limit of this quantum partition
function is the classical result in Prob. E.2.

(b) Verify the identification of the constant h, here put in by hand in
the classical partition function, with Planck’s constant..

E.5 (a) Consider the periodic orbit in phase space for the simple har-
monic oscillator of energy E defined by Egs. (2.12) and (2.15). The area
of an ellipse is given by A = wab where (a,b) are the semi-major and semi-
minor axes respectively. Show the area of the orbit in phase space is

2rE
A=""Z k= mw?
w

(b) When quantized, the energy spectrum of the oscillator is that in
Eq. (4.102). Show that the area in phase space between two adjacent levels
is given by

An+1 —An =h

where h is Planck’s constant. This is a special case of the early Bohr-
Sommerfeld quantization condition for periodic motion

f pdq = nh ; Bohr-Sommerfeld

While not an exact result, it does hold quite generally for large quantum
numbers, or in the classical limit.

(c) At low temperatures, the partition function in Egs. (E.31) receives
a contribution from only a few states, while at high T, many states con-
tribute. In this case, one can group the contributions by using a mean value
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e~¢(P0)/k8T times the number of states dn = dA/h in the small area of
phase space dA = dpdq from part (b). Thus, justify the first of Egs. (E.32),
and derive the first of Egs. (E.33) for the partition function with s =1 in
the high T, or classical limit.

E.6 Use the equipartition theorem to show that the internal energy of
an ideal gas of N structureless constituents at a temperature T is given by
E(T) =3NkgT/2. Note that this only depends on the temperature.

F.1 (a) Complete the demonstration of Gauss’ theorem in two dimen-
sions in Eq. (F.6) by extending the analysis to include the other three
quadrants;

(b) Complete the demonstration of Stokes’ theorem in two dimensions
in Eq. (F.9) by extending the analysis to include the other three quadrants.

F.2 Extend the proof of Gauss’ theorem from two to three dimensions
and derive Eq. (F.7). It is sufficient here to confine the analysis to the first
octant.

F.3 Assume ¢(z,y, z) is some differentiable scalar function of position,
and use the definition of the gradient V in Eq. (4.112).
(a) Show

V x Vé =0

(b) Let dl = &, dx+é, dy+€, dz be an infinitesimal displacement. Show
the total differential of ¢ is given by

dp = Vo -dl

(c) Show that in cylindrical coordinates (z,r,0) the gradient V takes
the form

o .0 .10

V=g teég T 5

F.4 Let v(x) be an arbitrary vector field. Work in cartesian coordinates,
and prove the following vector identity

Vx(Vxv)=V(V-v)-—

G.1 Start from Egs. (12.39)—-(12.42) and derive Eqgs. (3.24) and (3.23)
for the free radiation field in a big box with periodic boundary conditions.
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H.1 The symmetrizing operator Z(P) P produces a wave function that
is symmetric under the interchange of any pair of identical bosons. As-
sume three spin-zero bosons and an appropriate set of single-particle wave
function ¢ (x).

(a) Write the wave function ®q, 0,04 (X1,X2,X3) When the o; are distinct;

(b) Repeat part (a) for a; = az;

(c) Determine the normalization of the wave function in both cases;

(d) Write the expectation value of the kinetic energy in both cases.

H.2 Derive Eq. (H.11).

H.3 The Hartree-Fock (H-F) approximation determines the “best”
single-particle wave functions to use in a Slater determinant to describe
an arbitrary system of many identical fermions. The resulting H-F eqns
can be derived from a variational calculation that minimizes the energy
functional in Eq. (H.31) and (H.34). We forgo that derivation here, and
simply state the H-F equations. In the notation of appendix H they read

IRCEDY [ 8,0V (x-3Dg )] 8,0

- Z [/QE(Y)V(IX - yl)géa(y)dz”y} ¢ 45(x) =€a (x) ; H-Feqns
B

Here the indices (o, §) run over the occupied states, and ¢, is an eigen-
value.5* As they stand, these form a set of N coupled, non-linear, integro-
differential equations with appropriate boundary conditions. The first po-
tential term represents the direct interaction, and the second the exchange
interaction.

Show that if the exchange term is neglected, the Hartree-Fock equations
reduce to the Hartree equations of chapter 5.

H.4 (a) Multiply the H-F eqns of Prob. H.3 by Q‘; (x), and then carry
out [d3z, to derive the following result (in the notation of appendix H)

(rltle) + > [(vBIV]eB) — (18IV|Ba)] = ealrle)
8

(b) Assume that ¢t and V' are hermitian (Prob. 4.5). Derive the following
relations on the one- and two-body matrix elements of Egs. (H.30) and

54 An additional one-body potential U can always be included by replacing t — t + U.
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(H.33)

(V[tle)* = (alt|v)
(aB|V]y8)* = (v6|V]|ap)
(@B|V]v6) = (Bal|V|d7)

(c) Set v = a in part (a), take the complex conjugate, assume nor-
malized single-particle wave functions with (a]ja) = 1, and prove that the
eigenvalues in the H-F eqns are real

€ = Eq ; eigenvalues real

(d) Now interchange v < « in part (a), take the complex conjugate, and
subtract the resulting expression. Show the solutions to the H-F eqns cor-
responding to different eigenvalues are orthogonal. Since the solutions are
to be normalized (and one can always orthogonalize degenerate solutions),
show that

(a|B) = bap ; solutions orthonormal

H.5 Set o = <y in Prob. H.4(a), and use the result in Eq. (H.34) to show
that the H-F single-particle energy and total energy of the system can be
written as

Ea = ta + V4 ; H-F energy

E=Ytatz Y v
-« (o4

where
ta = (0t|a)
va = Y [(efIV]ep) — (aB|V|Ba)]
B

H.6 Assume a uniform system of identical spin-1/2 fermions in a big
box of volume 2 with p.b.c., and a spin-independent two-particle potential
of finite range. Show that the single-particle wave functions of Eqs. (4.159)
provide the solutions to the H-F eqns in the form®%®

[t + VD - VE(k)] Qk)‘(x) = 5k9k)\(x)

55This result follows from the translational invariance of this system.
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In this expression the direct and exchange potentials are given by

Vb = QZ/V(z)d?’z—n/V(z)d3z

k/ N’
Vel = 23 b [ v
k'/\'

where n = N/V is the particle density. The eigenvalues are then

2k2 1
o /V(Z d3 [1—5)\>\/ etk— k)2 ]
k’)\’

€k =

H.7 Start from the result for ) in Prob. H.6:

(a) Show that for “short-range” potentials, the exchange contribution
to the H-F energy will be comparable to the direct contribution. What
does “short-range” mean?

(b) Give an argument that for “long-range” potentials, the exchange
term can be expected to be much smaller than the direct term. Use this
argument to justify the Hartree approximation used for atoms in chap. 5.
[Hint: Consider the role of exp {i(k — k') - z} in the integrand.]

1.1 This problem presents one application of Eqgs. (1.35) and (I.36).
Consider the scattering of a spin-zero particle of mass m, charge ze,, and
coordinate x, through the Coulomb interaction with the nuclear charge
distribution Zpn(x). Here H; is given by

2Ze? /ds PN (x)

47(60 - XI

The initial and final wave functions for the particle are
1 iki-x 1 iks-x
bi(xp) = —=€"7 ; Or(xp) = —=€™I7

vaQ %

(a) Show the matrix element of the perturbation is®®

Ze? F(q
(b5|Hil|di) = ZOS (52)

; 9=k; — ky

F(q) = / d3z eV pp(x) ; form factor

56Use [ d3zeid* /x = Limu—,0 [ d3ze!d* e H%/z = Lim,_.0 47/(q? + p2) = 47/q>.
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(b) Assume non-relativistic kinematics for the scattering particle, and
show

m
(c) Show the incident flux in the laboratory frame is I;,. = hk/mQ;
(d) Hence show the differential cross section is given by

do 4a? rme\?2

R I (—) F@? ;q=k—k

Here o is the fine structure constant, df) is the differential solid angle
for the scattered particle, and q is the momentum transfer. Note that the
quantization volume 2 cancels from this result.

(e) Show the result in part (d) can be rewritten as

do
ko = Z2Z20RUth|F(Q)|2
hec a 2
ORuth = ’m ; Rutherford

Here E = h%k?/2m is the incident energy, and orytn is the Rutherford cross
section (see [Fetter and Walecka (2003)]).

I.2 Compare Eqgs. (I1.32) and (1.35) with Eq. (7.46), and conclude that
to within an overall phase, the T-matrix for a two-body scattering process
is given to first order in the interaction H; by®”

00k, K;

or—T5i = (4s1Hlé:)

K.1 (a) Show that ecg = 4.803 x 10~ esu
(b) How many esu are there in 1 C?
(c) What are the dimensions of e and ecgs?

K.2 Use the Lorentz force equation for an electron in a magnetic field
in both SI and cgs units to show that 1T = 10* Gauss.

57The proper treatment of the volume factors 2 in this case proceeds as in chapter 7.






Appendix A

Complex Variables—A Primer

This appendix briefly reviews the main features of complex analysis, essen-
tial to, among other things, the development of quantum mechanics.

Real Variables. We start from the following power series expansions
with real variables (See, for example, [Arfken and Weber (1995)])%®

2 3 4

1 B AR
e’ = +$+E+'3—!+E+‘“
.'172 1?4
:_—_1——- — o« e
CosS T 2.+4!+
) 3 xd ’

These expansions converge for all finite . The first can be taken to define
the exponential function. It follows directly from algebraic manipulations
of the series, and from the definition of the derivative, that

e“e¥ = etV
d

'd—xe =e€ (A2)

Complex Variables. A complex variable is a number pair (z,y) defined
by the relation

z=x+1y 1 i2=-1 (A.3)

Here i is the imaginary root of i2 = —1.
The quantity z has the properties of a two-dimensional vector running
from the origin to the point (z,y) as illustrated in Fig. A.1. The geometric

58 A thorough presentation of mathematical methods in theoretical physics is contained
in [Morse and Feshbach (1953)].
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length (22 + y2)'/? is readily expressed as |z| = +/|z|2, where

12)? = 22 = (z — iy)(x + iy) = 2> + ¢° (A.4)
Here |2| is called the modulus of z, and z* = z —1y is its complex conjugate.
\
Y /]
x.y)

> X

Fig. A.1 A representation of the complex number z = z + iy. We refer to this as the
complex plane.

Two complex numbers can be added by adding the real and imaginary
parts just like a vector

21+ 22 = 1 + 22+ i(y1 + ¥2) (A.5)

The multiplication of two complex numbers is more complicated but follows
from the rules of algebra as

2129 = (x1 + iy1) (T2 + 1Y) = 122 — Y1y2 + i(T1y2 + 22y1) (A.6)

Division can be defined by using multiplication to rationalize the fraction

11 1 z—-wy x—1y

= = A7
z TH+iy zT+iyzT-—iy |2|2 (A7)

All the arsenal of algebra can now be employed.

As with the ordinary notion of functions, a function of a complex vari-
able f(2) is a mapping that assigns to the complex number z another com-
plex number f(z) with real and imaginary parts given by

f(2) = u(z,y) + iv(z,y) (A.8)
The derivative of f(z) is also defined in the usual fashion
d . + ) —
£ 1(@) = Lim g [LEL =1 (A9)
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Analytic functions have a derivative that is independent of just how this
limit is taken in the complex z plane. Integration follows from the notion
of multiplication and the addition of small elements.%?

The exponential function of a complex variable can now be defined
exactly as in the first of Egs. (A.1)

2 23 24 25

z
=Sltz+ S+t (A.10)

This series also converges for all finite 2. It again follows from algebraic
manipulation of this series, and from the definition of the derivative, that

e?le?2 — g¥1t22

d
dze = e* (A.11)
A central relation can now be obtained by considering the function
cit (2¢) (ig)® | (i¢)* | (¢)°
=1+ (i) + St et

. ¢ ¢4 ¢* 4

=l-G+p+otio- gt

= cos¢ +isin¢ (A.12)

Here the real relations in Egs. (A.1) have been used to obtain the final
equality. This relation provides a particularly useful representation of the
complex number z, since it is evident from Fig. (A.1) that

T = pcos¢ ; y=psing
z = p(cos ¢ + isin @) = pe’
|2|* = p? (A.13)

Now multiplication and division are simple, for

21 _ PLi41—¢2) (A.14)
z22 P2

They are the usual operations with the moduli, and in one case the phases
are added, and in the other, subtracted.
Ezxamples. We give a few examples:

59There is an extensive introduction to the theory of functions of a complex variable,
one of the loveliest parts of mathematics, in appendix A of [Fetter and Walecka (2003)].
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(1) It follows from Eq. (A.12), but more directly from simply considering
where the phase ¢ takes you in the complex plane, that

ei‘rr — 6—i1r =1
e21r’i =1
e = (ei")n = (-1)" ; n integer
e/ = etc. (A.15)

(2) Consider the integral

L2
I = 1 / oi(km—kn)z oo
LJ_r)p

2
kp=%p-  p=0,+1,42,---, 400  (A.16)

If m = n, then the exponent vanishes and the integral is 1. If the
integers m # n, then the ordinary rules of integration give

1 o L/2
— = | pikm—kn)z
Imn = St ) ]—L/z
1 - )
— ilm—n)r _ —i(m—n)m
= mi_k—) (—1)(m= (-1)("“")]
=0 im#n (A7)

Hence the integral I,,,,, in Eq. (A.16) given by
Iin = Omn (A.18)
where d,,,,, is the usual Kronecker delta defined by

Omn =1 sifm=n
=0 s ifm#n (A.19)



Appendix B

Matrices

Start from the following set of n linear, inhomogeneous algebraic equations

a1171 +a12T2 + -+ + a1nTy, = Y1

a2171 + a22T2 + - -+ + ATy = Y2

An1ZT1 +ap222 + - + QppTy = Yn (Bl)

Here the a;; are numerical coefficients, the y; are given, and one is to solve
for the unknowns z;. These equations can be recast in matriz form. One
defines the n x n matrix a with [a|;; = a;;, where the first index indicates
the row and the second index indicates the column. Thus

a11 ai2 - - Qin
a1 Q22 - -- Q2n

a= (B.2)
anl an2 P ann

Simultaneously, one introduces a column vector z with [z]; = z;, so that

Ty

)
(B.3)

I8
It

In

and similarly for y
The ith element of the matriz product az is defined by summing the
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elements of the ith row of a with each element of the column of

n
laz); = Zaz‘jwj (B.4)
j=1
Thus the linear Eqgs. (B.1) can be recast in matrix form as
laz]; = [yls ;1=1,2,---,n
or ; ar =y (B.5)

Matriz Multiplication. Motivated by the above, one defines the multi-
plication of two matrices as follows: The product of two n x n matrices is
again an m X n matrix where the i-jth element is obtained by taking the
sum of the products of each element of the ith row of the first matrix times
each element of the jth column of the second. Thus

[abli; = Zaikbkj (B.6)
k=1

Pictorially, this is easy to remember—just run across the appropriate row
of the first matrix and appropriate column of the second, taking products
and adding the result as you go.%°

The Inverse Matriz. The problem of solving the original set of algebraic
Egs. (B.1) is now reduced to finding the inverse matrix a~! of the matrix
a defined by

alta=aa =1 (B.7)

Here 1 is the unit matrix with 1’s down the diagonal and 0’s everywhere
else.8! The solution to the original equations is evidently

= g,__l Y (B.S)

The procedure for finding the inverse summarizes the usual procedure of
manipulation of the original linear equations by multiplication and addition
to find a solution—it can be found in any good textbook on linear algebra
(see, for example, [Hildebrand (1992)]).

Unitary and Hermitian Matrices. The complex conjugate of the trans-
pose of a matrix (obtained by interchanging rows and columns) is called

60This rule is readily extended to matrices of other shapes.
61The unit matrix is frequently suppressed in writing matrix equations.
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the adjoint matriz and is indicated with a dagger. Thus
U;'j =Uj; ; adjoint matrix (B.9)

A matrix which is equal to its adjoint is said to be hermitian. A matrix
whose adjoint is equal to its inverse is said to be unitary. Thus

U f= U ; hermitian
ut=uy! ; unitary (B.10)

Eigenvalues. Let H be a hermitian matrix. The eigenvalues A\ and
eigenvectors u (simply a column matrix) of H are defined by the relation

Hu=\u (B.11)

The eigenvalues A are real numbers if H is hermitian (compare Prob. 4.6).
Pauli Matrices. A set of hermitian 2 x 2 matrices, which play a central
role in quantum mechanics, are the Pauli matrices defined by

e a=(ty)  m=(1%) @

Here the subscripts simply label the matrices. Readers can easily convince
themselves, through the rules for matrix multiplication given above, that

T = -
g;, =9, y L=0,Y,2

9,95 +g; g; = 25ij

(el o, = 2ig, ; and cyclic permutations of (z,y, z) (B.13)

y—g

Y

Here 6;; is the Kronecker delta, and the unit matrix is again suppressed.
With a redefinition of the spin operator as S, = g,/2, one has

1
51'55% ;L=1T,Y,2
S8, —8,8, =18, ; and cyclic permutations of (z,y, z) (B.14)

These are just the commutation relations of angular momentum (see
Prob. 4.25). The space here is two-dimensional and this represents spin-1/2.

Dirac Matrices. First note that it is possible to subdivide matrices
into blocks and then simply multiply the blocks using the rules of matrix
multiplication. This gives the correct result for the multiplication of the
entire matrix.
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Thus the standard representation of the 4 x 4 Dirac matrices is given in
terms of 2 x 2 blocks as6?

aanm azOoy aanz ﬂ=10
=T 7 \oz O Y7 \oy O =27 \o, 0 = \0-1

(B.15)

It follows, for example, that

_(ozoy O _(io, O
'%gy—( 0 amay)—<0 iorz) (B.16)

Explicitly, in 4 x 4 form, the Dirac matrices are given by

0001 000-—:
o = 0010 o = 000
= 10100 =¥ 10-i0
11000 i 000
0010 100 O
00 0-1 010 O
22711000 F=1l00-10 (B.17)
|0-100 00 0 -1
These matrices satisfy the following relations
gi=5
Q"if:az ;T =X,Y, 2
g =1
o;B+Ba; =0
a; a; + a; a; = 20y (B.18)

The reader should again verify these relations and verify that the same
results are obtained from the 2 x 2 form, which is always much easier to
manipulate.

Gell-Mann Matrices. There are eight three-by-three, traceless, hermi-
tian, Gell-Mann matrices \>—the analogues of the Pauli matrices.%® The

62We now suppress the underlining of the 2 X 2 matrices.
63The trace of a matrix is the sum of its diagonal elements.
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matrices A* for a = 1,---,8 are given in order by

1 —i 1 1 —i
()00
1 0
1/v3
( 1)( —1:) 1/V3 ) (B.19)
1 i —2//3

These matrices satisfy the Lie algebra of SU(3)%4
1 a l by _ . abcl c
[2.)_\ ) 2& |=1if 52 (B.20)

Here the f4%¢ are the structure constants of the group; they are antisym-
metric in the indices (abc), and the repeated Latin index is here summed
from 1 to 8. Problem B.5 provides some facility with these matrices.

64Note [A, B] = AB — BA.
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Fourier Series and Fourier Integrals

We first demonstrate the orthonormality of the eigenfunctions in Eq. (2.45)

L 2 [ . (MTT\ ., (NTT
/0 Az ()P (x) = z/o dzx sin (—Z—-) sin (T) = 0mn (C.1)
Use
sina sinb = % [cos (@ — b) — cos (a + b)] (C.2)

Hence the integral in Eq. (C.1) takes the form

2 [ aw i (72 sin (1)

1 f (m —n)rx (m+n)rz
= Z/o dz [cos——L— — €O§ ~——

L
_1 [sin (m —n)rz/L  sin(m+ n)m;/L] L
" L| (m-n)r/L (m+n)r/L |,
=0 s ifm#n (C.3)

If m = n and both are non-zero, then the second term in the second line of

the above still vanishes; however, the first term now gives 1. This establishes
Eq. (C.1).
It is evident from this analysis that the use of the identity

cosa cosb = % [cos (@ — b) + cos (a + b)] (C4)

also leads to the orthonormality relation

%/OL dx cos (mgx) cos (nLﬂ) = dmn ; (myn) =1,2,--- ,00 (C.5)
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The integral vanishes if either m = 0 or n = 0 and the other index is non-
zero; if both indices are zero so that m = n = 0, the integral is not 1, but
2.

Consider, then, the following Fourier series, and its inversion through
the use of this orthonormality relation,

f(z) = ian (%)1/2 cos (“7=) +a0 (%)1/2
Op = ( )1/2/ dxf(:c)cos(mm> cn=12--+,00
ap = (f) 1/2/0 dx f(x) (C.6)

From the first of Egs. (C.6), f(z) as defined here is an even function of z
about the origin

f(=z) = f(x) ; even (C.7)

Both a,, = a(k,) and cos (k,x) are even functions of k,, = nw/L, and hence,
so is their product.

Now take the limit L — oo, and assume the function f(x) is integrable
so that

/oo de f(z) =1 ; finite (C.8)
0

The last term in the first of Egs. (C.6), which then goes as I/ L, is negligible
in this limit. Equation (2.55) can now be used to convert the sum over k,
in the remaining term to an integral over k

flz) = % /—oo dk a(k) (%)1/2 cos kx ; L — 00
a(k) = ( )1/2 / dz £(z) cos kz
- ( )1/2 / dzf(z) cos kz (C.9)

With the redefinition

(%)1/2 alk) = Fk) (C.10)
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Egs. (C.9) can be rewritten in the limit L — oo as

1 *®
flx) = \/—2_7rf_oodkf(k)cosk:c
fk) = \/—% /_o; dzf(x) coskzx ; f(x) even (C.11)

We say that [f(z), f(k)] form a cosine Fourier transform pair. Knowledge
of one implies the other. The first relation can, in fact, be considered
an integral equation for f(k), whose solution is given by the second (and
vice versa). That the functions must be reproduced for all values of the
arguments is what allows one to invert these relations.

Consider an odd function g(—z) = —g(z). Similar arguments then yield
the sine Fourier transform pair

1 oo
= — dk g(k)sink
o@) = —= [ dkg®)sinke
1 o0
g(k) = — d ink ; dd C.12
i) = o= [ deg@simka  igwodd  (C12)
Suppose F'(z) is a real function. Introduce the complex quantity

F(k) = \/%_ /oo e % P(x) dx
= Re F(k) + iIm F(k) (C.13)

In the second line, F° (k) is separated into its real and imaginary parts. The
use of Eq. (A.12) allows this expression to be written as

F(k) = —\/12;7; Lw(cos kx — isinkz)F(x) dx (C.14)
Hence one can identify
- 1 00
Re F(k) = Ton / F(x)coskzdx
i e
—Im F(k) = Wor: / F(x)sinkz dzx (C.15)

By inspection, Re F(k) is even about k = 0 and —Im F'(k) is odd.
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The function F(x) is uniquely split into parts that are even and odd
about z = 0 by writing

F(z) = 5[F(z) + F(~2)] + 3 [F(@) ~ F(~)
— Fi(z) + Fo(z) (C.16)

Since any totally odd term in the integrand integrates to zero, Egs. (C.15)
can be rewritten as

o0
Re F(k) = \/LZ_w/ Fg(z) coskz dz

—Im F(k) = —-—1\/; /_00 Fo(z)sinkz dx (C.17)

Consider next the quantity

1 e kx ©
—_— EF (k) dk
V2 /_oo ¢ ( )
1 *° ~ ~
= Tox /_oo[Re F(k) + ilm F(k)](cos kx + i sin kz)dk

- \/—12—_; /_ [Re (k) coske ~ ImF(k) sinkalak  (C.19

Here those terms with odd integrands have again been discarded in the
last line. Now make use of the previous results in Egs. (C.11) and (C.12)
for the inverse Fourier transforms of the real even and odd functions
[Re F(k), —Im F'(k)] in Egs. (C.17). This gives

1 oo ik - _ —
= /_ (k) dk = Fo(a) + Fo(a) = Fz)  (G19)

In summary, we have derived the complex form of the Fourier transform
relation for a real function F(z)

F(z) = % /_ ” etk B(k) dk
Fk) = \/%_ﬂ /_ " e (g do (C.20)

The symmetry of these relations makes it evident that they also hold for a
real function F (k).

The Fourier integral representation in Egs. (C.20) is extended to an
arbitrary, well-behaved, complex function F'(z) in Prob. C.6.



Appendix D

Some Thermodynamics

We review some of the basic principles of thermodynamics, and we first
concentrate on closed systems with a fixed number N of constituents in a
volume V.

First Law. The first law of thermodynamics expresses the principle of
the conservation of energy. It states that

dE = dQ — dW (D.1)

Here d'QQ represents an infinitesimal element of heat supplied to the system
and dW an infinitesimal element of work done by the system (Fig. D.1).

dw

dE

T de
Fig. D.1 Quantities appearing in the first law of thermodynamics.

In general, both of these quantities depend on just how the process
is carried out (this is the reason for the d notation). In contrast, dE is
the differential of a state function, the internal energy, which depends only
on the thermodynamic variables characterizing the system, for example
E(N,V,T) where T is the temperature.
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For a perfect gas at a pressure P, the element of work done in the
surroundings under a small increase in volume is given by (Fig. D.2)

dW = PdV ; perfect gas (D.2)
P dw=F dl
J— = (PAAYdI
di T =PdV

AA

Fig. D.2 Work done by a perfect gas at a pressure P under an increase in volume dV .

With only pressure-volume work, the first law of thermodynamics states
that the increase in internal energy is given by the difference

dE =dQ — PdV (D.3)

Second Law. For a particular type of process, one that is quasi-static
and reversible, the ratio of heat flow d QR to the absolute temperature T
defines the differential of a second state function, the entropy®®

aQn _

T dS ; entropy

second law (D.4)

This state function depends on the thermodynamic variables of the system,
say S(N,V, E), with a total differential given by (Fig. D.3)

dS(N,V,E) = (g—;) EdN+ (%)NEdVJr (%) VdE (D.5)
V, s N,

For quasi-static, reversible processes, a combination of the first law in
Eq. (D.3) with the second law in Eq. (D.4) then gives in the case of pressure-
volume work

dE = TdS — PdV (D.6)

65We do not go through the details of the very lovely, and impressive, classical argu-
ment that this quantity forms a state function. It can be found in any good book on
thermodynamics, for example [Zemansky (1968)], and it deserves to be studied.
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N.V.E

Fig. D.3 The entropy as a state function S(N,V, E).

Third Law. The third law states that (for most systems) the entropy
vanishes at absolute zero

S—0 sasT — 0
third law (D.7)

The Helmholtz free energy is another state function defined by
A=E-TS ; Helmholtz free energy (D.8)

For a closed system doing pressure-volume work, its total differential follows
from this definition and Eq. (D.6)

dA = —SdT — PdV (D.9)

For an open system where one is free to increase or decrease the number
of particles, say through a semi-permeable membrane, one augments the
first and second laws in Eq. (D.6) with a term pudN where u is the chemical
potential

dE = TdS — PdV + udN ; open system (D.10)
Equation (D.9) is then modified to read
dA = —SdT — PdV + pdN (D.11)

The Helmholtz free energy is a state function, and if expressed in terms
(N,V,T), it has a total differential given by

dA(N,V,T) = (g—ﬁ)VTdN+ (gé) dv + (%>NVdT (D.12)
: N,T ,
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If A(N,V,T) is known by some means (see appendix E), then one can
compare with Eq. (D.11) to determine (S, P, u) by differentiation

0A 0A 0A
S"(é?)N,V ’P“‘(W)N,T ’“—(a—ﬁ)v,T<D'13>



Appendix E

Some Statistical Mechanics

The goal of statistical mechanics is to relate the equilibrium thermodynamic
properties of a system to the properties of its constituents. Furthermore,
we seek to describe the distribution of the constituents at equilibrium.%®
The key is that in applications of interest, we are describing the behavior
of a vast number (= 1023) of these constituents.

Let us start with a simple problem. Consider a set of N independent,
localized particles occupying a discrete set of energy levels (1,62, ,Ec0)
as illustrated in Fig. E.1.7

nOO 800

N3 —e-eo0-0—E&j3
ng —eee——E&)
n, —eoeo08—¢,

Fig. E.1 N independent, localized particles occupying a discrete set of energy levels
(€1,€2, - yEc0). There are ny in the first state, n2 in the second state, etc.

We make the two basic statistical hypotheses:

1. Assume all microscopic configurations (“complezes”) consistent
with (N,V, E) are a priori equally probable.

66 For an introduction to statistical mechanics, see [Walecka (2000)]; see also [Lifshitz
and Landau (1984); Huang (1987)].
67For example, atoms moving independently at the sites of a crystal lattice.
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II. Assume the entropy is given by

S=kBan

where ; 2 = total number of complexions (E.1)

We comment on this second assumption:

e It is due to Boltzmann, and kg is Boltzmann’s constant;

e It is a remarkable relation that relates a (rather mysterious) thermo-
dynamic function to an enumeration of the total number of distinct
configurations of the system;

e It is consistent with everything we know;

e From the first and second laws of thermodynamics, one then has for a
quasi-static reversible process with pressure-volume work

dE = TdS — PdV (E.2)

Let us evaluate Q for a system of N independent, localized parti-
cles, each of which can occupy one of a discrete set of energy levels
(€1,€2,"*+ ,€c0). Suppose that n; of them occupy €1, ny occupy €2, etc., as
illustrated in Fig. E.1. Since the total number of particles and total energy
(N, E) are specified, one has

o0 oo
Zni =N ; Znie,; =F ; fixed (E.3)
i=1 i=1

There are N ways to choose the first particle to put into the first level.
Then N — 1 ways to choose the second particle, and so on. Thus there
are N! ways to distribute the particles in Fig. E.1. Now rearrangement
of the labels within any given level does not give a new, distinguishable
configuration, since all that matters is that a given set of particles occupy
that level. There are n;! such rearrangements for the ith level. Thus one
has to correct the original overcounting by dividing by this quantity. This
must be done for all the levels. One then simply has to sum over all possible

distributions of (n1,n2,n3,- - ,n) to get the total number of complexions
Q. Thus
= ; % . ;”: el ; total number of complexions

o0 o0
Zni =N ; Zniei =F ; constraints (E.4)
i=1 i=1
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One sums over all values of n; consistent with the constraints. Note that
there is no problem if a level is empty, or if there is only one particle in a
level, since 0! = 1! = 1. One is now faced with the mathematical problem
of doing the sum in the first line of Egs. (E.4) subject to the two constraints
in the second line.

In order to gain insight, consider the simpler problem of a system with
only two such energy levels (Fig. E.2).

N O
e T e
T

N-m

Fig. E.2 N independent, localized particles in a system with only two discrete energy
levels (e1,€2). In this configuration, there are m particles in the second level and N —m
in the first.

Here m particles have been placed in the upper level and N —m in the lower
level, so the first constraint in Egs. (E.4) is automatically satisfied. Now
assume that Ne < E, where ¢ is the level spacing in Fig. E.2. This allows
the second constraint to be ignored. In this case, the sum in Eq. (E.4)
reduces to the unconstrained expression

N N!
V=D i (E:5)

But this sum can be done exactly! Simply use the binomial theorem

N NI
(1 +22)" = Z_: =) oz, ™ (E-6)
and set £; = 2 = 1 to obtain
Q=2N
S =kgNlIn2 (E.7)

This result is easily understood since each particle can be in either one of
two states.
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Now suppose we try to evaluate 2 another way by keeping just the
largest term in the sum in Eq. (E.5). To find that term, we maximize

N!

Hm) = 2N =)

(E.8)

This is done by employing Stirling’s formula, which approximates In N! for
large N

InN!'=NInN - N +O(In N) ; Stirling’s formula, (E.9)
Then, instead of maximizing ¢(m), we can just as well maximize In t(m)

Int(m) = InN!—lnm! —In(N — m)!
NInN—-N-mlnm+m—(N—-m)ln(N —m)+ (N —m)
NInN -mlnm— (N -—m)In(N —m) (E.10)

IR

To maximize this expression, set dInt(m)/dm =0
O=—-lnm-14+In(N-m)+1

= m* = — ; for maximum (E.11)

Here m* represents the most probable distribution. The largest term then
gives

Int(m* 1 Nt
BT = I TN
N N. N N
= NIn2 (E.12)
Hence
> kgInt(m*) = kgNIn2 (E.13)

This gives exactly the same answer!

The largest term in the sum for Q gives exactly the same answer as
the sum itself. How can this be? The answer is that N is very large, and
what we are interested in for the entropy is In{). Since the sum contains
N positive terms, it is clearly bounded by

t(m*) < Q < Nt(m*) (E.14)
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Hence

InQ
InQ

Int(m*)
Nln2

Int(m*)+InN

<
< N2+ N (E.15)

<
<

Here N > In N, and the last term is completely negligible.®®

Let us now return to the problem of evaluating the sum in Egs. (E.4)
subject to the stated constraints. Based upon the above argument, we will
be content to approximate In by keeping just the largest term in the sum,
corresponding to the most probable distribution. This implies ‘

InQ = Int(n*)

N!
t(n) = nl!nz! . noo‘ (E16)

We seek to maximize

Int(n) = NInN — N =) (n;lnn; — n;) (E.17)

i=1

subject to the constraints

o0 o0
d» ni=N ;Y niei=E (E.18)
=1 =1

This is again a well-defined mathematical problem. Let each of the n;
change by a small amount dn;. Then the maximum is obtained from the
relations

oo o0
dt(n) = -0 Z (nilnn; —n;) = — Z(ln ni)on; =0 ; for maximum
i=1 i=1

iénz =0
ooz:l
Y eibn; =0 (E.19)
=1

Multiply the second equation by a constant o, and the third by a constant

68For example, if N = 1023, then InN = 53. The reader is urged to spend some
time pondering these numbers. Note that the additional term in the last expression in
Eqgs. (E.15) is of the same order as those neglected in the use of Stirling’s formula.
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B, and add to the first. The result is
Z (a+Pe; —Inny)dn; =0 (E.20)
i=1

The constraints have here been incorporated with Lagrange multipliers.
Choose (a, §) so that the coefficients of the first two variations (dny,dng)
vanish. The remaining variations (dng,dng, -+ ,0ny) are now linearly in-
dependent, and hence their coefficients must also vanish. Thus all the coef-
ficients of the dn; must be zero

a+Pe;—Inn; =0 ;1=1,2,---,00 (E.21)
An exponentiation then gives the solution for the maximization of In t(n)
n; = e®ebei (E.22)

This gives the most probable distribution, or the equilibrium distribution, of
the particles. The constants (c, 5) are now chosen to satisfy the constraint
equations. First, a is determined from

oo
E n; =N
i=1

@ = 2
= e o (E.23)
Then g follows from
o0
Zem’{ =F
i=1 .
. E_Xiee™ (E.24)

N > ePe

This equation determines 8(N,V, E), where the V dependence arises im-
plicitly from the dependence of the single-particle energy levels €; on the
volume.%°

In summary

E _ Yieiefs

—_ == ; total energy E

N 3. efei ’

n; eési

N’ = T oA ; equilibrium distribution (E.25)
i k3

69See the chapter on quantum mechanics.



Some Statistical Mechanics 415

In order to explicitly determine (8 from the thermodynamic properties
of the system, we go back to

S=kglnQ = kglnt(n*)

o
=kg [NInN - N - (n}Inn} —ng)}

L i=1

[ o]
=kg |[NInN — Z(a+ﬂei)n:]
i=1

— kg [NInN — aN — BE]

= kg {NlnN - N [lnN —In (i eﬁfiﬂ — ,BE} (E.26)

i=1

Here Eq. (E.21) has been used in the third line, and Eq. (E.23) in the last.
Thus

S(N,V,E) = kg [N In (i eﬁe") —~ ﬂE] (E.27)

Now make use of the thermodynamic relation in Eq. (E.2) which holds for
a closed system with fixed N undergoing pressure-volume work

dE =TdS — PdV
oS 1
(%) LT (E.28)

This equation introduces the absolute temperature T'. Constant volume
implies constant ¢;, and since § is an implicit function of E, one has

1L _ | N b | 98 _ 98 sl
kBT_ [(Eieﬁei) (;&;eﬂ )BE EaE :I—_IB

1
=  B=-1F (E.29)

Hence the Lagrange multiplier 3 is simply the negative of the (dimension-
less) inverse temperature 1/kgT.
In summary, it follows from our basic statistical assumptions that for
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N independent, localized systems in a volume V' and at a temperature T

n* e—si/kBT
N’ = W ; Boltzmann distribution
.eFi
(]
E e —Ei/kBT
5= ZZ’&;& T ; total energy E (E.30)
i (3

Equation (E.27) can be rearranged to yield the following expression for
the Helmholtz free energy A=FE — TS

A(N,V,T) = —kgT In(p.£.)Y ; Helmholtz free energy

e o]
(pf.) = Ze‘ei/kBT ; partition function (E.31)
i=1

This last relation defines the partition function. The thermodynamic quan-
tities (u, P, S) can then be determined from A(N,V,T) by differentiation,
as indicated in Egs. (D.13).

Classical Partition Function. Start with a free particle in phase space
(p, q) as discussed in chapter 2. Classical statistical mechanics assumes

Equal a priori weighting of each point in phase space.

One correspondingly replaces the above sums by integrals

[0 o]
hZ > / / dpdq ; one-dimension
=1
o0
hSZ - /---/dp1 <-dpgdqy -+ - dg, ; s-dimensions  (E.32)
i=1

Here h is just a constant, which has to be put in by hand in classical
physics, to make the dimensions of the cell size dpdg come out correctly.
This constant cancels in the ratios n}/N and E/N; it only enters into the
calculation of the absolute entropy. We will see that this result comes out
of the classical limit of quantum mechanics, where h can be identified with
Planck’s constant.”™

In the classical limit, the one-particle partition function and Boltzmann

70See Probs. E.4 and E.5.
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distribution function for a system at a temperature 7' thus take the forms

1
(p,f_) = —’;; /. . /e-e(pv(I)/kBT dpl .. .dps d(h V. dqs

; classical partition function
_,'.?i‘:‘. —_ _].-___]-___e_'e(p’q)/kBT dpl [ dps dql «ve dqs
N  h?(pf)

; Boltzmann distribution function (E.33)






Appendix F

Some Vector Calculus

In this appendix we prove two theorems from vector calculus that allow one
to convert Maxwell’s equations from differential to integral form, which is
the way they are usually presented in introductory E&M courses. For
simplicity, we prove the theorems in two dimensions for a convex region of
area A surrounded by a curve C (see Fig. F.1), and leave the generalizations
to the dedicated reader.

Fig. F.1 Configuration at the point [z, ymax(Z)] or [Zmax(¥), y] in the first quadrant for
a convex two-dimensional region of area A bounded by the curve C. Here (fi_, i) are
unit vectors normal and tangent to the curve at that point.

419
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Surface and Line Elements. Consider the first quadrant. At a given
z, the curve is described by ymax(z). Similarly, at a given y, the curve
is described by Tmax(y). Let dl be an infinitesimal length tangent to the
curve at that point and (dz,dy) be the corresponding magnitudes of the
cartesian displacements

dx = dl sin6 ; dy = dl cosO (F.1)

Define unit vectors normal and tangent to the curve at that point by
(fiL, i) respectively, as indicated in Fig. F.1. These are obtained from the
cartesian unit vectors (&, &,) by a rotation through the angle §. We define
the surface element and line element by

dS =1, dl = dl(é;cosf + &,sin0) ; surface element
dl = iy dl = dl (—&;sinf + &, cos0) ; line element (F.2)

Gauss’ Theorem. Let v(z,y) be a vector field
v(z,y) = vz(z,y) €z + vy(z,y) &y ; vector field (F.3)

Gauss’ theorem converts the integral of the divergence of v(z,y) over the
area to a surface integral over the bounding surface, in this case the curve

C

/ d’zV-v= f v-dS ; Gauss’ theorem (F.4)
A c
Here d?z = dxzdy. We prove this and the subsequent theorem in the first

quadrant, leaving the extension to include the other three quadrants as
problems for the dedicated reader. Write out the l.h.s. of this relation in

detail
ov ov
dzxv-v=/da¢d (—-£+—y) F.5
/A [ daay (G2 + 5 (F.5)

The integral over = at fixed y can now be immediately carried out in the
first term, and over y at fixed z in the second. The result is

/Adzxv'v = /dyvz[wmax(y),y] +/dwvy[x,ymax(w)] o

— [ 140086 voformas(s), ] + 5in vy{z, ymax(@)]} + -

_—_]{dlﬁl-v=fds-v (F.6)
C C
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Here the relations between dl and (dz,dy) in Egs. (F.1) have been intro-
duced in the second line, and that defining the element of surface area dS
in Egs. (F.2) in the last line. The result is Gauss’ theorem.

An extension to three dimensions, again left as a problem, gives

/d3zV-v=de-v (F.7)
1% s

where dS = 1 dS with fi an outward pointing normal unit vector on the
bounding surface, and dS an element of surface area.

Stokes’ Theorem. Consider the corresponding integral over the area A
of the curl of the vector field v(z,y) dotted into dA = &, d*x where &, is
the third member of a right-handed set of cartesian unit vectors in Fig. F.1
(it comes out of the page). Write out this expression in detail

Ovy, Ov
. _ 2 y _ Oz : _a 2 _
/AdA va—/Ada:(ax 6y> ; dA =¢&,d°z (F.8)

Again, the integral on z at fixed y can be done in the first term, and on y
at fixed = in the second. The result is

/AdA "V Xv= /dyvy[xmax(y)ay] - /dxvx[x,ymax(x)] +
= /C dl {cos 0 vy[Tmax(¥), y] — sin 0 vz [z, Ymax ()]} + - - -

= }[ dliy - v (F.9)
c

Here the relations between d! and (dz,dy) in Egs. (F.1) have been intro-
duced in the second line, and that defining fij in Eqgs. (F.2) in the last
line. If the expression defining the line element dl in Eqgs. (F.2) is now
introduced, one has

/ dA -V xv= f dl-v ; Stokes’ theorem (F.10)
A c

The result is Stokes’ theorem, which relates the integral of the z-component
of the curl of v over the area A to a line integral of v around the bounding
curve C.

With the observation that contributions in opposite directions along
a bounding curve cancel, Stokes’ theorem can be extended to regions of
arbitrary shape by covering them with many small regions where the above
result holds.






Appendix G

Black-Body Flux

In this appendix we calculate the energy flux out of a black body in terms of
the electromagnetic energy density u(v,T') in the cavity. Consider a small
volume in the cavity of size d3r = r% drsin 0 df d¢ located at (r,6, ¢). The
energy in this little region will be radiated equally in all directions with
velocity ¢. How much goes through a small area A in the wall?

Fig. G.1 Energy flux out of a black body in terms of the electromagnetic energy density
u(v, T) in the cavity.

The small area A must first be projected onto a sphere of radius r (see
Fig. G.1). This projection is '
An-t = Acosf ; projected area (G.1)

The fraction of the radiation passing through A is then

Acosf
47r?

fraction through A = (G.2)

423
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Now sum this over all small regions d3r in the cavity whose light reaches the
surface. The integrated energy transmission through A in a time interval
At is then

cAt /2 27
energy through A = / r2 dr / sin 0 df dq‘)A c0320 u(v,T)
0 0 0 4rr

9 1

= LAcu(z/, T)At/ zdz (G.3)
47 0
where z = sin 6. Hence
1 1

A < enersy through A = Y u(v,T) (G.4)

This is the energy flux through the surface.

Problem G.1 provides a complete derivation of the number of normal
modes per unit volume of the radiation field in a large cubical box with
periodic boundary conditions, which is identical to Eq. (3.24).



Appendix H

Wave Functions for Identical Particles

The Pauli exclusion principle follows from a more general principle of quan-
tum mechanics:

The wave function for a system of identical bosons (fermions) must
be symmetric (antisymmetric) under the interchange of any two
particles.

In this appendix, we investigate a few consequences of this principle.
Introduce the following generic notation ¢,(1) for the single-particle wave
functions appropriate to the problem at hand. Here (1) denotes a complete
set of coordinates for the first particle, and o a complete set of single-
particle quantum numbers. For example, with spin-zero bosons in a central
potential, one has

®a(1) = Ynim, (X1) ; spin-0 bosons in central potential (H.1)

For spin-1/2 fermions in a big box with periodic boundary conditions, one
has
1 . . .
¢, (1) = ﬁ‘/’k(xl) n,(1) ; spin-1/2 fermions with p.b.c. ~ (H.2)

and so on. We assume that the single-particle wave functions are orthonor-
mal so that generically

/d3x¢:r¥1 (x)¢az (%) = dayaz (H.3)

where the dagger now implies an additional spin matrix product in the case
of spin-1/2 fermions (see Prob. 4.33).

425
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H.1 Bosons

Consider the case of two spin-zero bosons. The above principle implies that
the normalized wave function for this system must take the form

Doy (1,2) = % [Bors (D (2) + o Dbaa (V)] 5 02 # a1
= oy (1)¢al (2) ; g = (H4)

Let the hamiltonian of the two-particle system have the form
H1,2)=TQ1)+T2)+V(1,2) (H.5)
Since the particles are identical
V(2,1) =V (1,2) (H.6)

The ezpectation value of the hamiltonian (see Prob. 4.5) taken with the
wave function in Egs. (H.4) is then given by

a2

(H) = Z (a|T|a) + {c10z|V]a1a2) + (c1a2|V]aea) 5 az # o
= 2(011|T|0(1> + (Ot1a1|Vla10(1> ; g = (H7)

Here the two-particle matrix element is defined by

(ara9|V]azoy) = /d3w1 /d3$02 oL (x1)el, (x2)V (1, 2)Pas (X1)Pay (X2)
(HL8)

In the first of Egs. (H.7), the first matrix element of the potential is known
as the direct interaction, and the second is the exchange interaction. If one
did not take into account the required symmetry of the wave function, only
the direct interaction would be present.

As a second example, consider a collection of N spin-zero bosons all
condensed into the k = 0 state in a big box of volume L3 = Q with p.b.c.,
where the single-particle wave functions are those in Eq. (4.118). In this
case, the many-particle ground-state wave function is

q)alaz-"aN(l, 2, ,N) = ¢0(1)¢0(2) T ¢0(N) (HQ)
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Assume the many-body hamiltonian has the form

N 1 N
H=) T(@)+ 5 > V(i — x4) (H.10)
i=1 i#j=1

where V(|x; — x;]|) is of finite range. The expectation value of this hamil-
tonian is then given by (Prob. H.2)

(i) = 2= D)
7(0) = / B2V (z) (HL.11)

H.2 Fermions

Consider two identical spin-1/2 fermions (e.g. electrons). The analog of
Eq. (H.4) in this case is™!

Doy (1,2) = % [Ber (e (2) — b D)an ()] ; 02 # an (H12)

The antisymmetrized wave function vanishes identically if oy = ag, and
hence the Pauli exclusion principle is an immediate consequence of the re-
- quired antisymmetry of the fermion wave function.
The analog of Eq. (H.7) is
az
(H) = Z (a|T|a) + (ar02|V]eraz) — (oraz|V]agar ) (H.13)

a=Q1

Several comments are relevant:

e The exchange interaction is always present for two identical fermions;

e The exchange interaction comes in with a minus sign;

e The sum of the direct and exchange interactions vanishes identically if
a1 = Q9.

There is another way to write Eq. (H.12), and that is as a 2 x 2 deter-
minant

1

¢al (1) ¢C!1 (2)
7 (H.14)

Parca(L2) = 510" 0) 40 (2)

"1For convenience, we now suppress the underlining of the two-component spinors,
restoring it at the end when we explicitly write the one- and two-particle matrix elements.
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This determinant has the following properties:

e It changes sign under the interchange of the two columns or the two
rOWS;
e It vanishes if the two columns or two rows are identical.

This result has an immediate generalization to the many-fermion system.

bar (1) ¢ar(2) -+ Pay(N)
Poyagan (1,2, ,N) = 1 ¢°‘2.(1) d’az.(2) ¢a2:(N)

— A (H.15)
ban (1) an(2) -+ Pan(N)

This determinant again has the following properties:

o It changes sign under the interchange of any two columns or two rows;
e It vanishes if any two columns or two rows are identical.

This is known as a Slater determinant.” It is clearly advantageous to learn
how to calculate with this quantity, and we develop some techniques for
doing so.™ ’

One can write the determinant in Eq. (H.15) in the following manner

— 1 _1\P ~ .
Baiagan (1,2, ,N) = __\/N—pg( 1)Fp il;Ilqbai(z) (H.16)

Here:

(1) The normal sequence is given by

N
H¢a,~ (1) = oy (1) b0y (2) -+ dan (N) ; normal sequence (H.17)
i=1

For fermions, all single-particle quantum numbers must be distinct;
(2) P is an operator that produces one of the permutations of the particle
labels (1,2,---,N);
(3) P is the “signature” of the permutation (—1)F = (—1)# of interchanges .
(4) Np = N! is the number of permutations of (1,2,---,N).

72 After the distinguished many-particle physicist J. C. Slater. If the reader is not yet
familiar with determinants, he or she can take Eq. (H.16) as the definition.

73The true wave function for the many-body system can always be written as a linear
combination of these basis wave functions. Note that the many-boson wave function
can be obtained by applying the (un-normalized) symmetrizing operator Z(p) P to the
normal sequence; however, we do not pursue that here (see, however, Prob. H.1).
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As an example, consider three particles with labels (123). The opera-
tor in Eq. (H.16) can be written in terms of a set of particle interchange
operators as

Z(_l)PP =1—"Pi2 — P13 — Paz + P13P12 + P13P2s  (H.18)
(P)

If we keep track of the permutations by writing (1 j z) where (ijk)

is the permuted set of labels, then when acting on the label set (123), this
operator produces the following expression

(Zore)om=(159)- (1) - (31)-(332)
H(a31)(G12)

or; (Z(—l)PP) (123) = (123) — (213) — (321) — (132) + (231) + (312)

(P)
(H.19)

It is readily verified that this expression is now explicitly antisymmetric
under the interchange of any pair of labels.

Let us demonstrate that the antisymmetry of the expression in
Eq. (H.16) under the interchange of any pair of labels is a general result.
Consider

Pii Y (-D)PP =) (-1)F (PyP) (H.20)
(P) (P)
Now observe the following:
(1) It is a general property of permutations that as P goes over the set of
all permutations, so does P" = P;;P ;™
(2) Since P” has one more interchange, (—1)¥ = (-1)(-1)F*! =
(-D(=1"";
Thus
Pii 3 ()PP =(-1) Y (-D)F"P"=(-1)) (-)*P (H21)

(P) (P") (P)

74The permutations form a group — the symmetric group.
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This establishes the result.
We now compute the expectation value of a totally symmetric operator
O that commutes with P, for example }°;t; or (1/2) 3=, ., Vi;."™ Then

(0) = Nip / @) S ()P (P o (PTI)  (H.22)
P P
Here II is the normal sequence in Eq. (H.17), and (d7) is the many-particle
volume element. A spin matrix product for pairs of spinors with the same
particle label is implied. This expression can be analyzed through the
following series of steps and observations:

(1) We first show that all the terms in ), are identical. Look at one term
with a given P, call it (A)

(4) = 3 (-1)P+F / (dr) (PTI') O (P'TI) (H.23)
<

(2) All the indices in the integrand in this expression are dummy indices
— they are all integrated (or summed) over;

(3) Perform the interchange of dummy indices corresponding to P! (the
inverse of P). Then

(@ =Y n™ [anm (p-iopm)
‘P/
- Y [unmo(priem g
Pl

Here the last line follows from the total symmetry of O;

(4) We have now returned to the original ordering in IIT without changing
the integral;

(5) Now (P~!P’) = P” again goes over all the permutations as P’ does,
and (—1)P*+F" = (—1)P" since there are as many interchanges in P!
asin P ;

(6) Thus

4) = Y (1) / (dr)IT' O (PTI) (H.25)
Z

Hence all the terms in ), can indeed be reduced to this same expres-
sion;

75These are, after all, identical particles.
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(7) Finally, (1/Np) "5 = 1 by definition.

We thus arrive at the lovely, simple result that the expectation value of a
totally symmetric operator taken with the Slater determinant in Eq. (H.15)
can be reduced to the expression

(0) = / o (\/N_pé) dr © (H.26)

Here II is the normal sequence in Eq. (H.17), O is the operator, and ® is the
wave function in Eq. (H.16). We have now got rid of one of the determinants
in the expectation value, and the orthonormality of the single-particle wave
functions makes it a very simple task to evaluate this final expression.”®

H.3 Some Applications

Consider some applications of this result:

(1) Let O = 1. This is the simplest totally symmetric operator, and
this calculation provides a check on the normalization of the many-
particle wave function in Eq. (H.16). The only term that contributes
in Egs. (H.26) and (H.16) is II, since any other term has at least two
particles interchanged, and one then gets zero by the orthogonality of
the single-particle wave functions in the normal sequence. Thus

(1) =1 ; normalization (H.27)
(2) Let
N
Oo=T= Z t; ; kinetic energy (H.28)
i=1 |

Or, more generally, let O be any one-body operator. In this case

N
(T) = / (dr)gl, (1)--- L, (N) (Z ti) X
i=1

D (“1FPpa, (1) - ay(N)]  (H29)

(P)

76This derivation is taken from a course on Nuclear Theory given by Prof. V. F.
Weisskopf at M.I.T. in 1956.
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Now t; operates only on the ith coordinate. The only term that then
contributes in the sum on P is I, since any other term has two particles
interchanged, and hence one of the single-particle matrix elements is
zero by orthogonality. Thus

N N
@ =Y [ 4, €8, )86 =D (it (H30)

Therefore the expectation value of the one-body kinetic energy operator
takes the form

N
(T) = Z(ailtlai) = Z(a|t|a) ; single-particle matrix elements
i=1 o

sum over occupied states (H.31)

The sum is over the single-particle matrix elements, and the last ex-
pression is a short-hand for the sum over the occupied states in the
normal sequence.

Let

N
1
O=V= 3 Z Vij ; potential energy (H.32)
i#j=1
Or, more generally, let O be any two-body operator. We now have
two terms contributing in the sum over P, the direct term coming
from IT and the exchange term coming from the permutation that just

interchanges ¢ and j. This term will have one additional minus sign.
Thus, with a potential V;; = V(|x; — x;),

N
V=3 3 [ [eacedl, €, €V &b

i#j=1

(0., €8, (6) - 6, (€8, (&) (H.33)

J i

Hence, with the same notation as above,

N
(V) =% > Uewa;Viias) = (aiog|V]ejou)]
i#j=1

V) = -;-zg [(eBIVIaB) — (aBIV |6e)]

; sum over occupied states (H.34)
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The sum is now over two-particle matrix elements, and the double sum
goes over the states occupied in the normal sequence. Note that we
can include the term where a@ = 3 in the final expression, since the
summand vanishes identically for this term.

(4) We note that if the initial and final many-particle wave functions differ,
then the same proof as above gives

(30| ®;) / to (\/]V_pq) ) (H.35)

These are all extremely useful results.

The Hartree-Fock approximation determines the “best” smgle-partlcle
wave functions to use in a Slater determinant to describe an arbitrary many-
fermion system. The resulting H-F equations are examined in Probs. H.3-
H.7.

An alternative, very powerful, approach to the physics of many inter-
acting identical particles based on second quantization and quantum field
theory is developed in [Fetter and Walecka (2003a)).






Appendix 1

Transition Rate

We start with a set of eigenstates ¢,(z) of some hamiltonian Hy, and the
corresponding solutions to the Schrédinger equation ®,(x,t),

H0¢n($) = End)n(x)
B (z,t) = Pp(x)e Ent/R (I.1)

Now suppose that an additional term is added to the hamiltonian so that
H = Hy+ H; (I.2)

The full Schrédinger equation reads
., 0
zh-a—z‘ll(a:, t) = HY(z,t) (I.3)

If the system is prepared in an eigenstate of Hy at an initial time ¢g, then as
time progresses, H; will cause transitions to other eigenstates of Hy. The
goal of this appendix is to find the transition rate to lowest order in Hj.

The full solution to the problem can be expanded in terms of the eigen-
states of Hy according to””

U(z,t) = ch(t)gbn(a:)e_w"t/ h ; full solution (I.4)

It is assumed that this state is normalized so that

(T[T = / de U*(z, )0 (z, ) = 1 (L5)

77This is a consequence of the completeness of the eigenfunctions of Hy.
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By the general principles of quantum mechanics, the probability of finding
the system in the state ¢, at the time ¢ is then given by

|en (e T ERt/R2 = ¢ (1)]2 ; probability in ¢, (1.6)

The orthonormality of the eigenfunctions of Hy allows this expression to be
written as the absolute square of

(bn|T) = / dz 6% () (z, £) = cp(t)e= Ent/ (L7)

Substitution of Eq. (I1.4) into Eq. (1.3) leads to

.. dc » y
37 (i1 + B ) a5 = 5o (o + Hy) g™ 504"

. den » »
or; E : (Zh = ) ¢ne iEnt/h _ § :CnHld)ne iE,t/h (18)
n n

Another application of the orthonormality of the eigenfunctions of Hy then
gives

’I,ﬁdc;t(t) _ %:(‘Pn IHl |¢m>cm(t)ei(En——Em)t/h
(bal H|bm) = / 4z ¢4 (2) Hy o () (19)

This presents an exact, infinite set of coupled first-order differential equa-
tions in the time for the coefficients ¢, (t), in terms of the matrix elements
of the perturbation H;.

Suppose H; = 0. The above equations then reduce to

d
Et'cn(t) =0

= en(t) = cn(to) = cpetBnto/h ; constant (I.10)

where the last relation defines ¢,. Then

U(z,t) = ch(to)%(fv)e_w"t/h = chqﬁn(x)e‘iE"(t“to)/h

U(z,t0) = Y _ cadn(T) . Hy =0 (1.11)

This is just the general solution to the unperturbed Schrodinger equation
1\

iha— = Ho¥ (I1.12)

ot
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that matches the initial condition ¥(z, ¢o).
Now suppose that H; # 0, and that the system is prepared in some
arbitrary state ¥,(z, to),

U,(x,to) = Z ¢ (to) pn () Ento/P ; prepared state at to  (1.13)

n

Then

(1) If H; =0, Egs. (I1.10) give the time development of the state as

Uiz, t) = ) P (to)gn(a)e /" s Hy=0  (L14)
n
(2) If H; # 0, Eq. (I.4) gives the solution to the full Schrodinger equation
as
Ui(z,t) = ) el ()gn(z)e Ent/" ; Hy#£0  (L15)
n

The coefficients ¢ (t) develop a slow time dependence due to the effects of

H;. To find these coefficients, one can integrate the first of Egs. (1.9) on
the time from tg to ¢, starting from the initial values ¢ (to)™®

. t
' ) ¢ i i(En—
(1) = D (t0) = =5 32 | dt(BulHilgm)el) (e 5 EE (L16)
m 0

This is an exact, infinite set of coupled linear integral equations for the

coefficients ¢\’ (t), which develop from the initial set d (to).

Now assume that H; is small and the transition is weak. Equations
(1.16) can be iterated to first order in H; by observing that™

D (t) = e (to) + O(H1) -
(1) = (ko) : to O(H;) on the r.h.s. (1.17)

Suppose the system is prepared in a definite state ¢; at the time ¢g, then
ng) (to) = ci(to)Omi ; prepared state (I.18)
Since this state is normalized

lei(to)]? =1 ; normalization (I.19)

780ne performs |, tto dt on the first of Egs. (1.9).
79This is known as Dirac perturbation theory.
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Then, by Eq. (I.16), if the state n is different from the initial state i,

: ¢
. Z . . .
D (t) =~ “"ﬁci(tO) dt (n|Hi|g;)eHEn—Et/R s n#i (1.20)

to

- If we are interested in transitions to a definite final state ¢, = ¢5 # ¢;
(Fig. 1.1), then

. t
i 1 3 —F. .
C(f)(t) ~ _ﬁci(to)/ dt (ps|Hy|gs)e"Er—BO/R o fo£q (1.21)
to

AN ¢f

o,

Fig. I.1 Transition from a state ¢; to a state ¢ induced by H;i.

The probability that the system will be in the state ¢ at the time ¢ if
it started in the state ¢; at the time to now follows from Eq. (1.6) as®®

. t 2
1 ; .
—5 [ dt{esH |p:) et Er—Et/h (1.22)

Prilt,to) = | ()2 = t
0

This is first-order time-dependent perturbation theory, and this expression is
exact to O(H1). The problem has been reduced to taking the finite Fourier
transform of the matrix element of the perturbation with respect to the
angular frequency (Ey — E;)/h.

The perturbation H; may, or may not, have an explicit time dependence.
This depends on the nature of the problem at hand. Consider the case where
the perturbation H; has no explicit time dependence. In this case, the time
integral in Eq. (1.22) can be immediately performed. Define (Ey — E;)/h =
wand t —tg =T. Then use

/ dt ezwt — _]_'_ [ezwt _ ezwto] — 6' [e@wT _ 1]
to iw tw
— piwto giwT/2 lzsm (WT/ 2)} (1.23)
w

80Note Eq. (1.19).
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It follows from Eq. (1.22) that

1
- w==(E; — E;
;w h(f )

sin? (w
P) = sl sitnion? [T/

(w/2)?
T=t—tg (1.24)

Now one expects that the probability of the transition will be propor-
tional to the time interval over which the perturbation acts. Thus to get a
sensible physical quantity for large T', we define the transition rate by

transition rate = (transition probability) / (time interval) (I.25)

Hence, from Eq. (1.24),

P (T
Ru=ot 15 )
= -}-:3|(¢f|H1|¢i)|2 [T S—H(I—Z%‘;—;/—?] ; transition rate (I.26)

Consider the function fr(w) defined by

sin? (wT'/2)
= |T ———— 1.2
friw) = [T L) (127)
It is sketched as a function of w in Fig. I.2.
T
®
YT YT

Fig. 1.2 Sketch of the function fr(w) in Eq. (1.27).

The function fr(w) has the following properties:
(1) For large T', at the origin (w = 0), it grows as T
fr(0) - T 3 T — 00 (I.28)
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(2) For large T, away from the origin (w # 0), it goes to zero

fr(w) — 0 ;T — o0
w#0 (I.29)

(3) When integrated over all w, a simple change of variables x = wT/2
gives ‘

oo 00 3.2
/ Fr(w) dw = 2 / 5‘22‘” do = 2 callT  (1.30)
-0 oo

The last result is obtained from any good table of integrals.

We thus observe that in the limit of large T', fr(w) has all the properties
of the Dirac delta function (see Prob. 4.3)

Limr_,e fr(w) = 27é(w) = 27hd(Es — E;) (1.31)
For large T, the transition rate in Eq. (1.26) therefore becomes®!
(T 2
Rs; = —Pf}ﬁ = %|(¢f|H1|¢i)|25(Ef — E;) ; transition rate (I1.32)

This expression is indeed independent of T'. It is exact to O(Hy). If the
perturbation has a harmonic time dependence so that H;(t) = Hjet™ot,
then the only change is to replace Ey — E; — Ef — E; £+ hwg in Egs. (1.22)
and (I.32). Fermi called Eq. (I.32) the “Golden Rule”; it is one of the most
useful results in quantum mechanics.

As one class of examples, consider processes where there is a particle
in the continuum in the final state (e.g. scattering, decay, etc.). Take
the laboratory to be a huge cubical box of volume Q = L3 (Fig. 7.7),
and apply periodic boundary conditions so that the single-particle wave
functions are those of Eq. (4.118) for spin-zero bosons and Eq. (4.159) for
spin-1/2 fermions. Since the particle states in the big box are spaced very
close together (Fig. 4.35), one is forced to make a measurement of transitions
into a group of states. The transition probability will vary smoothly about
the central values, and one thus employs

81The limit T' — oo is, in fact, a rather subtle one. For example, T cannot be too
large or the initial state will be depleted, and the conditions in Egs. (I.17)—(1.19) will no
longer hold. Thus one must keep Py;(T) < 1, or |T (¢5|H1|¢;)| < h. For any finite T,
however, this relation is always satisfied as H; — 0.
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Rj; = transition rate into one state

dny = number of states observed in detectors (I.33)

The relevant transition rate is therefore given by

dwyi = Ryidny ; observed transition rate (I.34)
With the aid of the differential form of Eq. (4.166), it follows that
dws; = R Qﬂ ; observed transition rate (I.35)
f‘t - f’l. (27r)3 ’ .

If one is computing a scattering cross section, then if Ij,. is the incident
flux (see text), it follows from Eq. (7.49) that

Iincdogi = dwy; ; cross section (1.36)

The energy-conserving delta function in Eq. (I.32) is now handled with
Jdkd(Es — E;), and the artificial quantization volume  must cancel at
the end in any physical result (see, for example, Prob. 1.2). For one specific
application, see Prob. I1.






Appendix J

Neutrino Mixing

In this appendix we give a brief discussion of two-neutrino mixing. It arises
because the neutrinos entering into the weak interactions may not be the
energy eigenstates of the total hamiltonian. We here consider only two
flavors of Dirac neutrinos, for example (ve,v,), and mixing in vacuum.82
Note that in introducing neutrino mixing, we by necessity violate individual
lepton number conservation.

The problem is just one in two-state quantum mechanics. Here we
work in the subspace of given (p, \), where the wave functions are those of
Eqs. (4.159). Recall p = fik, and the index ) is now the helicity, the com-
ponent of the spin along the direction of motion. These quantum numbers
will be suppressed in the subsequent arguments. The wave functions now
carry an additional third index for the type of neutrino (ve,v,), and this
index will be made explicit. Just as with isospin, the wave functions for
the different types of neutrinos are orthogonal

(o, [9n) = /Q B gl (b () =% 3Gk = (en) (J1)

The two neutrino states are produced through the weak interactions,
and their corresponding leptons numbers (l,l,) are exactly conserved by
all the interactions in the standard model. Suppose these are not eigenstates
of the full H.83 We then look for the two states that do satisfy

Hy, = E@®qy, s s5=1,2 (J.2)

‘82The full three-flavor sector with (ve, vy, V) is analyzed in the same fashion, but the
analysis is more complicated.
83Which is now assumed to contain an additional ultra-weak contribution Hyw.
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These will be some linear combinations of v, and ¥,, .

Ps = Z a§'8)¢uj (J.3)

Substitute this expression into Eq. (J.2), and then compute the matrix
element with v,

Z [ij - E(s)ékj] ag.s) =0 3 k= e u
Jj=e,u

Hy; = (djvlel"»ij) (J.4)

This is now a familiar two-dimensional matrix eigenvalue problem. One
can always change the overall phase of the neutrino states without changing
any of our previous physical results. Choose the relative phase so that the
matrix Hy; is real. The coefficients ags) can then also be assumed real. The
modal matrix is constructed by placing the normalized coefficients down the
columns (see [Fetter and Walecka (2003)])

(1) (2)
a a
M= 1 J.5
M (agl) agz)) (J.5)

It is readily verified that this is a real, orthogonal matrix that diagonalizes
the hamiltonian

MM =1
EM ¢
MT_HM = ﬂD = ( 0 E(z)) (J-G)
Any real, orthogonal, 2 x 2 matrix can be parameterized as
cosf —sin6
M= (sin9 cosf ) (J.7)

The general solution to the time-dependent Schrodinger equation within
the neutrino subspace can now be written as

—_iE®
\I/(t) — Z Cs s € iEt/R

s=1,2

.9
iz () = HY(t) (J.8)



Neutrino Mizing 445

The coefficients in this expansion are determined by the initial conditions

\I’(O) = Z CsYPs
s=1,2
cs = (Ps|¥(0)) (J.9)

The probability to find the system in the state 1., at the time ¢ is given
by quantum mechanics as

P;(t) = (3, | (1)) (3.10)

Since

(Pu, 1) = a}”) (J.11)

the above results can be combined to write
2
Pyt) = | 3 calemtEOun

s=1,2

(J.12)

As an example, suppose one starts with a pure v, beam created by the
weak interactions at time ¢t = 0. The new energy eigenstates are given by

Y1 = cosf,, +sinb,,
Yo = —sinf,, +cosfy,, (J.13)

These relations are readily inverted to give

Yy, = cosf1P1 —sinf s
zp,,“ = sin § 91 + cos 1 (J.14)

The initial state of pure v, therefore has coeflicients
¢ =cosf cy = —sinf (J.15)

Let us compute the probability to find the system in the state 1, after
some time 7'. In this case

a,(}) = sin 6 aff) = cosf (J.16)
Thus

P,

w1, (T) = sin® fcos® 6 le—iE(l)I/h — e HEPT/A i
w e
= sin? (26) sin? (——2' ) : AE=EWV — E® (J.17)
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By conservation of probability (or direct calculation), the probability that
the system remains in the state v, is

(J.18)

P,, ., (T) =1 —sin? (26) sin? (?ﬂ)

2h

This is evidently smaller than 1 if the last term is non-zero.

Now suppose that the neutrinos are highly relativistic and travel a dis-
tance L after they are produced with a velocity ~ ¢. In this case ¢TI’ = L
and
ctAm?

2pc
Am? = m? — m?2 (J.19)

AE = (p202 + m%C4)1/2 _ (p2c2 + m§c4)1/2

Here p = |p|-

In summary, in this simple two-state mixing calculation with an ini-
tially produced 1, state and relativistic neutrinos that travel in vacuum a
distance L from the source, one finds

Lc2Am?
— ain2 .2
P, . (L) = sin® (20) sin ( 1 )
Lc?2Am?
1 win2 .2
P, (L) =1-—sin*(20) sin ( T ) (J.20)

These relations provide the basis for major experimental efforts to measure
(Am?,0).



Appendix K

Units

K.1 Standard International (SI)

In this book we use SI units where mass, distance, and time are measured
in kilograms (kg), meters (m), and seconds (s). Force is then measured in
Newtons (N), where 1N = 1kg-m/s?. Charge is measured in Coulombs (C),
voltage in volts (V), and current in amperes (A), where 1A = 1C/s.34

Coulomb’s law states that the force between two static point charges e
separated by a displacement r = rp —ry is

e r

F=—— K.1
4m €0 r3 ( )
The laws governing the fields (E, B) are summarized by Maxwell’s equa-

tions. In free space, with sources (p, j), in these units they are

vV.E=~2
€0
V-B=0
oB
VXE_—E
. 10E
VxB=M0J+c—2§ (K.2)

If n is the number density for the constituents of charge e, here the electrons,
then the charge density and current are given by3®

p(x,t) = en(x,1) ; 3(x,t) = en(x, t)v(x, 1) (K.3)

84These are now the units of choice in most introductory physics courses.
853trictly speaking, j is the current density; however, we shall always refer to j as the
current.
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where v is the velocity field of the charges. The conservation law for the
number density reads

on
5 +V.(nv)=0 (K.4)

The velocity of light is given by ¢ = 1/,/€op0. The Lorentz force acting
on a particle with charge e moving in (E, B) is given in these units by

F=c(E+vxB) (K.5)

The fine-structure constant is dimensionless, and it is given in SI units by

e \ 1 1
“= (4wso) he  137.0 (K.6)

K.2 Heaviside-Lorentz (rationalized cgs)

The unit of charge in SI units, the Coulomb, is defined to be the charge
carried by a certain number of elementary constituents (i.e. electrons) Q =
Nole|. The dimensionless number 1/4meg then simply provides the constant
of proportionality between the measured (Coulomb force)x (distance)? on
the unit (charge)? and the unit value of (force) x (distance)? in mks units.
One could use a different amount of charge Ny in the unit, and this would
simply change the number €¢. A particularly convenient unit of charge is
that which gives €9 = 1 in cgs units. The charge on the electron in these
units is egr,. The dimensional quantity uo = 1/c?ep — 1/c? relates the
magnetic field B to j, and B is in turn related to a force through the
Lorentz force equation. With the redefinition ¢B — B, Coulomb’s Law
and the Lorentz force equation become

2
_ G T L= M
F = A 73 ,F—eHL(E—i—C XB) (K7)

and Maxwell’s equations now read

V-E=p
V-B=0
10B
VxE=-—5
VxB:j—l—laE (K.8)

c dt
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The charge density and current are given by
p(x,1) = enpn(x, ) 300, t) = Zenx,vix,t)  (K9)

Note that the dimensions of both (B, j) have now changed.

The fine-structure constant is left invariant in H-L units since e?/¢q =
e?,, and since it is dimensionless, the fine-structure constant does not de-
pend on the choice of units. Hence o = e /4mhc = 1/137.0. These are
known as Heaviside-Lorentz, or rationalized cgs, units. They are used in
most books that involve advanced quantum mechanics.36

K.3 cgs

A further simplification occurs if one redefines the unit of charge to elim-
inate the 1/47 in Coulomb’s law. With the new electron charge €cgss
Maxwell’s equations become

V-E=4np
V-B=0
10B
VxE=-C5
1 0E
B=4nj4+ - — K.1
Vo 7T‘H_cat (K.10)

The charge density and current are now given by

€c

En(x, t)v(x,t) (K.11)

p(x) t) = ecgsn(xa t) 3 j(X, t) = c

The Lorentz force is

F = ecgs (E+ ® xB) (K.12)

and the fine-structure constant is simply a = eggs /fic = 1/137.0. One says
the charge density is now measured in esu, and the current in emu where
1 emu = 1 esu/c. These are known as cgs units. They are used in most
books based on non-relativistic quantum mechanics.8”

Conversion. A way to remember the conversion of units is the following:

86 For example, [Walecka (2004)]. One often further sets 5 = ¢ = 1, which implies that
all momenta and energies become inverse lengths.

87For example, [Fetter and Walecka (2003a)], where the 1/c in the current is left in
Maxwell’s equations.
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(1) To go from SI to H-L units, replace

g0 — 1 ; o — 1/c° ; e — enL
E — Eqr i B — BHL/C (K.13)

(2) To go from H-L to cgs units, replace
€HL — \/47Tecgs N \/47TEHL — Ecgs N \/47I'BHL — Bcgs (K.14)



Appendix L

Fundamental Constants

kg = 1.381 x 10723 J/°K ‘ Boltzmann’s constant
Na = 6.022 x 1023 /mole Avagadro’s number
R = Ny kg = 1.987 cal/mole-°K gas constant
le| = 1.602 x 1071°C | electron charge
1/4meg = 8.988 x 10° Nm?/C? Coulomb’s law
po/4m = 1.000 x 10~7" Ns2/C? = 1.000 x 10~ Tm/A Ampere’s law
c=1/\/Eopo = 2.998 x 108 m/s velocity of light
h = 6.626 x 10734 Js Planck’s constant
h=h/2n = 1.055 x 10734 Js Planck’s constant/2m
h/mec = 3.862 x 10713 m electron Compton wavelength
h/myc = 2.103 X 10~®m proton Compton wavelength
ao = h%/me(e? /4meo) = 0.5292 x 10~1%m = 0.5292 A Bohr radius
a = e2/(4meg)hc = 1/137.0 fine-structure constant
mec? = 0.5110 MeV electron rest mass
mpc? = 938.3 MeV proton rest mass
R = a’mec?/2 = 13.61eV Rydberg
le|h/2me = 9.274 x 10724 J/T Bohr magneton
le]h/2m, = 5.051 x 10727 J/T nucleon magneton
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h/2|e| = 2.068 x 10715 Js/C = 2.068 x 10715 Tm? flux quantum
o = 2k} /60A3c? = 5.670 x 1078 J/s-m?-°K*  Stefan-Boltzmann constant
G = 6.673 x 10711 m3 /kg-s? gravitational constant

lcal =4.184J heat equivalent
L.1 Conversion Factors

1eV = 1.602 x 107197
1MeV/c? =1.783 x 1073%kg

1J=10"erg
1N = 10%dyne
1A=10""m

1TF=1fm=10""®m

1C = 2.998 x 10° esu

1T = 10* Gauss

1J/T = 103 erg/Gauss

1eV/hc = 8066 cm™?

hc = 197.3 MeV-F
h?/2m, = 20.74 MeV-F2
Gm2/hc = 5.905 x 107%



Appendix M

Some Significant Names for
Theoretical Physics

Isaac Newton (1642-1727)

Jean Le Rond d’Alembert (1717-1783)

Joseph Louis Lagrange (1736-1813)

Jean Baptiste Joseph Fourier (1768-1830)

Karl Friedrich Gauss (1777-1855)

Augustin-Louis Cauchy (1789-1857)

William Rowan Hamilton (1805-1865)

George Gabriel Stokes (1819-1903)

Hermann Ludwig Ferdinand Helmholtz (1821-1894)
George Friedrich Bernhard Riemann (1826-1866)
James Clerk Maxwell (1831-1879)

John William Strutt (Lord Rayleigh) (1842-1919)
Ludwig Eduard Boltzmann (1844-1906)

Hendrik Antoon Lorentz (1853-1927)

Joseph John Thomson (1856-1940)

Max Karl Ernst Ludwig Planck (1858-1947)

Ernest Rutherford (1871-1937)

Albert Einstein (1879-1955)

Max Born (1882-1970)

Peter Joseph William Debye (1884-1966)

Niels Henrik David Bohr (1885-1962)

Erwin Rudolf Josef Alexander Schrédinger (1885-1962)
Arthur Holly Compton (1892-1962)

Louis Victor Pierre Raymond duc de Broglie (1892-1987)
Satyendra Nath Bose (1894-1974)

Douglas Rayner Hartree (1897-1958)

Wolfgang Ernst Pauli (1900-1958)
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Enrico Fermi (1901-1954)

Werner Karl Heisenberg (1901-1976)
Paul Adrien Maurice Dirac (1902-1984)
Eugene Paul Wigner (1902-1995)

Felix Bloch (1905-1983)

Maria Goeppert-Mayer (1906-1972)
Hans Albrecht Bethe (1906-2005)
Hideki Yukawa (1907-1981)

John Bardeen (1908-1991)

Lev Davidovich Landau (1908-1968)
Victor Frederick Weisskopf (1908-2002)
Subrahmanyan Chandrasekhar (1910-1995)
Julian Seymour Schwinger (1918-1994)
Richard Phillips Feynman (1919-1988)
Aage Niels Bohr (1922-)

Chen Ning Yang (1922-)

Walter Kohn (1923-)

Tsung-Dao Lee (1926-)

Benjamin Roy Mottleson (1926-)
Murray Gell-Mann (1929-)

Leon Nathan Cooper (1930-)

John Robert Schrieffer (1931-)

Sheldon Lee Glashow (1932-)

Steven Weinberg (1933-)

Jeffrey Goldstone (1933-)

James Daniel Bjorken (1934-)

Kenneth Geddes Wilson (1936-)

David Jonathan Gross (1941-)

Hugh David Politzer (1949-)

Frank Wilczek (1951-)

-—§><ZBT \7“‘ APH Q. ?Hs
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B~ -decay, 147
electron capture, 147
neutrino, 147
stability, 160, 354
~-decay, 177
collective quadrupole, 178
giant dipole, 178
rates, 178, 379, 380
selection rules, 177

acceleration, 8

action, 376, 381

Ampere’s law, 331

amplitude modulation, 70, 328

analytic function, 393

Andromeda galaxy, 8

angular frequency, 18

angular momentum, 35, 99, 183
addition of, 117

quantum numbers, 117-119

angular wave function, 101, 102
commutation relations, 346
eigenfunctions, 101, 102
eigenvalues, 101, 102
half-integral, 348
helicity, 443
in quantum mechanics, 99, 179
operator, 100, 346
Pauli matrices, 397
quantization, 59, 63
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quantum numbers, 102

radiation field, 177

spherical harmonics, 102, 154

spin, 107, 154, 255, 260, 368

spinor, 250, 350

symmetry group, 183, 361

uncertainty relation, 102, 346

vector model, 117, 119, 121
effective quantities, 119

antiparticles, 182, 193, 254, 257, 260,

323, 324

atomic physics, 104

atomic size, 60, 135

binding energy of atoms, 134
Bohr atom, 59, 333

Bohr radius, 60, 333
classical instability, 59

effective magnetic moment, 121,
122

electron configuration, 139-141

electron density, 131, 141

hydrogen atom, 104, 124, 351

Landé g-factor, 121, 122

periodic system, 136, 143
chemical properties, 141
circular orbits, 138
electron number, 140
filling of states, 140

Hartree approximation, 137,
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penetrating orbits, 138
screened Coulomb potential,
136
single-particle levels, 138, 140
radiative decay rate, 379, 380
Rutherford atom, 58
spin-orbit interaction, 123, 124,
255, 351, 368
fine structure, 124
Thomas-Fermi theory, 125
binding energy, 131, 132
boundary conditions, 127, 129
density functional, 133
electron density, 127, 131
electrostatic potential, 127
ionized atom, 352
numerical results, 133
screening, 130
Thomas-Fermi equation, 130
vector model, 119
Zeeman effect, 122
Avagadro’s number, 31

Balmer formula, 57, 333

barrier penetration, 90, 343

baryon, 145

baryon number, 149
conservation of, 145, 155
quark, 201

Bethe-Goldstone equation, 305
Cooper pair, 308

black hole, 278

black-body radiation, 46
cosmic microwave background, 334
degeneracy factor, 47
energy density, 49, 332
energy flux, 47, 423, 424
normal modes, 47, 321

number of, 47, 385

Planck distribution, 50, 115
Planck’s hypothesis, 48
Rayleigh-Jeans law, 47
spectrum, 48
ultraviolet catastrophe, 47

Bohr atom, 35, 105, 333
angular momentum, 59

basic assumptions, 59, 82
Bohr orbit, 60
energy, 60, 105
transition energy, 59
Bohr magneton, 107, 121, 200
Bohr radius, 36, 60, 129, 333, 348
Bohr’s hypotheses, 59, 63, 82
Boltzmann distribution, 27, 30, 50,
115
mean energy, 28, 50, 330
mean values, 28
Boltzmann’s constant, 27, 410
Bose condensate, 289, 295
Bose condensation, 115
Bose gas, 114, 289
chemical potential, 349
energy, 114
finite temperature, 114
ground state, 114
Hartree approximation, 289
periodic boundary conditions, 114
phase transition, 115, 349
pressure, 114
rigid walls, 349
bosons, 109, 116, 322, 426
bound state, 84, 104
Brookhaven National Laboratory
(BNL), 206

C-M system, 212, 233-237, 365
Cabibbo angle, 261
calculus of variations, 376, 381
Euler-Lagrange equation, 376
Hamilton’s principle, 376, 381
Lagrange’s equation, 376, 381
cartesian basis vectors, 37, 95, 420
chain rule, 218, 230, 231
chemical properties, 141
active electrons, 142
alkali metals, 142, 353
chemical bonds, 143
covalent, 143
hydrogen, 143
ionic, 143
halogens, 142, 353
inert gases, 141, 353
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inner shells, 143
completeness, 23, 380, 382
complex variables, 391
exponential function, 393
function of, 392
analytic function, 393
derivative, 393
integral, 393
Compton scattering, 55, 333, 365
and photon, 55
Compton formula, 57, 365
Compton wavelength, 57, 59
conservation of energy, 197, 237, 314,
405
continuity equation, 75, 80, 95, 248,
379
Dirac equation, 248, 256
probability current, 75, 248
probability density, 75, 248
three dimensions, 95
Continuous Electron Beam
Accelerator Facility (CEBAF), 310
continuum mechanics, 13, 381
membrane, 93
string, 13, 328, 329, 381
Cooper pair, 301
coordinates, 11, 265, 268
correspondence principle, 80, 339
cosmic microwave background, 334
Coulomb field
circular motion, 35, 58
newtonian orbits, 104, 105, 348
Coulomb’s law, 32, 129, 447
cross section, 197, 441
curl, 37, 385, 421

D’Alembert’s solution, 15
interpretation, 16
D’Alembertian, 362
Davisson-Germer experiment, 65
DeBroglie wavelength, 63, 68
Debye temperature, 52, 332
degeneracy factor, 44, 47
density functional theory, 133, 352
deuteron, 148, 154, 353
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Dirac delta function, 196, 318, 336,
372, 440
three dimensions, 346, 358
Dirac equation, 123, 245, 247, 248,
351
antiparticles, 254, 257
continuity equation, 246, 256
Dirac hole theory, 253, 324
Dirac matrices, 248
Dirac nucleons, 369
dispersion relation, 246
electromagnetic interactions, 254,
321, 369
fermion, 253
free-particle spinors, 250, 323, 370
completeness, 380
ERL, 380
orthonormality, 371
gauge invariance, 369
invariant norm, 372
magnetic moment, 254, 368
massless particles, 260
matrix notation, 248
negative energy, 253
parity, 371
probability density, 245, 246, 248
Schrédinger equation, 246
spin operator, 260
spin-1/2, 255, 368
spin-orbit interaction, 255, 368, 370
stationary states, 249
wave function, 246
Dirac field, 322, 323
anticommutation relations, 322,
380
antiparticles, 323
Coulomb scattering, 324, 380
electromagnetic interaction, 324
transition rate, 379
energy, 324
normal modes, 380
vacuum, 324
Dirac matrices, 248, 260, 367, 371,
381, 397
anti-commutation relations, 249,
367
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hermitian, 248, 367

standard representation, 250, 260,

367
divergence, 37, 420
Doppler shift, 285
Dulong and Petit law, 42, 46

earth
mass, 277
radius, 277
effective field theory, 260, 356, 359
Ehrenfest’s theorem, 339
eigenfunctions, 20, 38, 96, 98, 101,
105, 328, 330
completeness, 303, 435

orthonormality, 73, 106, 303, 328,

345, 387, 401, 436

eigenvalues, 20, 38, 96, 98, 101, 105,

251, 306, 328, 330
reality of, 82, 337, 387
electric charge, 448
conservation of, 145, 146
electrodynamics
Ampere’s law, 331
basic principles, 32
Coulomb’s law, 32, 447
Faraday’s law, 331
gauge invariance, 364, 369
Gauss’ law, 331
Lorentz force, 33, 365, 448
mass spectrograph, 35
uniform magnetic field, 33
velocity selector, 34

Maxwell’s equations, 36, 214, 221,

331, 419, 447
particle motion, 364
potentials, 254, 364
radiation, 37
solenoid, 32
units, 31, 33, 447
velocity of light, 33, 221, 448

electromagnetic current, 36, 252, 362,

379, 447

electromagnetic radiation, 37, 214
~-decay, 177
black-body spectrum, 47

Coulomb gauge, 319

dipole antenna, 40

energy, 318, 320

light source, 40

normal modes, 319, 320
photon, 54, 321

plane wave solution, 37, 214
Poynting vector, 37, 55
quantization, 321

quantum field, 318
radiation pressure, 55
source of, 39

standing waves, 39, 47
stimulated emission, 322
transition rate, 321, 379, 380
vector potential, 320

electron, 362

antiparticle, 147
charge, 58
classical radius, 333
Compton wavelength, 57
density, 125
Dirac field, 324
Dirac particle, 254
discovery of, 57
magnetic moment, 108, 121, 254,
368

anomalous, 200
mass, 60
spin, 108, 302
stability, 157

electron scattering, 84, 162, 165, 179,

325

charge density, 166

deep inelastic, 211, 373

form factor, 163, 165, 356
momentum transfer, 162, 163
Mott cross section, 325

electron-volt, 60
energy

and mass, 232

conservation of, 13, 56, 155, 237,
267, 297, 405

relativistic, 232

equipartition theorem, 29, 42, 43, 48

ideal gas, 31
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oscillator, 30, 330, 332
equivalence principle, 268
Euler-Lagrange equation, 376
European Organization for Nuclear

Research (CERN), 212
extreme relativistic limit (ERL), 232,

238, 325, 365, 373

Faraday’s law, 331
Fermi constant, 181, 359
Fermi gas, 111, 125, 298
chemical potential, 115
energy per particle, 113
Fermi energy, 113
Fermi wavenumber, 112
finite temperature, 114
ground state, 111
metal, 300, 301, 350
nuclear matter, 167, 350, 357
particle density, 112
periodic boundary conditions, 110
pressure, 114, 125, 366
relativistic, 239
rigid walls, 349
spin degeneracy, 111
spin susceptibility, 350
sum over states, 111
symmetry energy, 357
Fermi length, 152
Fermi National Accelerator
Laboratory (FNAL), 203
Fermi wavenumber, 112
fermions, 109, 116, 253, 322
spin-1/2 wave function, 110, 250,
350, 370, 382
Feynman diagrams, 194, 198, 209,
211, 256, 257, 259, 262
fine-structure constant, 36, 60, 199,
256, 321, 379, 389, 448
force, 7, 33, 327, 448
Fourier series, 23, 382, 401
complex form, 382, 383
cosine series, 382, 402
Fourier coefficients, 23, 24, 329, 401
Fourier transform, 403
orthonormality, 401

465

sine series, 23, 346, 382
sum over modes, 25
Fourier transform, 74, 77, 403
completeness, 336, 346
complex form, 404
cosine transform, 403
Dirac delta function, 336, 346
example, 78, 382
of aperture, 163
of charge distribution, 165
of complex function, 383, 404
Parseval’s theorem, 336, 338
sine transform, 403
three dimensions, 346
uncertainty principle, 79
frequency, 17
fundamental constants, 27, 31-33, 49,
57, 59, 60, 243, 334, 451

galilean transformation, 366
Gauss’ theorem, 128, 331, 385, 421
Gell-Mann matrices, 262, 398
general relativity, 265, 271
basic assumptions, 273
basis vectors, 266
black hole, 278
conventions, 266, 272
coordinates, 265, 266, 278
cosmological redshift, 285
cosmology, 281, 283
age of universe, 282
horizon, 285
Hubble’s constant, 285
interpretation, 284
light velocity, 285
Einstein’s theory, 273
4-D riemannian space, 273
energy-momentum tensor, 274
field equations, 274
geodesic, 273
energy-momentum tensor, 274
equivalence principle, 268, 269
field equations, 274
geodesic, 267, 273, 374
Hubble’s constant, 285
interval, 266, 272, 276
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line element, 266
local freely falling frame (LF3),
271, 273, 275
metric, 266, 272
motion on 2-D surface, 265, 278,
283
newtonian limit, 280
parsec, 283
particle motion, 273, 279
lagrangian, 280
proper time, 273
radial length contraction, 277
record keeper, 279, 284
riemannian space, 273
Robertson-Walker metric (k = 0),
281
Robertson-Walker metric (k=0),
282, 285
2-D surface, 283
interpretation, 283, 284
light velocity, 285
Schwarzschild radius, 276
earth, 277
sun, 277
Schwarzschild solution, 274
2-D surface, 278
applications, 276
interpretation, 274
Schwarzschild radius, 277
tensor transformation law, 267
time dilation, 276, 377
Golden Rule, 440
gradient, 36, 95, 99, 385
gravitational force, 241
Gross-Pitaevskii equation, 292
vortex, 293, 295
group velocity, 69, 70, 80
amplitude modulation, 70
carrier wave, 69

Hamilton’s equations, 13

Hamilton’s principle, 268, 376, 381

hamiltonian, 12, 27, 80, 95, 426
Dirac equation, 248, 254, 369, 370
free particle, 27

harmonic oscillator, 12, 29, 315,
343
identical particles, 325, 380, 427
many-body systems, 325, 380
Schrodinger equation, 80, 95
two-particle, 353
harmonic oscillator, 91, 169, 315, 343,
384
three-dimensional, 169, 204
Hartree approximation, 137, 171, 289,
386
Bose gas, 289, 290
electron density, 141
nuclear structure, 171
single-particle levels, 140, 171
Hartree-Fock approximation,
386388, 433
Heisenberg uncertainty principle, 79,
340
helium, 287
atomic structure, 288
heat capacity, 288
nuclear structure, 288
phase diagram, 287
superfluid, 288
Helmholtz equation, 18, 83
boundary conditions, 19, 328, 329
eigenfunctions, 20, 83, 328, 330
eigenvalues, 20, 83, 328, 330
numerical integration, 18
hermitian, 248, 337, 343, 386
Huygens’ principle, 163
hydrostatic equilibrium, 126

ideal gas, 30
chemical potential, 384
gas constant, 31, 42
gas law, 31
internal energy, 385
identical particles, 109, 425
anticommutation relations, 322
bosons, 109, 116, 322, 426
mesons, 182
phonons, 322
photons, 115, 322
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symmetrizing operator, 386, photon, 54, 55, 57, 115, 321
428 plane wave, 37, 214
direct interaction, 388, 426 source of, 39, 40
exchange interaction, 388, 426 stimulated emission, 322
fermions, 109, 116, 322 velocity of, 33, 47, 218, 221, 225,
antisymmetrizing operator, 285, 448
428 line element, 420
baryons, 182 linear superposition, 16, 17, 22, 66,
Dirac equation, 253 327
Hartree, 386 Lorentz contraction, 222, 223, 362,
Hartree-Fock, 386-388, 433 363
leptOps, 191 Lorentz force, 33, 364, 448
matrix elements, 431-433 Lorentz transformation, 217, 219,
quarks, 205 225, 229, 361
Slater determinant, 116, 428 four-vectors, 229, 230, 363
spin wavefunctions, 110, 250, homogeneous, 229
370 invariants, 217, 221, 225, 230
hamiltonian, 325, 380, 427

inverse, 217
normal sequence, 428 proper, 363, 372

Pauli principle, 109, 116, 425, 427
quantum fluids, 287

single-particle states, 325, 326, 425
wave functions, 116, 425

tensors, 363
transverse dimension, 223

magnetic moment, 107, 350
anomalous, 200
effective, 119, 121
electron, 107, 121, 200, 254, 368
experimental value, 122
gyromagnetic ratio, 107
Landé g-factor, 121, 122

Kronecker delta, 196, 227, 329, 358,
394, 397

Lagrange multipliers, 414
Lagrange’s equation, 376, 381
lagrangian, 268, 280, 376

Landé g-factor, 121, 122, 176 Larmor’s theorem, 120
laplacian, 94, 353 magneton, 107, 175
polar coordinates, 347 neutron, 107
spherical coordinates, 347 protop, 197
Large Hadron Collider (LHC), 212 Schmidt lines, 175
Larmor’s theorem, 120 maser, 322
laser, 322 mass, 7
lepton number density, 13, 93, 240
conservation of, 192 reduced, 149, 152, 353
leptons, 191, 211, 256, 259 rest mass, 231
lifetime, 147 mass spectrograph, 35
decay rate, 148 matrices
half-life, 148 adjoint, 397
mean life, 147 column vector, 382, 395
light completeness, 382

diffraction, 162, 164, 357 determinant, 363, 428
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Dirac matrices, 248, 260, 367, 371,
381, 397, 398

eigenvalues, 397

eigenvectors, 397

Gell-Mann matrices, 262, 398

hermitian, 248, 367, 396

inverse matrix, 396

Lorentz transformation, 228, 362

multiplication of, 396

orthogonal matrix, 228

Pauli matrices, 250, 262, 360, 397

trace, 398

transpose, 228

unit matrix, 396

unitary, 396
Maxwell’s equations, 36, 246, 331,

363, 377, 447

field tensor, 363

gauge invariance, 364, 369

gauge transformation, 364

integral form, 419

potentials, 364

special relativity, 221, 363

units, 364, 447

vector potential, 364

wave equation, 37, 214
Maxwell-Boltzmann Distribution, 27
membrane, 93

mass density, 93

surface tension, 93

wave equation, 94

wave velocity, 94
Michelson-Morley experiment, 213

ether, 214
Minkowski space, 225, 226, 272
momentum, 7, 11, 63, 85, 95, 98, 232

conservation of, 56, 194, 196, 237,

297

relativistic, 231

transfer, 162, 163, 237, 360, 389
Mott cross section, 325
muon, 181, 191, 192

lifetime, 222, 377

neutrino, 147, 192, 362
antineutrino, 147

families, 192
mass, 147, 192
mixing, 192, 443
scattering, 259, 360
spin, 147
neutron
magnetic moment, 108
mass, 145
mean life, 148
spin, 108
neutron stars, 244, 350
Newton’s constant, 182, 241
Newton’s law of gravitation, 269
Newton’s laws, 7, 8, 13, 268, 331
range of validity, 9
Newton’s second law, 8, 11, 22, 31,
53, 72, 269, 329, 376
circular motion, 33, 35
constant mass, 8
correspondence principle, 80, 339
Coulomb potential, 58, 104, 105
in accelerated frame, 270
inertial frame, 7, 8, 331
membrane, 94
numerical integration, 10, 327
one-dimensional motion, 9
relativistic form, 364
string, 13
non-relativistic limit (NRL), 232, 238,
365
normal modes, 18, 20, 38, 39, 46, 47,
73, 81, 95, 312, 319
degeneracy factor, 44
number of, 43-45, 47, 334
nuclear matter, 166
energy/baryon, 167
Fermi wavenumber, 168
volume/baryon, 167
nuclear physics, 145
[-decay, 147, 160, 354
~-decay, 177
collective quadrupole, 178
giant dipole, 178
rates, 178, 379, 380
selection rules, 177
atomic mass, 147, 154, 155, 161
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Q-value, 155
tables, 154
unit, 154
baryons, 145
B =1, 145
B =2, 148
B =3, 156
B =4, 157
deformed nuclei, 178
deuteron, 148, 154, 353
electron scattering, 162, 165
charge density, 165, 166
form factor, 163, 165, 356
inelastic, 179
momentum transfer, 162, 163
fission, 161
isomer, 175, 178
lifetime, 147
light nuclei, 156
bound excited states, 157
stable, 157
neutrino scattering, 360
notation, 148, 152
nuclear matter, 166
energy /baryon, 167
Fermi wavenumber, 168
volume/baryon, 167
nuclear reaction, 157, 355
endothermic, 155
exothermic, 155
nuclear saturation, 168
nucleon, 145, 146
charge, 146
Dirac particle, 369
mass, 145
parity, 146
spin, 145
nucleon number, 149
nucleon-nucleon potential
attractive square well, 152
hard core, 354
Yukawa, 191
parity, 154, 354
Schmidt lines, 176
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semi-empirical mass formula, 157,
160, 356

bulk properties, 158
Coulomb energy, 159, 355
pairing energy, 160
stability line, 356
surface energy, 158
symmetry energy, 159, 357

shell model, 168, 177
~-decay, 179
harmonic oscillator, 170
Hartree theory, 171
Hartree-Fock, 171
magic numbers, 168
magnetic moments, 175
number of states, 172, 173
spin-orbit interaction, 173,

370

spins and parities, 174

Yukawa potential, 190

nucleus, 8
discovery of, 57
numerical integration, 10, 19, 104,
134, 243, 367
finite difference equations, 10, 327

parity, 146, 154, 178, 207, 354
spherical harmonics, 154
weak violation, 261, 371
partial derivative, 13, 375, 406, 408,
415
chain rule, 16, 100, 347
partial integration, 336, 375
particle density, 84, 112, 114, 125,
240, 349, 362
particle physics
S-matrix, 194, 358
T-matrix, 195
cross section, 197
energy conservation, 197
incident flux, 197, 358, 372
invariant phase space, 372
momentum conservation, 194
transition rate, 196, 197
antiparticles, 182, 193
baryons, 185
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weak decays, 185
charm, 187
conservation laws, 359
baryon number, 182
charm, 187
electric charge, 182
energy, 197
isospin, 184
lepton number, 192
momentum, 194
strangeness, 182
Fermi-Yang model, 207
Feynman diagrams, 194, 198
Feynman rules, 198, 209, 211
forces, 181
Gell-Mann—Nishijima, 185, 188,
202
hadrons, 182
baryons, 182, 185
isospin, 183, 184, 360
mesons, 182, 186
strangeness, 182
weak decays, 185, 187
hypercharge, 185, 188, 202
isospin, 183, 184, 360
leptons, 191
families, 192
neutrino sector, 192
weak decays, 191, 192
mesons, 186
weak decays, 187
muon, 191, 192
neutrino, 192
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QED, 199, 255
p-e scattering, 199, 255
e-e annihilation, 256
anomalous moment, 200
vacuum polarization, 201
virtual photon, 199, 256
quarks, 201, 257, 261, 262, 359
baryons, 202
color, 203, 205, 262
conservation laws, 202
flavor, 263
hypercharge, 202
mesons, 202, 206, 207
nuclear domain, 203, 204
quantum numbers, 202
quark model, 208
quark-parton model, 211, 373
spectrum, 203
standard model, 181, 193, 211, 259,
443
left-handed particles, 260
quark couplings, 261, 264
weak coupling constant, 212,
260
weak vector bosons, 211, 212,
259
strangeness, 182
Yukawa interaction, 188, 190

Pauli exclusion principle, 109, 116,

140, 205, 253, 304, 425, 427

Pauli matrices, 250, 262, 351, 360,

367, 397
and angular momentum, 397

families, 192
mixing, 192, 443
scattering, 360

Pauli spin susceptibility, 350
period, 17
periodic system, 136, 143

ultra-weak interaction, 193
particles, 182, 325
pion, 186, 191
QCD, 208, 262
asymptotic freedom, 210, 264
color current, 209, 262
confinement, 264
gluons, 209, 264
lattice gauge theory, 208, 210
quarks, 209, 262

chemical properties, 141

circular orbits, 138

electron number, 140

filling of states, 140

Hartree approximation, 137, 141
penetrating orbits, 138

screened Coulomb potential, 136
single-particle levels, 138, 140

permutations, 429
phase space, 11, 327



Bohr-Sommerfeld, 384
Boltzmann distribution, 417
classical partition function, 417
free particle, 12
Hamilton’s equations, 13
harmonic oscillator, 12, 384
invariant form, 372
uncertainty principle, 79
phase velocity, 68, 70
phonon, 302, 316
photoelectric effect, 53
classical model, 53
Einstein’s analysis, 54
intensity, 55
photon, 54
work function, 55

photon, 54, 55, 57, 67, 115, 177, 321

energy, 56, 155
momentum, 56
pion, 181, 186, 191
Planck distribution, 50, 92, 115
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Planck’s constant, 49, 53, 55, 59, 384,

416
positron, 147

pressure, 30, 112-114, 125, 349, 406

gradient, 126
primary inertial frame, 7, 218
probability current, 75, 76, 95, 248
stationary states, 82
probability density, 74, 75, 95, 123,
248
stationary states, 82
proton
magnetic moment, 108
mass, 145
spin, 108
stability, 157

quantum chromodynamics (QCD),
208, 262
asymptotic freedom, 210, 264
color, 205
color current, 209, 262
confinement, 264
gluon couplings, 209
gluons, 209, 264
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lattice gauge theory, 208, 210
quarks, 209, 262

quantum electrodynamics (QED),

108, 199, 255

p-e scattering, 199, 255

e-e annihilation, 256
anomalous moment, 200
renormalization theory, 258
vacuum polarization, 201, 254
virtual photon, 199, 256
virtual process, 257

quantum fields, 311

Dirac field, 322, 323
anticommutation relations,
322, 380
antiparticles, 323
Coulomb scattering, 324, 380
electromagnetic interaction,
324
energy, 324
normal modes, 380
E-M field, 318
Coulomb gauge, 319
Dirac particle in, 321
energy, 318, 320
normal modes, 319, 320, 379
photon, 321
quantization, 321
stimulated emission, 321
vector potential, 320
many-body systems, 325
commutation relations, 326
hamiltonian, 325, 380
Schrédinger equation, 326
string, 311, 317
action, 381
energy, 311
Lagrange’s equation, 381
lagrangian, 381
normal modes, 312, 313, 315
phonon, 316, 318, 379
quantization, 315, 317
wave equation, 381

quantum fluids, 287

superconductor, 298
superfluid, 287
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quantum mechanics, 65, 98, 326 cross section, 360, 389, 441
angular momentum, 99, 102, 119 energy conservation, 441
anticommutation relations, 322 final states, 440
barrier penetration, 90 Golden Rule, 388, 440
basic assumptions, 74, 98 uncertainty principle, 340, 347
bound state, 84, 104 wave function, 74, 95, 326, 337
boundary conditions, 80, 103, 347 quantum statistics, 114
commutation relations, 337, 339, bosons, 114

346, 353 fermions, 114
continuity equation, 379 quarks, 201, 257, 261, 262, 359
correspondence principle, 80, 138, baryons, 202

339 color, 203, 205, 262

Dirac equation, 245, 251 conservations laws, 202
Ehrenfest’s theorem, 339 flavor. 263

eigenfunctions, 98 hypercharge, 202

eigenstates, 99, 337 mesons, 202, 206, 207
eigenvalues, 98, 250, 337 nuclear domain, 203, 204

reality sz 82, 337 quantum chromodynamics, 209
electromagnetic current, 379
08 . quantum numbers, 202
Energy, quark model, 208

expectation value, 426 )
harmonic oscillator, 315, 343, 344 quark-parton model, 211, 373
spectrum, 203

ﬁgri;iaélupﬁﬂggles, 109, 425 weak couplings, 261
momentum space, 77, 338 quasiparticles, 297
operators, 98, 336, 339
angular momentum, 100
commutation relations, 337,

radiation pressure, 55
Rayleigh-Jeans law, 47

339 real variables, 391
expectation value, 337 exponential function, 391
hamiltonian, 98, 337 power series expansions, 391
hermitian, 337 relativistic quantum mechanics, 245
kinetic energy, 337 Dirac equation, 245
momentum, 98, 337 Dirac field, 323
probability current, 75, 95, 248 QCD, 262
probability density, 75, 95, 99, 248 QED, 255
probability interpretation, 74, 77 E-M field, 321
quantum statistics, 114 weak interactions, 259
relativistic, 245 Rutherford
scattering experiment, 88 atom, 58
scattering state, 85 cross section, 389
Schrédinger equation, 74, 82, 95, experiment, 8, 57
98, 326, 435 Rydberg, 133
stationary states, 82, 95, 99
symmetry group, 183 scattering state, 85

transition rate, 195, 435 Schmidt lines, 176
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Schrodinger equation, 18, 65, 67, 71,

74, 95, 98, 245, 303, 435
as integral equation, 303
barrier penetration, 90
bound state, 84, 104
boundary conditions, 80, 336
finite potential, 81, 88
periodic, 97, 99, 101, 110, 347
radial equation, 103, 347, 354
wall, 81, 90
continuity equation, 75, 80, 95
dispersion relation, 76
electromagnetic interactions, 254,
309, 368
free particle in 3-D, 97
eigenfunctions, 98, 345
eigenvalues, 98
momentum, 98
periodic boundary conditions,
97
general solution, 99
group velocity, 70
harmonic oscillator, 91, 169, 343,
345
creation operator, 343, 345
destruction operator, 343, 345
eigenfunctions, 91
eigenvalues, 91, 344
number operator, 343, 345
in magnetic field, 309, 378
include forces, 79, 80, 339
initial conditions, 72, 346
interpretation, 70, 77, 338
many-body systems, 326
normal modes, 81, 85
normalization, 76, 87
one-dimensional barrier, 85, 341,
342
barrier penetration, 343
incident wave function, 85
probability current, 85
reflection coefficient, 87-89
scattering state, 85
transmission coefficient, 87-89
one-dimensional box, 82, 341
eigenfunctions, 83
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eigenvalues, 83
probability current, 84
probability density, 84
phase velocity, 68
point Coulomb potential, 104, 138
analytic wave functions, 348
asymptotic behavior, 104
bound states, 104
circular orbits, 105
degeneracy, 105
eigenfunctions, 105
eigenvalues, 105
orthonormality, 106
wave function at origin, 106
probability current, 76, 82, 95
probability density, 75, 82, 95
scattering state, 85
separated form, 101
stationary states, 81-83, 95
three dimensions, 95
angular momentum, 102
central force, 101
continuity equation, 95, 345
hamiltonian, 95
momentum, 95, 99
probability distribution, 348
radial equation, 103, 347
spherical harmonics, 102, 347
stationary states, 95
three-dimensional box, 96, 345, 384
eigenfunctions, 96, 99, 345
eigenvalues, 96
general solution, 346
time independent, 98
transition rate, 435
two-body bound state, 149, 150,
353, 354
attractive square well, 150,
152
boundary conditions, 151
probability density, 153
wave packet for free particle, 67,
68, 76, 79, 340
boundary conditions, 77
correspondence principle, 80
example, 77, 340
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initial conditions, 77
spread of, 79, 341
Schrédinger picture, 326
Schwarz’s inequality, 339
semi-empirical mass formula, 157, 356
separable potential, 305
shell model, 168, 177
~v-decay, 179
harmonic oscillator, 170
Hartree theory, 171
Hartree-Fock, 171
magic numbers, 168
magnetic moments, 175
number of states, 172, 173
spin-orbit interaction, 173, 370
spins and parities, 174
Slater determinant, 116, 428
sound
velocity of, 45, 213
special relativity, 213, 218, 265, 271,
351
addition of velocities, 366
basic assumptions, 218
C-M system, 233, 365
conventions, 227, 272
Dirac equation, 246, 252, 254, 368,
369
Doppler shift, 285, 373
Einstein’s theory, 218, 232
events, 219
four-vectors, 229, 230, 362-364
current, 362
differential, 230
four-momentum, 231, 232
four-velocity, 231, 365
gradient, 230
position w.r.t. origin, 230
scalar product, 230, 233
inertial frame, 218
interpretation, 218
interval, 225
invariants, 234, 237, 362
light velocity, 218, 221, 225
Lorentz contraction, 222, 223, 362,
363

Lorentz transformation, 217, 219,
225, 229
mass hyperboloid, 372
Maxwell’s equations, 221, 363
metric, 272
Michelson-Morley experiment, 213
Minkowski space, 225, 226, 272
notation, 226
particle motion, 364
proper time, 221, 231, 373
relativistic kinematics, 233, 235,
236, 365
scattering angle, 236
threshold energy, 235, 365
tensors, 363
completely antisymmetric, 363
dual, 363
electromagnetic field, 363
time dilation, 221, 362
transverse dimension, 223, 225
twin paradox, 225
velocity of light, 226
wave equation, 221
white dwarf star, 239, 240, 366
Chandrasekhar limit, 244
density distribution, 242, 367
hydrostatic equilibrium, 240
in NRL, 244, 367
specific heat of gas, 332
Einstein model, 332
specific heat of solids, 41
Debye model, 52, 302, 332
Dulong and Petit law, 42, 46
Einstein model, 51
spectroscopic notation, 105, 171
spherical coordinates, 102, 347
laplacian, 347
volume element, 348
spherical harmonics, 102, 103, 347
spin, 107
Dirac operator, 260
electron, 108, 255
nucleon, 108, 145
quark, 201
spin-orbit interaction, 123, 124, 351
fine structure, 124
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shell model, 173, 370
standard model, 181, 211, 259
left-handed particles, 260
quark couplings, 261, 264
weak coupling constant, 212, 260
weak vector bosons, 211, 212, 259
Stanford Linear Accelerator Center
(SLAC), 210, 223, 236
stationary states, 59, 81, 95, 99
statistical mechanics, 26, 409
basic assumptions, 409
Boltzmann distribution, 27, 115,
416
classical limit, 384, 416, 417
complexions, 409
number of, 383, 409
ensemble, 26 ‘
entropy, 409, 415
equilibrium distribution, 414
equipartition theorem, 29
Helmholtz free energy, 383, 416
microcanonical ensemble, 26
differential probability, 27
non-localized particles, 383
partition function, 383, 384
classical, 383-385, 417
high-T" limit, 384, 385
quantum, 384, 416
quantum statistics, 114
temperature, 416
Stefan-Boltzmann constant, 334
Stirling’s formula, 412
Stokes’ theorem, 291, 310, 385, 421
string, 13, 83
action, 381
boundary conditions, 329
fixed end, 19
free end, 330
homogeneous, 330
periodic, 73, 328
energy, 311
full solution, 22, 335
initial conditions, 22, 73, 335
Lagrange’s equation, 381
lagrangian, 381
normal modes, 312, 313, 315
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periodic boundary conditions, 73,
328

quantization, 315, 317, 318

quantum field, 311, 317

wave equation, 15, 381

wave velocity, 15

sun

energy generation, 157
mass, 244, 277
radius, 277

superconductors, 298

BCS theory, 308

bosons, 301

Cooper pair, 301, 308, 378

critical field, 299

current in, 299, 310

electric field in, 299

electron-phonon interaction, 302,
308

energy gap, 300, 378

fermions, 301

flux quantization, 300, 308, 310

flux tube, 310

heat capacity, 300

isotope effect, 300

London equations, 377

magnetic field in, 299

Meissner effect, 299

penetration depth, 299, 377

resistivity, 299

superfluids, 301, 308

type-I1, 309

superfluids, 287

bosons, 289
critical velocity, 298, 377
Gross-Pitaevskii equation, 292, 377
Hartree approximation, 290
He-11, 287, 377
quasiparticle, 297
sound velocity, 377
superconductors, 301
superfluidity, 296
velocity field, 290
circulation, 291
irrotational, 291
vortex, 292, 293, 295, 310, 377
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quantized circulation, 292
supernovae, 244, 362
surface element, 420

thermodynamics, 405
chemical potential, 114, 115, 293,
356, 407
entropy, 406
first law, 113, 405
heat, 405
Helmholtz free energy, 407, 416
ideal gas law, 30
internal energy, 405
open system, 407
pressure-volume work, 113, 406
second law, 113, 406
state function, 405-407
temperature, 405
third law, 407
total differential, 406, 407
work, 405
Thomas-Fermi theory, 125, 188, 239
binding energy, 131, 132
boundary conditions, 127, 129
density functional, 133
electron density, 127, 131, 135
electron number, 352
electrostatic potential, 127
ionized atom, 352
numerical results, 133
screening, 130
Thomas-Fermi equation, 130, 134
Thomson cross section, 333
time dilation, 221, 362
total differential, 385, 406, 407
tritium, 156

ultra-weak interaction, 193, 443
ultraviolet catastrophe, 47
uncertainty principle, 79
and phase space, 79, 416
units, 31, 33, 389, 447
cgs, 389, 449
Heaviside-Lorentz, 448
standard international (SI), 447

vacuum, 201, 253, 254, 324
vector, 8
velocity selector, 34

wave equation, 15, 37, 66
amplitude modulation, 328
angular frequency, 18
boundary conditions

fixed endpoint, 19
homogeneous, 330
periodic, 73, 328
D’Alembert’s solution, 15
frequency, 17
full solution, 22, 313, 335
linear superposition, 16, 17, 22, 327
no dispersion, 16
normal modes, 18, 312
number of normal modes, 43-45
one dimension, 15, 66
period, 17
plane wave, 37, 67, 214
special relativity, 221
three dimensions, 94
two dimensions, 94
wave operator, 362
wave solution, 17, 18
wave velocity, 15, 16, 33
wavelength, 17
wavenumber, 18

wave function, 70, 72, 74, 80, 248,
321, 326, 337
bound state, 150
boundary conditions, 80, 82
identical particles, 425
many-particle, 326
normalization, 76, 87, 303
probability current, 76
probability interpretation, 74, 77
scattering, 85, 87
single-particle, 326, 425
spinor, 250, 256, 350

wavelength, 17

wavenumber, 18, 99

weak interactions, 147, 181, 211, 259
helicity, 260
parity violation, 261
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standard model, 259 Yukawa potential, 190
white dwarf star, 239, 240, 366
Chandrasekhar limit, 244 Zeeman effect, 122

density distribution, 242, 367
hydrostatic equilibrium, 240
in NRL, 244, 367
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